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The lift on an airfoil in a velocity field of perfect superfluid flow within liquid helium m1 has been found to 
vanish for sufficiently low velocity. Thus the flow is pure potential flow with no circulation, and the viscosity 
boundary condition of zero velocity at the trailing edge (Kutta condition) which is normally introduced 
does not apply. We believe this to be the first illustration of absolutely perfect hydrodynamic flow, i.e., one 
in which the viscosity vanishes identically and therefore asserts no influence on the flow field 


I. INTRODUCTION 


T has long been recognized! that the irrotational 

flow of a fluid past an object of arbitrary shape 
should exert torque but no force on the object. Lift 
always occurs for classical fluids, however, because of 
the distinction between identically zero viscosity 7=0 
for a perfect fluid and y—0 for classical fluids of finite 
viscosity. However small the classical viscosity may be, 
it nevertheless establishes circulation according to the 
Kutta condition and produces characteristic lift. Accord- 
ingly, the case of perfect hydrodynamics heretofore has 
not been demonstrable. 

Existence of a quantum mechanical ground state 
component in liquid helium 11 provides the possibility 
for investigating experimentally true perfect fluid flow. 
The identically zero viscosity n=0 of this superfluid 
precludes, within strict velocity limitations, the estab- 
lishment of circulation. Such investigations are com- 
plicated, however, by the coexistence of normal fluid 
component (excitations) which must be excluded from 
participating in the flow. This is accomplished by a 
special utilization’? of the well-known “fountain phe 
nomenon”’ whereby a separated velocity field is estab 
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lished between the two components, as explained under 
“Equipment” (Sec. II). 


Il. EQUIPMENT 
(a) “Superfluid Wind Tunnel” 


The experiment involved a “superfluid wind tunnel” 
whereby ground state liquid helium could be set into 
controlled, uniform motion through a background of 
stationary normal fluid (excitations). The difficulty of 
producing a region of pure superfluid, realizable only at 
absolute zero, was circumvented by establishing a 
region of pure superfluid flow in the presence of the 
motionless normal fluid component. From a dynamical 
viewpoint the resulting separated velocity field syn 
thesized the situation of absolute zero, and thus 
permitted investigations otherwise precluded by the 
inevitable presence of excitations 

The sketch of Fig. 1 shows the cylindrical region (R) 
wherein the separated velocity field occurs, and the 
surrounding thermal isolation vacuum (V). A suitable 
combination of (S87) 
heater (47) permitted the use of the fountain effect to 


provide selective flow of superfluid through the arrested 


semipermeable barriers and 


normal fluid component of helium 11. Flow velocity was 
measured by means of a Venturi device (not shown) in 
the efflux stream, where the two fluid components 


”? 


reunite (in “‘flow-space”’) into a nonseparated flow 


describable by a classical, single-velocity field.’ 


Phis permits application of classical methods of flow measure 
Venturi method. Applicability to the present 
independent calibration of the 
determined 


ment such as the 
circumstances was verified by 
Venturi device using independently quantities of 


such flow 
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Fic. 1, Superfluid wind 
tunnel plus wing assembly. 
(A) Crossarm system, (W) 
wings, (fF) quartz fiber, (R) 
region of separated velocity 
fields, (5,5) upper and 
lower semipermeable bar 
riers, (/7) heater, (7) efflux 
tube (leading to Venturi 
velocity-measuring device, 
(V) vacuum, (ZL) liquid 
helium m bath level, (G 
mirror, (D) copper damp 
ing disk, and (M) damping 
magnets 


(b) Wing Lift Assembly 


By attaching a pair of wings (W ) to opposite ends of 
a suspended crossarm system (A), and at opposite 
angles of attack to the vertical superfluid flow, the lift 
could be measured by observing the angular deflection 
(0) of the assembly, taking into account the torsion 
constant (k) of the fiber (/) and the geometry. The 
fibers used were quartz with torsion constants varying 
from 6X10 to 600 10™* dyne-cm/rad. Several wings 
were fabricated from fly wings as well as mica, Pyrex, 
quartz, and wood, mounted at low and high angles of 
incidence of 4° and 20°, respectively. With the exception 
of the fly wings, all wings were rectangular in shape 
with various degrees of thickness. Angular deflection of 
the assembly from equilibrium orientation was meas- 
ured by means of a collimated light beam reflected from 
the glass mirror (G). 

An eddy-current damping device, consisting of several 
fixed permanent magnets (M) and a thin copper disk 
(D) mounted on the wing assembly perpendicular to 
the fiber, suppressed oscillations of the system. This 
was necessary to offset momentum impulses imparted 
to the wing assembly as the result of an intrinsic 
fluctuation in the superfluid flow. These velocity 
fluctuations, which remain unexplained, are clearly 
revealed by a rapid but small (roughly 1 mm amplitude) 
oscillation in the height of the liquid columns in the 
Venturi device. The magnetic damping produced suffi- 
cient stability to allow measurements usually to an 


accuracy of resolution of about 5 microdyne-cm for the 


most sensitive fibers. 


Ill. EXPERIMENTAL RESULTS 


All measurements were conducted at a single fixed 
operating temperature of 1.30°K, for several reasons. 
This procedure permitted observations always for the 
same superfluid density (p,~0.138 g/cc at 1.30°K) and 
for the same relative mass concentration of superfluid 
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(p./p=0.95). The particular temperature employed 
represented the lower limit, and thus the most stable 
temperature, for this cryogenic system; also, the de- 
creased temperature sensitivity of p,/p with decreasing 
temperature made the 95% concentration of superfluid 
the most readily controllable value. Finally, for a given 
superfluid velocity (v) the kinetic energy density (49,0), 
and thus the potentiality for lift, was greatest for the 
corresponding high value of (p,). 


(a) Existence of ‘‘Zero Lift’’ Flow 


Measurements consist of observing angular deflection 
(@) as a function of superfluid velocity (v). Results of a 
typical experiment are summarized in Fig. 2 where 
torque (7) is given in millidyne-cm versus velocity (v) in 
mm/sec. The plotted points indicate observed data, and 
the solid line curves illustrate an attempt toward em- 
pirical representation of the results. The dashed line 
curve gives the parabolic lift dependence expected for a 
classical liquid of equivalent density (i.e., equal to that 
of the superfluid component). 

The particular case illustrated involved wings com- 
posed of 0.0056-cm thick mica sheets, each of 1 cm 
span and aspect ratio (7.0) mounted at angles of inci- 
dence of 20° to the superfluid flow. For these measure- 
ments a relatively insensitive quartz fiber (k=600 
10~ dyne-cm/rad.) was employed as the suspension 
for the assembly, resulting in comparatively “low- 
resolution data.” The geometry of this wing assembly 
is shown in Fig, 3. 

It is clearly evident that for superfluid velocities 
below a certain critical value (v,), which is about 
6 mm/sec for the configuration involved, essentially 
zero lift is exerted. The extent to which the “zero lift” 
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Fic. 2. Torque (r) on wing assembly versus superfluid ve 
locity (v). Torque produced on wing assembly is a measure of 
lift (L) on wings. Points represent experimental values of torque 
(r) found from wing assembly deflection plotted against superfluid 
velocity (v) found from a Venturi device. The solid curve ( ) 
represents the best choice of parameters in the empirical expression 

=av(v—v,) (see text). The dashed curve | ) shows the 
corresponding classical behavior of the wing assembly 








OBSERVATION OF 
condition prevails may be noted by comparing the 
actual results with the corresponding behavior expected 
for the classical case (dotted curve). Evidently, within 
the limits of “zero lift”? domain, the lift exerted by 
superfluid flow is smaller than the classical value by 
several orders of magnitude, i.e., down by a large factor 
probably exceeding 1000. 


(b) Positive Lift Region (uv > v,) 


For velocity greater than the critical velocity (v,) at 
which lift first appears the deflection is observed to 
increase systematically with velocity. In fact, the 
experimentally observed values of + are found to 
conform to an empirical expression of the form 


(v> v,) (1) 


where a is a constant depending on the configuration. 
Although justification for such correlation depends on a 
qualitative argument based on the trailing edge velocity 
(see Sec. IV: Discussion) the expression is none-the-less 
found to be valid, with suitably chosen constants, for 
the positive lift regions of all the wings thus far in- 
vestigated. 


(c) Details of ‘‘Zero Lift’? Region (uv < v,) 


In order to examine the extent to which lift actually 
approaches zero, measurements were conducted using a 
quartz fiber roughly two orders of magnitude more 
sensitive (6.65 10~* dyne-cm/rad) than the previous 
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I'ic. 3. Detail of the wing assembly. Mica wings are attached to 
a quartz cross-arm to form a propeller. A copper damping disk 
stabilizes the system against oscillations due to fluctuations in the 
superfluid velocity 


POTENTIAL FLOW 1111 
4 0.4 { 
~ : ' | 
E 
ve ! / 
‘ ‘7 ) } 
ry r a V 2 
4 ++. (mittidyne-cm) 
= 
= : / 
E 
ie hy f 
vy) f 
==) . 344 -ewe, 5 
Q Pa | y } 
it : | 
= % | wa 
a a ae | 
| | | | 
0 | e 3 4 : 6 7 8 
SUPERFLUID VELOCITY (V)(mm/sec) = 
Fic. 4. Fine structure of the low velocity region. Torque (7) 


slotted on an expanded scale versus supertluid velocity (v), With 
igh resolution, lift vanishes up to 2.5 mm/sec. A region of slight 
negative lift occurs which is unexplained but may be of instru 
mental origin 


fiber. The results are given in Fig. 4 where the (v<»,) 
portion of lig. 4 is plotted on a correspondingly ex 
panded scale of torque (7). Again the lift is zero for very 
small velocities, but between 2.5 mm/sec and 6 mm/se 
it becomes (very slightly) negative. Although in com 
parison with the classical lift this effect remains neg 
ligible, it may have some significance. Whether the 
“negative lift” is an instrumental effect or a basi 
property of superflow remains unsettled. ‘True negative 
lift would imply reverse circulation about the wing, 
which is difficult to rationalize. More understandably, 
slight imperfections in the thermal barriers (5,S”) 
could permit thermal “slippage” resulting in a down 
ward drift of normal fluid component, and producing a 
negative torque. 


IV. DISCUSSION 


It should be realized that the following interpretation 
treats superflow on a semiclassical basis, in that the 
only dependence on quantum mechanics is in recog 
nizing the ground state component of liquid helium 11, 
The hydrodynamics of the superfluid itself is treated 
essentially as a classical perfect fluid, incapable of 
acquiring rotation under the action of conservative 
forces. With the onset of frictional Opposition to super 
fluid flow, circulation becomes possible with the result 


ing establishment of lift 


(a) Empirical Formulation 


The general behavior, both within the zero lift region 
(v<v,) and within the empirical lift region (v>,), may 
be rationalized on the basis of the Kutta-Joukowski 
theorem! by specifying special boundary conditions for 
the trailing edge. This well-known theorem places lift 
proportional to the product of undisturbed velocity (v) 
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times the circulation: 
lift « XX circulation, (2) 


where circulation is the line integral of surface velocity 
(v,) about the wing contour, 


SN ds. (3) 


circulation 


For classical fluids the boundary condition of zero 
fluid velocity about the trailing edge automatically 
keeps circulation proportional to v, so that Eq. (2) leads 
to the usual quadratic (v*) dependence of velocity. By 
contrast, with superflow the complete absence of lift 
for v<», assures zero circulation, and for such pure 
potential flow the trailing edge velocity cannot be zero 
In fact, even as vv, the corresponding trailing edge 
velocity generates no friction. Only for v>v, does the 
corresponding trailing edge velocity become sufficient 
for the onset of friction, and therefore of circulation. 
This situation is analogous to critical flow characteristics 
in other instances of superfluidity (such as capillary 
flow), where zero friction persists up to some critical 
velo ity. 

In a very crude manner, the appearance of circulation 
for velocities exceeding v, may then be introduced by 
setting circulation proportional to (v—»,), rather than 
to v. This treats the trailing edge velocity corresponding 
to v, as a “threshold” value which may be reached, but 
evidently not exceeded, Circulation accordingly sets in 
proportionately to the velocity excess above the critical 
value. Applying this assumption to the Kutta-Joukowski 
theorem (2) leads to the empirical form, Eq. (1). 

In these terms the boundary condition for classical 
flow becomes v,=0, for which Eq. (1) reduces to the 
usual quadratic form, Only for the case of superfluid 
flow does v, exceed zero, making the zero lift domain 

v, experimentally realizable. By the same general 
argument, circulation is forbidden in the zero lift region 
(v<o,) by the ability of superfluid always to acquire 
the corresponding trailing edge velocity. It is empha- 
sized that the qualitative arguments just used are for 
the purpose of providing a visualizable mechanism, and 
are most certainly a vast oversimplification to the actual 
state of affairs. 


(b) Corresponding Classical Lift 


“Zero lift” may be assessed most significantly in 


comparison with the “corresponding lift”? produced 
under equivalent classical conditions. Regarded as a 
normalizing quantity, the corresponding lift is that 
produced on the same system by a classical fluid equal 


in density to superfluid and with the same (undisturbed) 
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flow velocity. Because of the uncertainty in computing 
this normalizing value directly for a geometry this 
complicated (interaction between assembly and tunnel, 
and between wings), a semiexperimental approach was 
adopted involving use of an air tunnel. By essentially 
calibrating the complete system, tunnel plus wing 
assembly, in a controlled air flow these interactions 
were automatically included, as well as such matters as 
aspect ratio and attack angle. It is only necessary to 
convert the lift thus observed to equivalent superfluid 
density by means of the ratio 


‘corresponding lift” — p, 
“eg (4) 
lift in air Pair 


where (p,) and (pair) are the densities for superfluid and 
air, respectively. Ratio (4) follows directly from the 
classical lift (1) per unit area (S), 


(L/S) = pv’ (5) 


in terms of density (p) and attack angle (¢). 

Such a procedure provides order-of-magnitude results 
of sufficient reliability for establishing the wide differ- 
ence existing between “zero lift” and classical lift 
conditions. The classical lift curve of Fig. 2 was ob- 
tained in this manner. Because of uncertainty in the 
type of flow actually occurring at high superfluid 
velocities, the lack of asymptotic agreement between 
the classital lift and the observed lift in superfluid is 


not considered significant. 


V. CONCLUSIONS 


The preceding results show conclusively that the 
viscosity boundary condition of classical airfoil theory 
does not apply for superflow in liquid helium um. 
Identical disappearance of viscosity at low velocity 
leaves circulation unspecified, so that in the absence of 
other effects the lowest energy level of zero circulation 
exists. At higher velocities investigated the lift becomes 
positive, while at intermediate velocities an unex- 
plained, apparently negative lift appears. Work is in 
progress to investigate the negative-lift region and the 
details of the onset of lift. 
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\ thin CsI(TI) crystal was used as the phosphor of a scintillation detector of fission fragments. Light 
and heavy fragments from pile neutron fission of U*® were magnetically separated and scintillation pulse 


heights in CsI(T1) crystals determined as a function of range in various gases and metals 


Phe relationship 


between pulse height and fragment energy was found to be linear. Specific fluorescence of fission fragments 
in the crystal increases monotonically with specific energy loss. Energy vs range curves were obtained for 


median-mass light and heavy fragments in He, He, air, A, Al, Ni, and Au. 


INTRODUCTION 


HILE there have been a considerable number of 
measurements of total ranges of fission frag 
ments in various materials,’ ® very few determinations 
of energy as a function of range have been made. 


6 


Lassen’? measured specific energy loss of fission frag 
ments as a function of range in H», He, and A; from 
these data energy vs range curves were constructed. 
Schmitt and Leachman,’ using a time-of-flight method, 
obtained some very accurate energy vs range data for 


. 


median mass light and heavy fission fragments in 
aluminum. 

In the work reported here scintillation pulse heights 
in a CsI(TI) crystal as functions of range (‘“range”’ 
is used here to denote distance traveled in the stopping 
material) in various materials were measured for 
median-mass light and heavy fission fragments. From 
these data properties of the scintillation response of 
CsI (Tl) crystals to fission fragments are determined, an 
energy calibration of the 
fission fragments is obtained, and energy vs range curves 
are plotted for the light and heavy fragments in Hp, 


He, air, A, Al, Ni, and Au. 


scintillation detector for 


EXPERIMENTAL 


The magnetic fission-fragment spectrograph pre 


viously described*® was used to separate the fragments 
into the light and heavy groups. The fragments were 
detected with a 1-in.-diam CsI(Tl) crystal mounted 
on the end of a Lucite light pipe which passed through 


a flange, at the focal plane of the spectrograph, to a 

*QOperated for the U. S. Atomic Commission by 
Union Carbide Nuclear Company 

' Boggild, Minnhagen, and Nielsen, Phys. Rev. 76, 988 (1949) 

2 Boggild, Arroe, and Sigurgeisson, Phys. Rev. 71, 281 (1947) 

* Campbell, Good, and Strauser, Phys. Rev. 75, 1292 (1949) 

4 Katcoff, Miskel, and Stanley, Phys. Rev. 74, 631 (1948) 

5 FE. Segré and C. Wiegand, Phys. Rev. 70, 808 (1946) 

®P. F. Suzor, Ann. phys. 4, 269 (1949) 

7™N. O. Lassen, Kgl. Danske Videnskab 
Medd. 25, No. 11 (1949 

*R. B. Leachman and H. W. Schmitt 
(1954); H. W. Schmitt and R. B. Leachman 
(1956) 

® Cohen, Foner Cohen, and Coley, Phys. Rev. 104, 1046 (1956) 


Energy 


Selskab, Mat.-fys 


Phys. Rev. 96, 1366 
Phys. Rev. 102,183 


Dumont-6292 photomultiplier tube. After it was 
cemented to the light pipe the crystal was machined toa 
thickness of 0.003 inch. This is thick enough to stop 
the fission fragments and thin enough to prevent the 
background of gamma and beta rays from producing 
pulses comparable in size to those produced by the 
fragments. The electrical pulses resulting from the 
arrival of fission fragments at the crystal are amplified, 
analyzed by a single-channel, pulse-height analyzer, 
and counted. The electronic apparatus was checked for 
linearity with a Nal(Tl) crystal and gamma rays from 
Zn®, Co™, and Cs", The pulse height of Po”? alphas 
was measured frequently tocheck for drift in the system 

For each condition of gas filling, the //p distributions 
of the fragments were determined by integral pulse 
counting with the discrimination level set just above the 
background. ‘These data were used to set the magnet 
at the peaks of the Hp distributions, and thus pulse 
height distributions were measured for the median-mass 
light and heavy fragments 

The fission fragments were reduced in energy by 
gaseous or metallic stopping materials in the path from 
the source to the detector. The effective thicknesses of 
the gaseous stopping materials were varied by adjusting 
the gas pressure in the system. The metallic stopping 
materials consisted of thin foils which were placed in 
the path of the fragments a short distance from the 
detector. For measurements in which metallic stopping 
materials were used, a pressure of approximately 25 
microns of air was maintained in the system to achieve 
separation of the light and heavy groups of fragments 
(In high vacuum the //p distributions of the two groups 
overlap completely.) Scintillation pulse heights of the 
light and heavy fragments were measured for several 
thicknesses of each stopping material used 
Scintillation Response of CsI(T1) Crystals 

to Fission Fragments 


Typical scintillation pulse-height distributions of 
median light and heavy fission fragments are shown in 


Fig. 1. The 5.3-Mev 


alpha particles, obtained with the same detector, is also 


pulse-height distribution — of 


1113 





CLYDE B 


WHT FRAGMEN 


AYY FRAGMEN 











Fic. 1. Scintillation pulse-height distributions of 5.3-Mev 
alpha particles and light and heavy fission fragments in CsI(TI) 
crystals. (The terms “median light fragments” and ‘median 
heavy fragments” refer to the light and heavy 
fragments.) 


median-mass 


shown. ‘There was enough gas in the system to reduce 
the energies of the median mass light and heavy 
fragments to 90 Mev and 63 Mev, respectively. The 
corresponding pulse heights, i.e., the abscissa values 
of the peaks plus half the channel width of the pulse 


The 


energies and of the pulse heights are equal, within the 


1 
height analyzer, are 55 and 39. ratios of the 


accuracy of the data. The resolutions of the pulse 
height distributions, defined as the full width at half 
maximum, are 31%, 37%, and 14%, 
the light fragments, heavy fragments, and alpha 
particles. Although the light and heavy fragments were 
separated magnetically and thus the pulse-height dis 


respectively, for 


tributions determined individually, it is seen that the 
energy resolution of the scintillation detector is sufficient 
to distinguish between the two groups of fragments, 
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lic. 2. Scintillation pulse heights of median-mass light and heavy 
fission fragments as functions of range in aluminum, 
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In Fig. 2 are shown graphs of the scintillation pulse 
height of the light and heavy fragments as a function of 
range in aluminum, Pulse height vs range curves were 
also obtained for hydrogen, helium, air, argon, nickel, 
and gold. From the data in Fig. 2 and the very accurate 
energy vs range data for fission fragments in aluminum 
which were determined by Schmitt and Leachman," 
a graph of pulse height as a function of fragment energy 
was obtained. The resulting curve is shown in Fig. 3. 
The data for the light and heavy fragments agree rather 
well; the curve is approximately linear. 

From the pulse height vs range curves and the energy 
vs range curves an estimate of specific fluorescence 
(dL dx) as a function of specific energy loss — (dE/dx) 
for fission fragments in CsI(T]) is obtained, Fig. 4. 


7 


60 
ENERGY (Mev) 
Fic. 3. Scintillation pulse height vs energy for fission fragments 


in CsI(Tl) crystals. Circles and triangles are for data obtained 
with median-mass light and heavy fragments, respectively. 


The ranges of the fragments in cesium iodide are 
assumed to be equal to the ranges in silver, which from 
the data of Suzor® are 7.6 and 6.6 mg/cm? for the light 
and heavy fragments, further 
assumed that the ratio of the specific energy loss in two 
materials is equal to the inverted ratio of the ranges of 
fragments in the materials. Values of specific energy 
loss are obtained by differentiating the energy vs range 
curves for H, and A in Fig. 5. Corresponding values of 
specific fluorescence are obtained in the same manner 


respectively. It is 


from the pulse height vs range curves that were obtained. 
After multiplication by the ratio of the ranges in the 
stopping material and in cesium iodide and a conversion 
factor (converting millimeters of gas into mg/cm’), 
from measurements 


the values which were obtained 





SCINTILLATION RE 


with hydrogen and argon gas are shown in Fig. 4. ‘The 


reasonable between the points obtained 


from argon and hydrogen data indicates that the 


agreement 


assumed ranges of fission fragments in CsI are not much 
in error. Although the graph in Fig. 4 contains some 
approximations it that the CsI(TI) 
crystal does not saturate within the range of specific 


shows clearly 


energy loss covered by fission fragments, but rather 
(dL/dx) increases monotonically with — (dE/dx). This 
is different from the results obtained by Eby and 
Jentschke” for aplha particles in Nal(Tl) but in agree 
ment with the data of Halbert" for nitrogen ions i 
CsI (TI). 

The pulse height 
very similar to those reported by Milton and Fraser! 
for fission fragments in a KI(Tl) crystal. The graph 
of (dL/dx) vs — (dE/dx), Fig. 4, differs somewhat from 
the one obtained by Milton and Fraser for fragments in 
KI(TI), principally because values of specific energy 


vs range data obtained here are 


(Mev (mg/ 


an 


Specitc fluorescence as a function of specific energy loss of 
crystals 


fission fragments in CsI(TI 
loss as determined by Lassen’ were used to plot the 


latter. 


Energy vs Range of Fission Fragments 
in Various Materials 


From the pulse height data as a function of range 
obtained for the median mass light and heavy fission 
fragments, curves of energy as a function of range, for 
the various stopping materials used, are plotted in 
igs. 5, 6, and 7. The conversion from pulse height 
to energy was made by using the pulse height vs energy 
curve of Fig. 3, which served as a calibration of the 
scintillation detector. With the exception of nickel, the 
full ranges of the fragments in the various materials 
are known from the data of Suzor® and of Katcoff, 
Miskel, and Stanley,‘ and thus the curves are extended, 
as shown by the dotted portions in Fig. 5. The curves 
Eby and W. K. Jentschke, Phys. Rev. 96, 911 (1954 


Halbert, Phys. Rev. 107, 647 (1957). 
DD. Milton and J. S. Fraser, Phys. Rev. 96, 1508 (1954) 
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Energy range for median-mass light and heavy fission 


variou 


ric ‘5 
fragments in 
refer to light 


topping materials. Open circles and full 


circles and heavy fragment re pectivels 


should from the dotted 


because of the predominance of nuclear stopping near 


probably deviate portion: 


the end of the ranges. The data obtained here do not 
give detailed information about this part of the range. 


The energy vs range curves all show that the specific 


energy loss of fragments in the various materials 


decreases as a function of range, but not as rapidly as i 


iss light fission fragments as a function 
various materials 


meqan-l 


ol range in 
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Fic. 7 


Energy of median-mass heavy fission fragments as a 
function of range in various materials 


indicated by the data of Lassen’ for hydrogen and 
argon. ‘The curves of fragment energy vs range for 
hydrogen and argon differ considerably from those of 
Lassen, which were determined by integrating curves of 
specific energy loss as a function of range. Lassen’s 
data were obtained by measurement of specific ioniza 
tion of the fission fragments as a function of range. 
These data were used to plot curves of specific energy 
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loss as a function of range by a linear conversion of 
ionization pulse height to specific energy loss, the 
conversion factor being chosen so that the integral 
of the area under the curves would correspond to the 
initial energy of the fragments. The “ionization defect,” 
which has been discussed by Knipp and Ling” and 
measured experimentally by Schmitt and Leachman,' 
was not taken into account. This explains partially, but 
not completely, the difference between the energy vs 
range relations as determined by Lassen and _ the 
results reported here. 

In addition to accurately measuring the energy of 
fission fragments as a function of range in Al, Schmitt 
and Leachman® measured the energies of median-mass 
light and heavy fragments which had passed through 
a Ni foil 1.1 mg/cm? thick. These measurements 
agree within 3% with the curves of Fig. 5 for Ni. Thus, 
the energy vs range measurements obtained here are 
checked by another method at one point for each group 
of fragments, 

The author gratefully acknowledges the assistance of 
B. L. Cohen and the support and encouragement of 
R. S. Livingston. 
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The basic equations describing the motion of an ideal relativistic fluid in the presence of electromagnetic 


fields are formulated both in their differential and in their integral form. From the integral equations shock 


conditions are derived. In the limit of weak shocks the velocities of propagation of the 


various kinds of 


shocks and the discontinuities of the various physical quantities are calculated 


I. INTRODUCTION 


N this paper we shall consider the basic equations 
describing an fluid capable of 
carrying charge and electric currents and shall inves 


ideal relativistic 
tigate some properties of these equations. The jump 
conditions across a shock discontinuity will be derived 
and for the case of weak shocks the velocities of propa 
gation and the jumps for the various kinds of shocks 
will be calculated explicitly in terms of the physical 
quantities of the underlying flow. 

The subject matter of this paper has several points 
in common with a paper by de Hoffmann and ‘Teller.' 
We wish to point out here two main differences. Our 


* This work was performed under the auspices of the U.S 
Atomic Energy Commission 

t Present address: Physics Department, New York University, 
Washington Square, New York, New York 


1. de Hoffmann and E. Teller, Phys. Rev. 80, 692 (1950) 


calculations refer throughout to the relativistic case, 
while de Hoffmann and Teller consider in some cases 
only the nonrelativistic limit. Furthermore, we em- 
viewpoint the 
between differential equations, integral equations, and 
jump conditions, in particular making use of the 
concept of weak solutions of differential equations. 
After the major part of our work had been completed, 
we became aware of an unpublished report by Reichel? 
in which the problem of weak relativistic hydromag- 
netic shocks is treated with results practically identical 


phasize from a_ systematic relation 


to ours although with a somewhat different formalism. 
We would like to thank Professor K. O. Friedrichs for 
making the Reichel manuscript available to us and for 
an illuminating discussion on the topics considered here. 


?P. Reichel, Institute of Mathematical Sciences, New York 
University, Atomic Energy Commission Report, AEC-NYO-7697 
unpublished) 





QUESTIONS IN 


We make use of units such that the velocity of light 
is c=1. If it is desired to have a formula in customary 
rationalized mks units, dimensional considerations 
indicate where the factors c should be inserted. Our 
time coordinate xo is real and our diagonal metric tensor 
has the elements goo 1, £1=222=233= +1. Greek 
indices take the values 0, 1, 2, 3, and Latin indices the 
values 1, 2, 3. The summation convention is used in 
the form 


Agda= —Apbotayb;,  ayb;=ayb\+- aybet-agby. 


The four differentiation operators (—0/0x%o, 0/0x;) 


transform like a four-vector, denoted here by dq. 


II. RELATIVISTIC FLUID 


In this section we shall give an outline of the basic 
equations describing the motion of a relativistic fluid in 
interaction with the electromagnetic field. 

Conservation of energy and momentum is expressed 
by 

Og(T apt M as) =9, (1) 


where 74g is the material part and Mag the electromag- 
netic part of the energy-momentum tensor. The electro 
magnetic quantities satisfy Maxwell’s equations, 


UM ap B. Bay 
OaBgy+ OpByat 0yBap=9, (3) 


1 2 
i8apB,, ’ (2) 


Oa Boa ul, { 4 ) 


(Ei= Boi, By= By, etc.). In view of our later applica 
tions, we have assumed that the magnetic permeability 
w and the dielectric constant e have their vacuum 
values. With our choice of units, then, eu=1. 

In analogy with nonrelativistic theory, we introduce 
a conserved rest-mass density p and a fluid velocity 
Va(¥i 1). They satisfy the equation of continuity, 


Ja(pV_)=9. (5) 


It may seem strange that in a relativistic theory a 


separate conservation equation of mass should be 
required in addition to the conservation of energy. 
However, this is certainly legitimate if no destruction 
or creation processes occur in the fluid. For instance, 
if the fluid consists of particles of only one kind, the 
mass density is just proportional to the number density 


of particles, and this is conserved in absence of creation 
or destruction processes. 

The symmetric material tensor 74, will be assumed 
to have the simple form 


Tap=p(1t+e)VaVe4+ Pl £apt VaVg). (6) 


Here p is the pressure and e the internal energy per unit 
rest mass, so that p+ pe is the total rest-energy density. 
The choice (6) of the material tensor implies the absence 
of heat flow and viscous stresses, as well as the absence 
of anisotropic stresses depending on the electromagnetic 
field. Both of these assumptions are usually made in 
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nonrelativistic hydromagnetics and we shall also make 
them. The introduction of nonvanishing heat flow and 
viscous stresses has been attempted by various authors*® 
but in a form which leads to infinite velocities of propa- 
gation, so that a nonhyperbolic system of equations 
results; this does not seem consistent with all the 
physical requirements of a relativistic theory. Neglect- 
ing these effects seems to be physically reasonable in 
many situations of practical interest. However, the 
consideration of anisotropic stresses is certainly very 
important in hydromagnetic theory‘ and we can justify 
our neglecting them only on grounds of simplicity. 

In this paper we shall only deal with an ideal fluid, 
by which we mean that the energy-momentum tensor 
has the form (6) and in addition that the conductivity 
is infinite, in which case Ohm’s law takes the simple 
invariant form 
V Bap = 0. (7) 


To complete our description of the fluid, we introduce 
the entropy per unit mass, s, and give the equation of 
state in the form 

e=e(p,s) (8) 


The temperature 6 and the pressure p satisfy the thermo 
dynamic identity 


de=6ds— pd(1/p). (9) 


We can check now 
complete, in the sense that the initial value problem is 
determinate. Indeed, let us consider the unknown 
functions e, p, 5,9, p, Va, 1a, Bag. We can drop the 7,’s, 
since they are expressible in terms of Bag through Eq 


that our system of equations is 


(4), one of Maxwell’s equations. Also we must remember 
that there are only three independent V, and, because 
of the skew-symmetry, only six independent Bag. The 
number of unknown functions reduces thus to fourteen. 
Now Eq. (8) expresses ¢ in terms of p and s, and using 
Eq. (9) one can also express 0 and p in terms of p and s. 
Finally Eq. (7) imposes three independent relations 
between V, and Bag. We are therefore left with only 
eight unknowns. 

In counting the differential équations, we must 
consider only those which contain time derivatives; the 
others are of the nature of conditions to be imposed on 
the initial data. Of the homogeneous Maxwell equations 
(3), this leaves three equations. We then have the four 
equations (1) and the single equation (5), in total eight 
equations, just aS many as unknowns, which makes 
it plausible that the initial value problem has a uniquely 
determined solution. 

The equation 


Ja(psVq) =0 (10) 


*See particularly the work of C. Eckart, Phys. Rev. 58, 919 
1940) 

‘The problem of anisotropic stresses in nonrelativistic hydro 
has been considered by Chew, Goldberger, and Low 
(London) A236, 112 (1956) ]. They derive an 
starting from the Boltzmann 


magnetics 
[ Pro Roy. Soc 
expression for the 


stress tensor 


equation, 





1118 BRUNO 
could be shown to follow from the foregoing equations 
for an ideal fluid, so that the entropy of a mass element 
of fluid does not vary with time. It should be pointed 
out, however, that even for an ideal fluid, the conserva- 
tion of entropy follows from the other conservation laws 
only for regular flows, since only for such flows do the 
differential equations have meaning. To admit discon 
tinuous solutions (shocks), one must consider integral 
equations instead of differential equations. In_ the 
integral form, however, the conservation of entropy 
does not follow from the other conservation laws. Since 
the jump conditions are consequences of the integral 
form of the equations, conservation of entropy cannot 
III). These facts 


are, of course, familiar from nonrelativistic continuum 


be assumed across a shock (see Sec. 


mechanics. They can be understood more physically if 
one thinks of the discontinuous solutions for the ideal 
case as limits of regular viscous flow solutions as the 


viscosity coefficient tends to zero. 


Ill. INTEGRAL EQUATIONS AND SHOCK CONDITIONS 


Our system of equations was written in a particular 
form: every term in the differential equations is a 
derivative. Such a form of a system of differential 
equations is called the conservation form. It is par 
ticularly suitable for the transition to the integral 
equation form and the establishment of the shock con 
ditions 

Shocks are discontinuous solutions of the hydromag 
solution can be 


equations. A discontinuous 


regarded as a solution in the weak sense, which means 


net 


that it is a solution of certain integral equations asso 
ciated with the differential equations. If a differential 
equation is in conservation form, the associated integral 
equation is easily obtained by integrating the differentia! 
equation over a four-dimensional volume and trans 
forming the integral by partial integration into a 
three-dimensional) surface integral extended to the 
houndary of that volume. In this way, for instance, the 
conservation of mass (5) can be stated by requiring that 


N pV Az =0 (11) 


ry 


for an arbitrary closed (three-) surface Y having .V, as 
the unit outgoing normal vector. Actually, it is clear 
that the integral equation (11) has a more direct 
physical meaning than the differential equation (5). If 
we want to admit discontinuous solutions, we cannot 
postulate any more the differential equation (5) but we 
can still make use of the integral equation (11). More 
precisely, we shall consider functions which may admit 
discontinuities along smooth three-dimensional surfaces. 
Equation (11) will then be required to hold for any 
smooth closed } which does not contain a three-dimen- 


* Relativistic shock conditions (for the purely hydrodynamic 
Taub, Phys. Rev. 74, 328 


case) were first considered by A. H 
(1948). 
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sional portion of a discontinuity surface (this is to avoid 
integration over regions where the integrand is not 
defined). The discontinuous solutions just defined will 
be called weak solutions of the original differential 
equation. 

From the integral equation (11), one can easily derive 
the jump condition for the quantity pVq. Let us denote 
by A a portion of the discontinuity three-surface and 
choose a four-dimensional region 2 which is divided in 
two parts, 2,, and Q2, by 4. The boundary of {2; consists 
of A and another part which we call 2,; similarly, Q» is 
bounded by A and 2». We apply Eq. (11) to each of the 
closed three-surfaces 2;4+-22, 2;+ A, Y2+A and subtract 
the equations for the last two from the equation for the 
first. Of course, when we apply Eq. (11) to 2+, the 
integral over A is meant to contain the limiting values 
of the integrated functions when A is approached from 
the side of 2,; similarly for the integration over 22+. 
Since the outer normals to },;+A and to Y»+A are 
opposite on A, we finally obtain 


(12) 


[ N.foV. \dA Q, 


where [A |= A,—Az indicates the difference between 
the values of a quantity 


surface A and the normal NV, is now chosen to be the 


A on the two sides of the 


same on the two sides. Finally we notice that the region 
of integration is a completely arbitrary portion of the 
discontinuity surface. It follows that the integrand of 
Kg. (12) vanishes: 


V.{ pVa| (), (13) 


L 


Equation (13) is the jump condition we were after. 
It is clear that exactly analogous transformations allow 
one to obtain the integral equations and the jump con 
ditions corresponding to any other differential equation 
which is in conservation form. Clearly the jump condi 
ditions can be obtained directly from the differential 
equations by means of the following formal substitution 
rule. For the differential operations dq one substitutes 
the components .V, of the normal vector and for the 
differentiated quantities their jumps across the surface. 
Following this rule, we obtain from Eqs. (1) and (3) 
the jump conditions 


p 1 
o() te-+ \Vev Net Der BayBsg No 


p 7 
| 
B,?Na{=0, (14) 
bu 


[ NaBsyt+NpByat N Bag |=0. 


L 


(15) 


rhe magnetic permeability u« and the dielectric constant 
e have been assumed to be equal to their value in 
vacuum throughout the medium; their jumps will 
therefore vanish. 

The set (4) of Maxwell equations were not counted 
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as independent equations in our analysis of the deter 
minacy of the system, but rather as definitions of the 
current vector in terms of the electromagnetic fields. 
In an analogous way we shall use now the equations 


1 
| N.Baa | I5*, 
Mm 


(16) 


as a definition of a sheet current along the discon 
tinuity surface. From Eq. (16) it follows immediately 
that 

Val g*=0, (17) 
which shows that /s* does indeed lie on the surface. To 
our system of shock conditions we shall finally add 
Eqs. (7) and (8) which are valid on both sides of the 
shox k. 

As already pointed out in Sec. I, it would be quite 
wrong to carry out in the case of the equation of con 
servation of entropy (10) the analysis described above 
as valid for any differential equation which is in con- 
servation form. The conservation of entropy follows 
from the other conservation equations only for regular 
flows. For discontinuous flows it does not, since its 
integral form does not follow directly from the integral 
form of the other conservation laws. Rather, in agree 
ment with the second law of thermodynamics, we must 
impose the inequality 


[NV aps PU, (18) 


The equations of this section can be used for a treat- 
ment of relativistic hydromagnetic shocks. We shall not 
do it here, however. In the next section we shall go to 
the limit of weak shocks and treat that case in some 


detail. 


IV. WEAK SHOCKS 


If the jumps across the shock are small and can be 
treated as differentials, the shock conditions can be 
worked out rather easily. We denote jumps by the letter 
6 and introduce the abbreviation 


o=1+et+p/p. (19) 


We then have 


5(NaVap)=0 or NaVadptpNdVa=0, 


1 
pV gNg6(aVa)+Nadpt+-Nal(6Bay) Bay By Bay} 
yu 


] 
N,B,6B,,=0, 
2u 
Neb Bay +N Brat N Bap =0, 
6V,Bagt+ V5Bap=9, 


V6V.=0. 
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(21) can be transformed into a more 


compact form by noticing that 


Equation 


Nof{ (6B,,)Bs,+B,6Bg,} 
Bas \ gO Bs y + 1 Bay VB, . 


) \ B »OB ya 
\ Bas \ woBs vy)» 
25) 


and that the last term in parentheses vanishes as a con 
sequence of Eq. (22). The skew-symmetry property of 
Bs, and 5Bg, is of course to be taken into account. We 
obtain, in this fashion, 


1 
pV aN 5(o V.)4 N.6p +-B, Np Bz y=), (26) 


m 


If we now multiply this equation with V,, and use Eqs. 
(24) and (7), there results 


pVaNpbo+ VaNpbp = 0. (27) 
If one notices that, as a consequence of the definition of 
a, one would have in general 
l 
ba = 06s4 Op, 
p 


(28) 


Eq. (27) means that 


pOV aN ads = 0. (29) 
The quantity 


U VaNao (40) 


is a relativistic measure of the velocity of the discon 
tinuity surface relative to the fluid. The usual non 
relativistic velocity u is then given by 


u= U/(1+ U?)!. (31) 


We can conclude, therefore, that in the case of an 
actual shock, where the discontinuity moves with 
respect to the fluid and U/ 40, the jump in entropy 
vanishes, to first order at least. This is a consequence of 
the weakness of the shock. Indeed it could be shown 
that the entropy jump is small of the third order, 
Coming back to our Eq. (26), we shall now write it, 
making use of Eq. (28), as 
1 
(Nat UV,)6p t Vapi Vat—BayN p6Bs,=0. 
im 


(32) 


Also, since Eq, (29) is satisfied, we can use in Eq. (32) 
bp = (dp/dp)ép (33) 


We look at Eqs. (20), (22), (23), (24), (32), and (33) 
as a system of linear equations in the jumps of the 


a’op. 


various physical quantities; the condition that this 
system has nontrivial solutions should determine the 
shock velocity VU. 

It is simplest to reduce the number of the equations 
by eliminating in Eq. (32) all jumps in terms of the 
jumps of the velocity components. ‘This can be done for 
bp by use of qs. (43) and (20). To eliminate 6B,,, we 
multiply Eq. (22) with V4 and make use of Eq. (23), 
with the result 


VaN dB, — NpBybVa-—NBagpVq=0 (34) 


’ 
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and 


U BeyN Boy = (BayByet BayNyBaNp)bV«. (35) 


We can now multiply Eq. (32) by U, which is assumed 
to be different from zero since we are interested in actual 
moving shocks, and obtain finally, from Eq. (35), 


U*pabVa— (Nat UV. )a’pN pV 5 


1 
+ (BayB vx t BayN yBapNa)oV. 
“ 


0. (36) 


These four equations are not independent, as one can 
see if one multiplies with V, and sums over a, obtaining 
identically zero. We extract three independent equations 
by going into the rest frame (V,@=1, 0, 0, 0). Various 
simplifications occur 


U=—No, 5Vo=0, By=0, 


’ 


or the vanishing of the electric field. Furthermore, 6V, 
coincide in the rest frame with the jumps of the usual 
nonrelativistic components of the fluid velocity. 

The time component of Eq. (36) reduces of course to 
the identity 0=0 in the rest frame. The three space 
components of Eq. (36) give 


a’pN.N pV ; 


t-(BuBry+>BuNiBaN dev, 
mv 


*n06 V; 


0. (37) 


| I 


u’pa — a*p— -(1—*) BY 


m 

1 

(1 u*)( BY + B;?) + 
uM Ae 


u* pa 


1 
(1 
uM 


uw) BBs 


l ] 
| {po + -(BY+B;*) BY 


rm rm 


1 1 
W'( ve + v*) Bb ” 
uM M 


where we have denoted by B, the component of the 
magnetic field in the direction of the normal. The three 
values of #2 which make the determinant vanish are real 


1 
E 0 oo +—(B,? 
mv 


and positive; this implies that the system of the hydro 
magnetic equations of an ideal fluid is hyperbolic. 

For the purpose of identification with the nonrela- 
tivistic limit, we shall now drop the special choice of 
units which implies c= 1, and introduce the velocity of 
light ¢ in our formulas. This can be easily done on the 


basis of dimensional considerations. For instance, Eq. 


1 
B, 


| B;?) | #(o| 
m 
1 
iG + r) Wf o( a? + 
m 
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Let us now remember that NV, are the components of 
the four-dimensional normal to the shock surface, the 
components of the usual three-dimensional normal being 
simply given by 


n= N,/(1+N¢?)}, (38) 


and in the rest frame by 


ny= N;,/(1+U%), (39) 


We can then express Eq. (37) in terms of the speed u 
and of the three-dimensional normal n, if we divide it 
by 1+U* and make use of Eqs. (31) and (39). We 
obtain 


u*pobV ;—a*pnn,oV ; 
1 


+-{(1—#)B, By 4+ Bin Bn bv; 
yu 


0. (40) 


We shall now evaluate the determinant of this system 
of three linear equations and set it equal to zero, A 
simple way of evaluating the determinant is to choose 
a special system of Cartesian coordinates. We choose 
the x, axis in the direction of the normal to the shock 
surface so that ny=1, ny=n3;=0, and the x, axis in 
such a way that the «, component of the magnetic field 
B,= By,=0 (for the other components we follow the 
notation B,=By;, Bs;= By). The determinant in 
question becomes then simply 


1 
(1 
mn 


u’) BB, 


1 
(1—w) By] 
bb 


u*pa 


1 
pa’ + (B? + B;?) 


a’ a 
t B*) + B:| 
fm rm 


(19) becomes 
a=1+(1/c*)(e+ p/p), (42) 


while the vanishing of the determinant (41) is now 


expressed by 
r) 


1 1 ! 1 
po-+t B?} — | w'o( oe { 
q | Cu m ‘ Cu 


| 1 a” 
u*s o( oa +- w*) + 
| bh Cu 


B,? 
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The roots of Eq. (43) are immediately found. The 
factor linear in wv? has the root 


B, 
uy : (44) 
upo+ (1/c*) B? 


which corresponds to what is sometimes called the 
intermediate-wave velocity in nonrelativistic hydro- 
magnetics. Clearly u,?><c*®. The vanishing of the factor 
quadratic in # can also be written in the forms 


u’\ B? | 


u* | u" po - 
fm 


a u? 
( B? B(1 ) (46) 
m C 


Equation (45) shows that if we make the unphysical 
assumption 12>’, it follows that a?/a>w? softhat also 
a’*/a>c*. Now a/o' is the relativistic expression for the 
velocity of sound in absence of electromagnetic fields. 
A hydromagnetic velocity larger than the velocity of 
light can therefore occur only if the equation of state 
of the fluid is such that the velocity of sound in that 
fluid is itself larger than the velocity of light. Such 
unphysical equations of state have been occasionally 
considered and do not contradict the principle of rela- 
tivity, according to which any relation between the 
invariant quantities e, p, s is admissible. However, they 
do contradict the “principle of causality” which requires 
that actions and signals can be transmitted from a point 
into its future light cone only. From a ‘‘causal’’ kinetic 
theoretical model, one can derive inequalities which can 
be used to exclude such unphysical equations of state ; 
for instance, the inequality 
e> p/p (47) 

can be useful in this respect (see also reference 5 where 
a stronger inequality is given). 

We shall always assume u’?<c*. Calling ug’ and u;? 
the two remaining roots of Eq. (43) (tt? <u;"), it follows 
immediately that 


a a B.? 
aS (48) 


ue y . , 
ao ppot+ (1/c*)B,? 


Therefore, uy’ must be smaller than at least one of the 
two factors on the right side of the inequality. From 
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Eq. (46), however, we see that it must be smaller than 
both 
a B,? 

and = uy": 
0 Mpa t (1 C)B,? 


(49) 


Our analysis can now be continued to obtain explicit 
expressions for the possible disturbances, which are 
solutions of Eq. (40). Without reproducing the calcu 
lations in full detail, we give here the results.© The 
solutions associated with the roots “2 or us of Eq. (43) 
are proportional to 


u 


bVi~u B,B, 


u“pon, 


and the remaining quantities have jumps 


(De) 


6B, ~uU ‘pa { B, 


bp ~ | u" po 


n.B,}. 


To these one must add Eq. (29) o1 


6s=0 (53) 


If one evaluates the jump of the components of the 
electric field, one finds 


6bE~ —5VXB, (54) 
which is consistent with the fact that the rest frame is 
different on the two sides of the shock 

Finally, the discontinuities associated with the root 


u, of Kq. (43) are 
6V~uBX n, 
bB~B,BXn, 


bp = 6s =0. (57) 


The nonrelativistic limit can be obtained very simply 
from the formulas of this section by letting the constant 
c tend to infinity.‘ 

In conclusion the author wishes to express his thanks 
to D. Finkelstein and to J. B. Keller for several illu 
minating discussions 

Note added in 


of relativistic hydromagnetics are discussed in a paper by 
Stanyukovich, Doklady Akad. Nauk S.S.S.R. 103, 73 (1955), 
which recently has been brought to the attention of the author 


proof.—Special solutions of the equation: 


*In deriving the formulas given in the text for the possible 
we have assumed that the three sof wv which 
satisfy Iq. (43) are different from zero and from each other, This 
For instance, if B, =O then uZ<0. If B,=B 
then the two roots u? and u?* with «;? and the other 
The required modification of the result 
text will not be described here 

7 A detailed discussion of wave motions in nonrelativistic hydro 
has given by K. ©. Friedrichs, Los Alamo 
Scientific Laboratory, U.S. Atomic Energy Commission Report 


LAMS-2105 (unpublished 


disturbances value 
may not be the case 
coincide one 


with a?/a given in the 


magnetics been 
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Decay time 


s of fluorescent light emitted by organic solutions and by organic and inorganic solids when 


excited by high-energy radiation are determined under various experimental conditions. The pulse-height 


ratios for alpha-particle and electron excitations are also found. 
Ihe probabilities for radiative and nonradiative transitions of the light emitting molecule are estimated 
and compared with values obtained from absorption measurements. The time required for energy transfer 


is estimated, The ratio of pulse heights obtained under alpha-particle excitation to those obtained under 


electron excitation are found to be roughly the same for all organic solutions and solids despite wide varia 
tions in lifetime; also no difference in lifetime between alpha-particle and electron excitations is found. This 


is not explained by present theories 


INTRODUCTION 


' Rear paper presents results of decay-time measure- 

ments on organic compounds as solids and sol- 
utes, and on some inorganic substances; pulse-height 
ratios obtained with light flashes induced by alpha par- 
ticles compared to those induced by electrons; an in- 
vestigation of the influence of external conditions upon 
the decay time, and a discussion of the theory of the 
processes involved. The pulse ratio method! and the 
oscilloscope method? were used. It was found that the 
first method is good only for substances with decay 
times of 15 millimicroseconds or longer, while with the 
latter method decay times, almost an order of magnitude 
shorter, can be measured. Only results with the oscillo- 
scope method are presented here because of greater 
accuracy in the region of measurements. 


DESCRIPTION OF EXPERIMENTAL ARRANGEMENT 


A 5819 photomultiplier was used with the solid 
samples directly coupled to the window by Duco cement 
or Silicone grease and the solutions placed in a glass 
beaker coupled to the photomultiplier in the same way. 
All measurements were room temperature 
using a solution depth of 15 mm for electrons and 4 mm 
for alpha particles. The current pulse from the photo- 


made at 


* Experimental work done at Evans Signal Laboratory, Fort 
Monmouth, New Jersey 

t This is part of a dissertation submitted by George J. Brucker 
in partial fulfillment of the requirements for the degree of Doctor 
of Philosophy at New York University 
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Bittmann, Furst, and Kallmann, Phys. Rev. 87, 83 (1952) 

2k. F. Post and H. S. Shiren, Phys. Rev. 78, 80 (1950); G. G. 
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A new theory to explain these facts is outlined 


multiplier was fed through a cathode follower into the 
vertical amplifier of a Tektronix 517 oscilloscope. The 
oscilloscope trace was photographed with a 35-milli- 
meter camera. It was then traced on graph paper from 
the magnified image produced by a projection type 
comparator. Since the time constant of the electrical 
circuit was large compared to the anticipated lifetimes, 
one exponential curve was used to approximate the rise 
of the voltage pulse. The time taken to reach (1—1/e) 
of its final value is taken as the decay time of the sub- 
stance as is described below. The horizontal sweep time 
was calibrated by means of a 50-Mc/sec sinusoidal signal 
from a crystal-controlled oscillator. 

Fast electrons were provided by strontium 90 and 
radium / and a Van de Graaff generator operating at a 
voltage of 1.1 Mev. The Van de Graaff arrangement 
had the advantage of supplying pulses almost homo- 
geneous in height. Polonium 210 was the source of 
alpha particles. 

RESULTS 


The results of the decay-time measurements are 
presented in Table I. The time constants listed are 
decay times of individual substances including the 
spread of electron transit time in the photomultiplier. 
The measured rise times ro of the scope trace are not 
true decay times of the flashes, but are longer as a 
consequence of the finite response time of the photo- 
multiplier and scope amplifier. In order to determine 
the actual time constant ty of the flash from 70, use is 
made of the square-root rule,* ro>= (30 i7?+7/)!, where 
each 7, represents the time constant of a part of the 
apparatus. With the aid of a square-wave signal of a 
rise time of 0.5X10~-* second, 7; was determined as 
5xX10-* second from which a _ time-constant 7, 

[ ro*—- (5X 10~*)* |* was obtained. This value is pre- 
sented in the tables. 7, differs from ry; because of the 
finite transit time spread 7, of the photomultiplier. 
Since this was not measured, 7, rather than 7; values 

*W. C. Elmore and Matthew Sands, Electronics (McGraw-Hill 
Book Company, Inc., New York, 1949), first edition, p. 139 
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TABLE I. Decay times* and relative efficiencies for alpha- and beta-particle excitation 


Solvent! 
y 
P 
X 
BPN 
BPD 
X 
P 
PE 
YP 


Substance 


Acenaphthene 
Acenaphthene 

aya’ binaphthy! 
a,o’-binaphthy] 
a,a’-binaphthy] 
9,10-diphenylanthracene 
9,10-diphenylanthracene 
9,10-diphenylanthracene 
9,10-diphenylanthracene 
6,10-diphenylanthracene 
9,10-diphenylanthracene 
Diphenylhexatriene 
Diphenylhexatriene 
2,5-diphenyloxazole 
2,5-diphenyloxazole 
2,5-diphenyloxazole 
2,5-diphenyloxazole 
Fluoranthene 
Naphthalene 

a-naphthyl phenyloxazole 
a-naphthy] phenyloxazole 
m-terphenyl 

m-terpheny] 

p-terphenyl 

p-terpheny| 

Anthracene 

Chrysene 
Diphenylacetyle 
Naphthalene 

Pyrene 

Stilbene 

Plastic scintillator 
Calcium fluoride 

Calcium tungstate 
Cesium bromide (T] 
Sodium chloride (507, AgC| 
Potassium bromide (0.5% 


1 
BPN 
X 
P 
y 
P 
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are ex lin millimicroseconds (107° sec 
yclohexane; X P-——xylene plus 30% paraffin oil 
200 grams per liter biphenyl; PE 


* All decay times, r. presse: 

b X¥—-xylene; P—phenyk 
BPD-—n-buty! phosphate plus 
¢ The relative peak heights are only approximate 


peak pulse-height measurements were used t 


spectral response 
© The efficiency for beta excitation relative to 
multiplier’s spectral response 
! Ratio of beta to alpha efficiency per 


solid anthracene wa 


init absorbed energy 


are given. These are connected by the formula: 


Tr=(17,°—7,")?. 


This is of importance only for fast substances since 7, 
is about 3 to 410°-* second. Upon using such a value 
the true decay time of, for example, p-terpheny! in 
xylene is calculated to be 3X10~ second. This is in 
agreement with results reported in the literature.‘ For 
the shortest occurring time Ty of 
2X10-* second, the oscilloscope method is not precise 
but its precision increases with increasing time constant. 
Nevertheless the measurements on fast substances are 
useful since they provide an upper limit for the effect 
of the solvent on time constants (see below) 

The accuracy of the results is further limited by the 
statistical nature of the measurement. When one-Mev 
electrons are totally absorbed by an anthracene crystal, 


constants, about 


~ 4S. H, Liebson, Nucleonics 10, No. 7, 42 (1952) 


taken 


ij 


alues and are lower than those 
» obtain the efficiencies rather than integrated « 
4 The efficiency for alpha excitation relative to anthracene was taken as 10 and was corre 


Relative 


peak heights 
Betat 
Alpha 


14 11 
14 9 
29 


19 


i ft.« 


beta 


Nw = 


7 


a/ 


29 
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toluene; BPN n-butyl phosphate plus 300 grama per liter naphthalene 


phenyl ether 


other investigators, This can be attributed to the fact that 


irrent mea 
ted for unit absorbed ene 


btained b 
irement 


rey, but not for the photomultiplier 


100 and was corrected for equal absorbed energ but not for the phote 


only 500 primary photocathode electrons result from 
the initial light pulse using the best geometry, and the 
expected fluctuation is five percent. The measurement 
of the decay time actually can utilize only a fraction 

of this number (it determines the number of electrons 
produced up to various periods of time), so that even 
Phe situation is 
of 
efficiencies only twenty percent of that of crystalline 


larger uncertainties are to be expected 


even worse for solutions since some these have 
anthracene 

Phe various efficiencies were obtained by comparing 
the respective deflections on the oscilloscope to those 
obtained with anthracene under alpha-particle and 
electron excitations 

An inspection of ‘Table I discloses the following 


(1 


as solutes cover a range of more than one order of 


The observed dec ay times of organi solids as well 


magnitude. Some substances have long decay times as 
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REFLECTION ARRANGEMENT 
i liciilliatias usour SHIELD 


yes 


| ALPHA SOURCE 


leg 


PHOTOMUL TIPLIER 
($619) 


ric. 1, Experimental arrangement for the decay-time measure 
ments of the transmitted and reflected light from thin and thick 
samples of anthracene when excited by alpha particles 


solutes and as solids; e.g., fluoranthene and naphthalene. 
The large variation of decay times is noteworthy be- 
cause it results from two quite different and competing 
processes, the light-emitting process and the quenching 
process ; the large spread of both indicates some correla- 
tion between the two processes (see below). The relative 
difference between the actual decay times is even more 
pronounced if one considers that r, given in the table 
is larger than the actual ry (discussed above). (2) The 
decay time seems to depend on the solvent used. Thus 
solutions in solvents consisting of a liquid component 
to which naphthalene or biphenyl has been added seem 
to have longer decay times than those in a simple sol- 
vent, eg., xylene. (3) No difference between decay 
times of organic scintillators produced by alpha par- 
ticles or produced by fast electrons was found. This is 
also true of the inorganic phosphors investigated. (4) 
Phe ratio between peak heights due to alpha particle 
and electron excitations is almost the same for all 
organic Compounds investigated whether they are solid 
or in solution although they have quite different decay 
times and efficiencies. These findings are interpreted in 
the theoretical section below. 

Investigations by Birks® have shown that the decay 
time of an organic scintillator depends on specimen 
thickness and this dependence was attributed by him to 
self-absorption within the sample. Thus, the fluores 


Pas.e II. Decay times* of thin and thick samples for 
alpha-particle excitation 


Substance re (thin sample (thick sample 
Anthracene (1/721 
Anthracene (5819 


Naphthalene (5819 


® All decay times, re, are expressed in millimicroseconds (10~% sex 


* J. B. Birks and W. A. Little, Proc Phys. Soc. (London) A66, 


921 (1953). 
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cence which is initially emitted is partially reabsorbed 
and then re-emitted and this may take place a number 
of times until the emission consists of long enough 
wavelengths so that no absorption occurs; then the 
light escapes from the crystal. In order to study this 
effect further, a series of measurements of the decay 
times of very thin and thick specimens of both anthra- 
cene and naphthalene were made. Thin specimens were 
obtained by heating anthracene or naphthalene powder 
and then allowing slow cooling and crystallization in a 
closed vessel. The flakes obtained by this method were 
found to be between 0.01 and 0.02 millimeter thick. 
They were mo inted on thin sheets of mica so that they 
could be handled. A one-half inch anthracene cube® and 
a naphthalene crystal 2.1 millimeters thick were used 
as the thick specimens. Alpha-particle excitation was 
provided by a polonium source placed above the flake 
or thick sample. The anthracene measurements were 
made with both the 5819 and the 1P?21 photomultipliers 
in an arrangement as shown in Fig. 1. The results are 
presented in Table II. The results were essentially the 
same although a number of different flakes from various 
sources’ of anthracene were measured. The difference 
in the decay time of the thin and thick specimens of 
anthracene is about 8 millimicroseconds for both photo- 
multipliers. The difference between the thin and thick 
values in the case of naphthalene is percentagewise 
much smaller. This is expected if the difference in decay 
time is attributed to a re-emission process since naph- 
thalene has a much smaller absorption than anthracene 
and is about one-third as efficient as anthracene. Thus, 
there is only small probability that the light which is 
absorbed is re-emitted. 

Additional evidence about the reality of the difference 
of time constant between thin and thick specimens was 
obtained by the following experiment : The decay times 
for five different arrangements using a thin and a thick 
specimen of anthracene were determined. The thick 
sample was a disk* about 5 millimeters thick. A polon- 
ium alpha-particle source was used in an arrangement 
in which excitation of the samples took place from the 
top. The filter referred to in Table III cut out wave- 
lengths up to 4000 A. Arrangements (1) and (2) were 
used to check the influence of the filter on the decay 
time of the flakes; no influence was found. The filter 
also does not influence 7 when interposed between flake 
and disk since the ultraviolet part of the fluorescent 
radiation, the reabsorption of which lengthens the 
decay time, is removed before reaching the disk. The 
disk then acts as a completely transparent window for 
the finally transmitted radiation. But in arrangement 
(4) 7 is considerably lengthened because here the uv 
part hits the disk where it can be reabsorbed. Thus (4) 


® Obtained from Harshaw Chemical Company. 

7 Reilley Tar and Chemical Company, Harshaw Chemical 
Company, and Fisher Scientific. 

* Obtained from National Radiac Company. 
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gives about the same change in 7 as does the disk alone 
in (5). Arrangement (3) shows further that light of 
longer wavelengths is emitted with the same time con- 
stant as that of shorter wavelengths. This indicates 
that the 7 observed with the thin flake is the intrinsic 
time constant of anthracene and that no further reduc- 
tion can be accomplished by the use of still thinner 
flakes; otherwise a difference in time constant between 
the total emission and the long-wavelength emission 
would have been found. 

The experiments described up to now only involve 
measurements of transmitted light. Similar time con- 
stants are obtained when reflected light is measured. 
The arrangement of Fig. 1 was used for this purpose. 
The jig permitted the specimen to be irradiated by 
alpha particles from above or below, and thus either 
transmitted or reflected light ‘could be measured. A 
measurement of two flakes laid one upon the other was 
also carried out. 

The data are presented in Table IV. Single flakes give 
the same short 7 in both the reflection and transmission 
arrangements, indicating once more that the intrinsic 
time constant is reached. The double flake has a slightly 
longer 7 value in the transmission arrangement com- 
pared to that using reflection, and the disk has only a 
slightly higher + value than the flake when reflection 
is used but gives a longer 7 in the transmission arrange- 
ment. Smaller pulses are obtained under transmission 
than under reflection; with a disk the difference is 
about 40%. In the single-flake experiments this is due 
to a geometry effect; the alpha-particle track in the 
flake is longer in the reflection measurement than in the 
one with transmission. In the disk experiments it is 
due to the backscattering of the blue light. These ex- 
periments are in agreement with the assumption of 
Birks that the blue part of the emitted light is re- 
absorbed and re-emitted. It may be mentioned that for 
such flakes the radiation may be partially imprisoned 
in the flake because of total reflections; this may 
lengthen the light path considerably and thereby in- 
crease the absorption. 

Next to be considered is the influence in solutions of 
reabsorption effects upon the time constants. In the 
experiments using alpha particles the depth of the 
solution was so small that absorption in the solute was 
less than in the thin flakes; time constants measured in 
this way can therefore be considered as intrinsic. In the 
case of beta-particle excitation the thickness was greater 
and was equivalent to about two flakes. The lengthen- 
ing of the time constants in these solutions is, however, 
smaller than in flakes for these reasons: Not all photons 
of the emitted light penetrate the whole solution, and 
the efficiency is less than one, reducing the probability 
of re-emission, as described, for naphthalene. Thus it 
can be assumed that the time constants of solutions 
represent intrinsic values rather well under both types 


of excitation. 
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TABLE ITI. Influence of ultraviolet part of anthracene’s emission 
spectrum on the decay time®* for alpha-particle excitation 


Arrangement 


flake + 5819 

flake + filter +5819 

flake + filter+ disk + 5819 
flake + disk + 5819 

disk +5819 


* All decay times, re, are expressed in millimicroseconds (107% sec) 


After the termination of these experiments a paper 
by Wright was published.? He reports that alpha 
particle pulses have longer time constants than those 
induced by electrons. He uses a method which is essen 
tially equivalent to the pulse ratio method! except that 
the power output is measured as a function of the input 
resistance. We came to the conclusion that the pulse 
ratio method is not so accurate as single time-constant 
measurements in the oscilloscope method. In Wright’s 
method the effect of many pulses is observed, whereas 
in the method used here a single pulse is measured. We 
cannot explain the difference between our results and 
those obtained by Wright. The theory which is pro 
posed later shows that alpha-particle-induced light 
flashes may have a longer tail of light emission than 
beta-particle-induced flashes. 


DISCUSSION OF THE RESULTS 


The measured decay times of a solute can be con 
sidered as composed of two components: one due to the 
time required for transferring the excitation energies 
from solvent to solute, and a second due to the actual 
decay time r,, of the excited fluorescent molecule; this 
latter decay time should be the same as that observed 


under light excitation. 


A. Probability of Light Emission 
and of Quenching 


If one assumes the transfer time to be small (as will 
be shown later it is of only minor importance), 7», is 


essentially the measured time constant. Then for 7,, 


Tanite TV. Comparison of decay time® of the reflected and trans- 
mitted light from anthracene for alpha particle excitation 


Pulse 


Arrangement height? 


flake by reflection 11.04 
flake by transmission 
double flake by reflection 
double flake by transmission 
disk by reflection 

disk by transmission 


1.3 44 
12.142.2 44 
11.5410 26 
14.0430 22 
160426 25 
23.84+1.1 15 


* All decay times, re, are expressed in millimicroseconds (10 °° sec 
» Pulse heights are expressed in arbitrary unite and have been corrected 
w unit absorbed energy 
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the following well-known equations hold: 
ie 1 


Tr Trl 


where f 


, 


1 
~ 2 f ear, 


7 


where {=quantum efficiency of light emission, 1/7, 
and 1/7,, are, respectively, the probabilities per unit 
time that the excited molecule returns to the ground 
state via a radiative or a radiationless transition, and 
«, is the extinction coefficient of the solute for a fre- 
quency v. Equation (4) holds only for solutes since in a 
solid the emission process, and thus the probability of 
emission 1/7,, may be due to a cooperation of many 
molecules so that the value may be different from that 
of single molecules. 

Since the efficiencies of many solutes and solids are 
experimentally known’ (relative efficiencies measured 
under gamma excitation are closely correlated to those 
observed with light), one can calculate 7, and r,, 
separately from the 7, which is equal to the observed 
lifetime to a first approximation (see next section). 
Anthracene was not measured as a solute in this in- 
vestigation, but it may be included in our discussion. 


® second,‘ 


Its time constant 7,, 1S reported to be 2X10 
giving 12K10-* and 2X10 second, respectively, for 
r, and 7,, according to Eq. (3) with f equal to 15%. 
If the probability of the radiationless transition for the 
various molecules is calculated in this way, it is found 
that anthracene in solution is one of the most unstable 
excited molecules with a 7, of only 2«10~° 
(p-terphenyl has a 7,, of 7.5 10-* second) ; solutes with 
fluoranthene and 


second 


rather small efficiencies such as 
naphthalene have much higher 7,; values of about 30 
to 40X10" second. Values of 7, for these compounds 
are mostly due to the time in which the substances are 
quenched because the probability of light emission is 
small. It is rather susprising that substances with large 
r, show any noticeable efficiency. If it were assumed 
that quenching of an excited molecule by interaction 
with the surroundings is of the same order of magnitude 
for most of the solutes, it would follow that molecules 
with long 7, would show only a small efficiency. The 
results show that this is not the case, indicating that 
the probability of quenching and of light emission are 
correlated with each other. For instance, solutes with a 
small probability of light emission (small transition 
dipole) are also less subject to the influence of quench- 
ing interaction. 

* Kallman, Furst, and Brown, Proceedings of the International 
Iluorescence and Phosphorescence at Garmtsch 
fugust, 1956 [Friedrich Vieweg und Sohn (to 


Conference on 
Partenkierchen, 
be published) | 
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The r, computed from (3) can be compared, at least 
for solutes, with those obtained from Eq. (4). Although 
such a comparison is very crude because published 
absorption curves are often not accurate enough for 
studying special excited states, one should expect that 
these r, values are proportional to the respective ab- 
sorption areas. One finds indeed that this is fairly well 
the case in many instances. There are two important 
exceptions: m-terphenyl and fluoranthene. Since the 
absorption curve of m-terpheny! does not differ greatly 
from that of p-terphenyl, both substances should have 
the same 7, but different 7. The 7» of m-terpheny] 
should be smaller than that of p-terphenyl because of 
the smaller efficiency of m-terphenyl. This is contrary 
to the result in Table I. A similar inconsistency is found 
with fluoranthene which has an absorption spectrum 
similar to that of anthracene, but has a 7,, about 10 
times as large as that of anthracene. It is difficult to 
state the true reason for these apparent discrepancies. 
There is always the possibility, however, that the 
absorption band due to a low-lying state of excitation 
is so weak that it is overshadowed by the stronger 
absorption band due to higher states so that the true 
absorption band of the state of lowest excitation is 
much smaller than the measured absorption. A low- 
lying excited state of this type with weak absorption is 
well known in naphthalene. 

A correlation between the 7, of solids and of solutes 
also seems to exist. Thus the 7,, of solid naphthalene 
is about 8010-* second, and that of the solute is 
3410 second, but their 7,’s are both of the order 
of 300 10~* second. This long decay time is attributed 
to the small transition probability mentioned above of 
the lowest excited state of naphthalene. The respective 
values of 7, for solid and solute fluoranthene are both 
relatively long, namely 113 and 214X10~ sec, re- 
spectively. Similar correlations exist for anthracene, 


diphenylhexatriene, and quaterpheny], but it is doubtful 


whether such correlation exists in all cases. 


B. Evaluation of the Transfer Time 


An upper limit for the lengthening of the decay time 
ry of the flash due to the transfer of energy from the 
solvent to the solute can be obtained in the following 
way. If one assumes that a high-energy particle mainly 
excites the solvent (because of its greater abundance), 
the following differential equations hold for the number 
of excited solvent molecules n,, and the number of 


excited solute molecules n,: 


dn, 
dt Tq 


dim Ny Nay 


dt Te Tm 
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where 1/7, is the probability per unit time that the 
excitation energy is transferred from an excited solvent 
molecule to a solute molecule. 7, corresponds to the 
solvent lifetime and is defined by Eq. (5). @ is the cross 
section of this reaction, Y a collision factor, and c the 
concentration of the solute; 1/7, is the probability 
that the excited solvent molecules return to the ground 
state without having transferred energy to the solute, 
and 7,, is the true lifetime of the excited solute molecules 
used in Eqs. (2) to (4). The 7, and 7» are intrinsic to 
the solvent and solute, respectively, but may be in- 
fluenced by their surroundings. ‘The parameter () previ- 
ously introduced in the theory of energy transfer is 
connected with 7, and 7, by the following relations: 


Q=[Yer, |". (7) 


Under the initial conditions n, 0, one has the 


following solutions: 


No, Nm 


N,=noe "*, (3) 


NOT oTm 
Nin (é ’ : ; (9) 
Ti To Tm) 


From this formula it follows immediately that good 
energy transfer still occurs if 7, becomes smaller than 
t, when 7,/7; is about 1. The number of quanta emitted 
within dt is equal to (n»,/7r,)dt [from Eqs. (2) to (4) }. 
If t<rtm, Eq. (9) represents the usual shape of the 
light flash (very sharp rise) and an exponential decay 
with time constant 7,, if t»~ 7m the flash has a finite 
rise time, given by the smaller of the values of 7, and 
tm; the decay time is determined by the longer one. 
This makes the measured duration of the flash longer 
than the solute time constant rt, roughly by 7,. The 
latter is different from 7; and always smaller than both 
7, and 1, [see Eq. (5) |. For small solute concentrations 
Cc, Ty is largest and equal to r,; with increasing ¢, 7, be- 
comes smaller and at a solute concentration where half 
of the total energy is transferred to the solute, 1, is, 
equal to one-half of r,. This is often roughly the con- 
centration at which the maximum light emission occurs, 
as can be determined from an analysis of intensity 
versus concentration curves. Thus one would expect a 
dependence of 7; upon concentration only if 7, is com- 
parable with 7m. 

The following general conclusions may be drawn: 

1. An upper limit for 7, can be obtained from the ry 
of a solute with shortest lifetime; 7, being smaller than 
ry, and 7, being roughly 47, at maximum light output, 
it follows that 7,: With r7~2.5XK10 sec, tT, 
should be smaller 5X10 second for efficient 
solvents such as xylene, phenylcyclohexane, and phenyl- 


2Ty. 
than 


ether. 7, can also be estimated from the solute con- 
centration at which considerable energy transfer takes 
place or from the quencher concentration at which the 
excited solvent molecule is quenched to half of its 
original value, for instance, by carbon tetrachloride. 
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Under reasonable assumptions for the migration of 
energy’’ in the solvent, one obtains a value of the 
magnitude of 10~° sec for rq. 

2. A particularly large Y value for special solutes 
such as m-terphenyl probably means a small cross sec- 
tion o in (7) which means that comparatively large 
solute concentrations are required to make 7, about 
equal to 7, so that good energy transfer can be obtained. 

3. Indications in Table I that the time constants in 
solutions with a combination of materials as the solvent, 
such as those containing naphthalene or biphenyl, are 
longer than those in xylene, may be due to a long trans 
fer time from the intermediate solvent (naphthalene or 
biphenyl) to the solute. For instance in n-butylphos 
phate as solvent, without additional naphthalene, 2,5 
diphenyloxazole at a concentration of 5 g/l exhibits 
only very small high-energy induced fluorescence. ‘This 
can be explained by the assumption that the quenching 
of butylphosphate and thus 7, is extremely 
" oceur 


time rT, 
short so that only very rarely do “collisions” 
between an excited butylphosphate molecule and a 


. . e 7. . 
solute molecule during the short lifetime of the excited 


butylphosphate. It might instead be assumed that 7, 
is not short but that the probability of energy transfer 
at a collision of an excited butylphosphate molecule 
with a solute molecule is small (small cross section for 
this reaction). Since energy transfer by butyl phosphate 
is small for all solutes, it seems more reasonable to 
assume that the reason for this lack of energy transfer 
is the result of a short 7,. This would mean that 7, from 
butylphosphate to the solute and thus also to naph 
thalene is always short. ‘Thus longer time constants 
observed in mixed solvent solutions may then not be 
due to a lonyer transfer time from the main solvent 
(butylphosphate) to naphthalene but instead be due to 
a longer time of transfer from naphthalene to the solute 
According to Table I the excited naphthalene molecule 
in a xylene solution has a comparatively long lifetime, 
at least for concentrations of about 10 g/l of naph 
thalene. It is possible that the transfer time 7, from 
naphthalene to the solute is also relatively long because 
of small transfer cross sections. It would then follow 
that, for all solutions made in a combination of naph 
thalene and a liquid solvent, the shortest decay times 
observed should be longer than in xylene. ‘The present 
measurements are not accurate enough to ascertain 
whether this is really the case. 
4. It is known that VY values for transfer from naph 
Kallmann and M. Furst, Phys. Rev 
1); Nucleonics 8, No. 3, 32 (1951) 
“collision” is not meant to indicate that energy 
necessarily due to motion of the excited molecule; it 
well be that transfer is due to a migration (jump) of 


olvent.” With respect to transfer 
to the emitting solute, “collision” does not necessarily mean that 


79, 857 (1950); 81, 


The 


transier is 


term 


may equally 
excitation energy through the 
the specific solvent molecule carrying the excitation energy at the 
instant of transfer is contact with the solute molecule 
which takes over the energy, i.e., this transfer may occur with a 
greater probability than determined by the geometric cross se¢ 

tion of the molecules.” Neither type of transfer, however, occurs 
by means of light emission and absorption 


in clo 4 
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thalene and those for transfer from xylene to various 
solutes are nearly the same. (The naphthalene value is 
possibly slightly smaller than that of xylene.) This Q 
value is connected to 7, according to Eq. (7). Since the 
respective V values are almost equal, it is necessary to 
assume either that naphthalene and xylene both have 
about the same 7, and the same cross section o, or that 
these substances have different 7, and different cross 
sections but that the product 7,0 of both substances is 


nearly the same. 


C. Dependence of Lifetime and Efficiency 
upon Density of Excitation 


Next to be discussed is the well-known large differ- 
ence in light efficiency between electron and alpha par- 
ticle excitation and the lack of difference in time con- 
stants under these excitations which is reported in this 
paper. When the effect of decreased alpha-particle 
efficiency was observed,” it was attributed to a quench- 
ing between excited molecules due to the high density 
of excitation in the wake of an alpha particle. The 
quantitative formulation of this idea was given by 
Wright and Birks.” It will be shown here that this 
formulation of the theory is not adequate for explaining 
all the observed effects of alpha particle and electron 
excitations. First some of the results of Birks and Wright 
will be reviewed; they are rewritten for convenience 
in the later discussion. When there are 1 excited mole 
cules, Eq. (10) is the basic differential equation which 
characterizes the dependence of m upon time 


dn n 
in( ) ; 
dt Tus V 


Here 7,, has the same meaning as that defined in Eq. (3) 


(10) 


and is intrinsic to the excited molecule. 6 is a parameter 
which is associated with the mutual quenching of 
excited molecules; this quenching effect in the deriva 
tion by Birks and Wright is assumed to be due to 
bimolecular action described by the dependence upon 
n®. The parameter 6 depends upon the cross section of 
this quenching and does not depend essentially upon 
tm. Lhe excitation takes place in a volume V so that 
n/V is the density of excitation. If there are Ano 
originally excited molecules produced by a fast particle 
along a path of length A/ and a cross sectional area A, 


the light emission AJ is given by 


” An to d(An) 
Al f dl J 
Ty Tr? Ang [ 1 + tmK (dny ‘dl) (An/ Ang) | 


Anotm In ( 1 | Xo) 
( ), (11) 
Tr Xo 


Physik 4, 231 (1949) 
Birks, Proc 


"LL. Herforth and H. Kallmann, Ann 
'G. T. Wright, Phys. Rev. 91, 1282 (1953); J. B 
Phys. Soc, (London) A64, 824 (1951) 
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where 
dny An 
TmK ; 
dl An 


K =6/A, An is the number of excited molecules at time 
t, and (dno/dl)=w(dE/dl), (dE/dl) being the energy 
loss per unit length and w a constant. Since the dno/dl 
varies along the path of the alpha particles, only a small 
length of the total track is considered; when the total 
path is considered, an integration must be performed. 
When fast electrons are used, 6 and thus K is small, and 
the expression becomes AJ,=T»Ano/t,. The ratio R 
between alpha particle and electron light emission is 
then given for alpha particles by the following equation : 


dny 


Ala \n(1+Xo) 
:; tak 


(12) 


’ say 


Al, “S dl 


For the total path a suitable average must be used to 
replace dno/dl. 

Equation (12) is essentially Wright’s formula but 
written differently. This formula is found to agree 
rather well with experimentally determined efficiencies 
of organic substances when excited by various particles 
and energies if the constant A is determined for one 
density of excitation. However, in other respects these 
formulas do not represent experimental observations 
correctly because the formulas depend upon time con- 
stants. According to (12), Xo is about 35 when computed 
from the experimentally observed efficiency of polonium 
alpha particles, and it is not very different for many 
organic molecules although the 7, values vary con- 
siderably. Since Xo contains the product 7A (with K 
independent of 7), one would expect RK and thus Xo 
to vary from substance to substance because of differ- 
ences in tm. This is not found although 7, varies by a 
factor of 30 from p-terpheny] in solution to naphthalene ; 
R is rather constant as Table I shows. ‘To account for 
this, one must assume either that A is inversely pro- 
portional to 7 which is difficult to understand theo- 
retically, or that the theory omits some essential 
features of the quenching process. The experimental 
results seem to indicate that quenching due to high 
excitation density is actually a very fast process, of 
much shorter lifetime than the lifetime of the shortest 
of the investigated organic emitters. ‘The consideration 
of the lifetimes of light flashes produced by highly 
ionizing particles leads to a similar conclusion, The 
table shows that the time constants for alpha-particle- 
induced and electron-induced light flashes are prac- 
tically the same. Any quenching process, however, 
results in a decrease in lifetime of the excited molecule. 
Therefore a considerable decrease in lifetime under 
alpha-particle irradiation would be expected because of 
quenching of the excited molecule (by a factor of 10) 
resulting from the high density of excitation. Experi- 
ence, however, shows that this is not the case. It 
appears once more as though the main part of quenching 





DECAY TIMES OF 
is finished before any appreciable amount of light is 
emitted. The difference in lifetime when the light flash 
is produced by highly ionizing particles rather than by 
electrons can be calculated from the above equation, 
and from Eq. (10) the variation of An, and thus of X, 
as a function of ¢ can be determined. It is given by 
X Xo 
€ t/ tm 


1 + X 0 


(13) 


1+X 


The value of X at the time 4 at which just half the 
light is emitted is defined as X, and is given by 


In(1+ X;) 
(14) 
In(1+ Xo) 


From (13) and (14), 4; can be obtained. When X9= 35 
as above, a value of X,=5 results and for 4, a value of 
0.167,, results instead of 0.697,, which is the value for 
electron excitation. This leads to time constants for alpha 
particles about one fourth as great as those for ele 
trons under the assumption that the efficiencies for 
alpha particles and electrons are determined correctly 
However, as pointed out earlier, the experiments give 
no indication of such a difference in time constants. In 
the bimolecular case no special assumption about the 
interaction constant 6 can remove the discrepancy be 
tween theory and the experimental findings. 

These results are not unexpected from a theoretical 
viewpoint. Alpha particles produce a total excitation 
density (consisting of different types of excitation) of 
about 10” molecules per cm* in a channel having a main 
cross sectional area of the order of 10°” (This 
follows from normal energy-loss calculation.) ‘There is 


cm’, 


a strong interaction among such excited molecules 
which results in a large degradation of electronic excita 
tion energy through nonradiative means (quenching). 
The discussion in the previous paragraphs shows that 
this quenching dies away in a time shorter than the 
lifetimes of isolated molecules excited in their lowest 
excited state. The bimolecular term of Eq. (10) does 
not adequately account for the strong quenching. The 
addition of a term in the equation which describes the 
quenching as a collective interaction of the entire ex- 
cited volume gives the following form: 


dn n n 1 \* 
j t+ 7d ( ) ’ 
dl p V 


in which the term of power m represents the collective 
interaction (multiple collisions). ‘This equation removes 
the difficulty concerning time constants in the bi 
molecular theory which has been discussed (see ‘Table 
V). Fair agreement with experiments is already ob- 
tained when m=4 if \ is appropriately chosen. It is 
difficult, however, to give a physical mechanism ex- 


(15) 


plaining the additional term since the magntiude of the 
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TABLE V. Ratio of light emitted by substance under alpha- 
particle excitation compared to electron excitation for various 
excited molecule interactions 


parameter A necessary for agreement with experiment 
comes out too large to be produced by multiple collisions. 

Another way of evaluating the effect of this collective 
quenching is the following extension of Wright’s ideas. 
The quenching occurs as a result of the high density of 
excitation in a small volume of radius about 10~® em, 
Various electronic excitation levels, intra- and inter 


atomic vibrations, dissociations, formations of free 


radicals, free electrons, and a considerable electric field 
are produced in this channel volume. If this energy 
were to consist entirely of atomic vibrations concen 
trated in a volume of 10 


anthracene (this is the total volume of the main excita 


'* ¢m* in a substance like 


tion channel produced by a polonium alpha particle if 
the channel radius is assumed to be 0.5 10-8 em), then 
the temperature of this volume would be raised to 
about 1000°C. The local rise in temperature, however, 
is not the only factor responsible for quenching since 
considerable quenching (although to a lesser extent 
than with alpha particles) is already found under proton 
and slow-electron excitations where the temperature 
rise is much smaller. [t is known, however, from experi 
ments that such a rise in temperature quenches excita 
tion energy only slightly and in comparatively long 
times; in 10°" sec this type of quenching would be 
entirely negligible. Thus it is likely that many and 
perhaps most of the enumerated excitation phenomena 
cooperate in the quenching process. Their effects must 
disappear in a time of about or less than 107% second in 
order to account for the strong quenching of short-lived 
fluorescent solutes. There are two apparent me hanisms 
for this: (1) the quenching ‘‘ayents” may diffuse out of 
the critical volume, thereby decreasing the density of 
excitation (but not the total excitation), and produce a 
diminished quenching; or (2) the electronic excitation 
energy (essential for the fluorescence) may migrate out 
of this volume and not be subject to quenching. The 
latter process is probably the faster one, and dilution of 
the quenching agent may be neglected in an estimation. 

The migration of the excitation energy can be de 
scribed by a diffusion coetficient Dew which is of the 
order of 5X10. ‘This value and a channel radius of 
0.5 10~* cm leads to a time of escape Tose, smaller than 
10~* sec. The change per unit time of the number n of 
inside the channel while this 


electronic excitations 
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escape is taking place is: 


dn n 
(16) 
dt Tom 


where 1/7, is the probability of quenching inside the 
channel which is assumed to be proportional to the 
total density X of excitation assumed to be constant 
during this time, thus (1/7,)=«X. The total amount 
of light emission is assumed to be small during this 
time of quenching and is thus neglected in (16). The 
number of dies. of electronic excitations which escape 
in the time interval d1, is 


AN ene 17) 


where n follows from (16). By integrating (17), one 
obtains for Nee, the number of the electronic excitations 
which eventually escape quenching (in the critical 
volume), the formula 

N07 N 9 


q 


Non ; (18) 
14+-«X Tew 


Toot T¢ 


where No is the initial number of electronic excitations, 
and Mee is the number which are finally available for 
light emission and ordinary quenching processes. For 
the ratio of light emission under alpha-particle excita 
tion to that under electron excitation, we get 


/ 1 
, (19) 
ly 1+aX 
where d= kTes. The values obtained from Eq. (19) are 
not very different from those given by the bimolecular 
theory. However, the time constants are independent of 
the type of excitation and also independent of the time 
constant the fluorescent material has, since the escape 
process is always fast for the usual values of Dos. and 
radius of the channel. For values of //J9 between 1 and 


AND 
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1/10, the bimolecular formula and (19) give rather 
similar results. 

For very high excitation densities (e.g., higher than 
in the alpha-particle channel of polonium), the formula 
does not hold very well. One must bear in mind that it 
is derived under the assumption that practically all 
excitations occur in the channel volume where they will 
be de-excited as already described so that only a small 
portion escapes. This escaping portion decreases as 
1/(14+aX) with the density of excitation. On the other 
hand, a small part of the excitation is also produced 
outside of the main channel volume ; much less quench- 
ing occurs with this part. At very strong density of 
excitation, this latter portion may eventually become 
larger than the portion which escapes from the inner 
channel and emission may be larger than according to 
Eq. (19) for such high densities of excitations. 

The final question is that of the possible existence of a 
long-time-constant tail in the light emission produced 
by an alpha particle. According to our measurements, 
the main light emission has the same characteristics for 
alpha particles and fast electrons except that for alpha 
particles the intensity is reduced by a considerable 
factor. Now it may be that after the main emission, 
some further emission occurs. This could be due to the 
recombination of free electrons and positive charges. 
Since the latter are certainly less quenched by the 
quenching agents than excited molecules, this tail may 
be more pronounced with alpha-particle excitation than 
with electrons. The amount of light emission in the 
tail may be the same for alpha-particle and electron 
excitation; but since under alpha particles the main 
light emission is quenched to a greater extent than is 
the emission in the tail, the ratio between the tail and 
main emission may be more pronounced for alpha 
particles. It would be, very interesting to investigate 
whether the effects observed by Wright are due to 
such a delayed type of excitation. 

The results of this paper were discussed with Dr. 
M. Furst and we are indebted to him for many helpful 
suggestions and criticisms. 
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A very sensitive vacuum microbalance has been used to study the sputtering of germanium and silicon 


by argon ion bombardment. Current densities of 1 to 12 wa/cm? were used 


rhe rates of sputtering of these materials were observed as a function of ion energy 


\ sputtering threshold 


energy of 460 ev was determined for germanium. The bombardment data are discussed in terms of the nature 


of the target surface 


Oxidation data at 3 mm oxygen pressure are offered as evidence of the cleanliness 


of the bombarded surface. Approximately 10'° argon atoms/cm? were trapped or adsorbed by the target 


during the bombardment process 


I, INTRODUCTION 


OR investigations of many of the basic properties 

of solid surfaces to be meaningful, it is necessary 
to study surfaces which are atomically clean and 
reproducible. Those interested in the surface properties 
of germanium and silicon have attempted to satisfy 
these requirements by bombardment of the surfaces 
with positive ions in very high vacuum. As a result, 
considerable interest has been aroused concerning the 
sputtering of these materials with positive ions and 
much discussion has been carried on concerning the 
nature of the surfaces produced. 

While studying the oxidation kinetics of germanium 
and silicon, using a very sensitive vacuum microbalance, 
it became apparent that the experimental method in 
use at that time could readily be adapted to an investi 
gation of the physical sputtering of solid surfaces. An 
investigation of the sputtering of silicon and germanium 
by positive-ion bombardment was then undertaken, 
since there was considerable interest in this application 
of the microbalance technique, as well as in the sputter 
ing data. The experiments were carried out using the 
apparatus as it was originally set up for the kinetic 
studies and some of the data were actually obtained in 
the process of preparing for oxidation measurements. 
Consequently, it is probable that the system could be 
improved upon if it were to be used solely for bombard- 
ment investigations. The oxidation data, however, 
have provided additional information as to the clean 
liness of the surfaces produced by the bombardment. 

Direct weighing methods have been used by others 
to determine rates of sputtering. Guentherschulze and 
Meyer! suspended a sample from a spring balance and 
followed the extension of the spring as an indication 
Others* 
analytical balances to 


of weight losses caused by bombardment. 
have made use of ordinary 
weigh samples immediately following ion bombardment. 
In general these workers have not had _ suffi iently 
sensitive weight-determining methods or the extremely 


yure discharge conditions necessary for work in the 
| g : 


* This work has been partially supported by the Bureau of Ships 


Physik 62, 607 (1930) 
Phys. Soc. (London) 


1A, Guentherschulze and K. Meyer, Z 
2 J. F. Strachan and N. L. Harris, Proc. 
B69, 1148 (1956). 


low current-density region. With the apparatus used 
in this investigation, however, it has been possible to 
obtain efficient sputtering with current densities of 1 
to 12 pa/cm’. 

The positive-ion bombardment of germanium and 
silicon, although used widely to prepare clean surfaces 
of these materials, has not been studied to any great 
extent. Measurements with inert gas ions® showed yields 
of one atom of germanium sputtered per 100 incident 
ions at 400 ev, and a threshold for sputtering of about 
40 ev for an incident angle of 30°. The rather low yields 
were attributed to probable surface contamination 
Using an empirical law, Wehner‘ has predicted threshold 
energies of 49 ev and 27 ev for germanium and silicon, 
respectively, for the normal incidence of argon ions 
on targets of these materials. He also found experi 
mentally thresholds of 40-50 ev for germanium and 
60-70 ev for 
heavy mercury ion. 


silicon upon bombardment with the 


Il, EXPERIMENTAL 


All measurements were made with a quartz micro 


balance with which weight differences of O15 yp 


could be detected reproducibly. A schematic representa 
tion of the balance, similar to that used by Gulbransen 
and Rhodin,® is shown in Fig. 1. The precision-made 


Fic. 1. Schematic diagram of quartz microbalance 


+R. E. Honig, Bull. Am. Phys. Soc. Ser. II, 2, 34 (1957) 

4(4. K. Wehner, Phys. Rev. 102, 690 (1956). 

®T. N. Rhodin, in Advances in Catalysis (Academic Press, Inc 
New York, 1953), Vol. 5, pp. 40-114. See also E. A. Gulbransen, in 
{dvances in Catalysis (Academic Press, Inc., New York, 1953), 
Vol. 5, pp. 120-174 
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hic. 2. Vacuum microbalance system 


quartz beam (0.075 in. diameter) is supported on a 
0.001-in 


tungsten wire 


tungsten wire. The end supports are 0.005-in 


beam and 


Iron 


Ihe wires are joined to the 
quartz frame fused silver 


sealed in small] quartz sections allow external manipula 


with chloride. cores 
tion of the balance arrests by means of a small magnet 
Static effects 


connection conductive 


charge are eliminated by a ground 


coating of platinum or 
Weight changes are 


to a 
gold evaporated onto the balance 
followed from observation of the deflection of the beam 

The 
prisms onto the fixed scale in the eyepiece of a 
‘J he 


from 


ends of the beam ends are projected wiih 
KH) 
comparison-type microscope 
the 


caused by known weight differences 


imayes 
balance is calibrated 
observed 
Buoyancy 


by measuring deflection an ZeTO 


poml 
effects were less than the sensitivity at all pressures used 
‘| he 


chematically 


microbalance system is represented 


2. The 


connected 


vacuum 


in big balance was enclosed in a 


Pyrex case which was through a double 
liquid-nitrogen trap with two mercury diffusion pumps 
After a bakeout 
24 hours, a vacuum of 510°" mm was obtained, 


the WL5906 Bayard Alperrt 


(Nottingham type) working in series. 
of 12 


using Westinghouse 


re ny 


as SHIELT 
y, Fic. 
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ionization gauge. The bakeout temperature was 
limited fused silver chloride exhibits plastic 
flow at about 300°C. Molybdenum getters (not shown 
on the schematic diagram) were used to reduce further 


since 


the partial pressure of impurity gases. 

The 
the balance beam by means of a 0.002-in. tungsten wire 
suspended from the beam-end cross wire. The specimen 
faces were parallel to the enclosing hang-down tube 
sides. The sample was heated with a small external 
heater which fitted around the’ hang-down tube. The 
use of quartz tubing in the sample region allowed 
temperatures of up to 1000°C maintained. The 
samples were given a post-bakeout outgassing at 700°C 


sample was placed twenty-two inches below 


to be 


for at least one hour prior to any experiments. 
Provisions were made for positive-ion bombardment. 
A tungsten filament and two molybdenum plates were 
mounted on a standard four-pin tube base and sealed 
into the bottom of the sample hangdown tube (Fig. 3). A 


Fic. 4. Circuit diagram 

metallic shield was placed above the filament to prevent 
evaporated tungsten from depositing on the sample 
The distance from the filament and grid plates to the 
sample was approximately 10 cm. All metal parts were 
Linde mass-spectro- 
graphically pure gases were allowed to remain in a 
liquid-nitrogen trap for at least one half hour before 


throughly outgassed prior to use. 


being passed over a freshly flashed molybdenum getter 
The 
admitting the inert gas was usually 
bombardments were 
10-4 mm of the inert gas. 

The schematic diagram of the circuit used with this 
apparatus is shown in Fig. With the grid plates 
+ 275 volts, an electron current of 10-50 ma was drawn 
by varying the emission of the filament. Potentials of 
up to 850 volts with respect to ground, were placed on 
the sample through the balance ground connection. 
The balance beam was arrested during the experiments. 
The bombardments were at constant voltage and ion 


into the microbalance system. pressure 
10 i] 


pressure of 


prior to 
mm. All 
10°% to 


at a stati 
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TABLE I. Summary of bombardment data for germanium 


Total 
bombarding Prior to 
charge heating 
(107% coulomb) ug 


78.2 
225.0 
45.0 
54.0 
54.0 
27.0 
25.4 
10.8 
48.0 


Current Bombard 
density time 
wa/cm? sec 


Sample 
voltage 


500 8.3 600 
700 9.6 1500 
500 300 
500 . 3600 
500 ‘ 360 
500 ; 180 
100 . 1020 
50 : 900 
700 $1: : 720 
450 ; 3600 33.6 
250 : 600 18.6 
80 780 9.0 
62 5 1080 12.0 
90 : 1200 13.8 


>a OW 
Nnmwus 
OO me Ga Ge ee 


* Sample B-—white oxide visible on surface. 

current conditions, with the ion current being adjusted 
by varying the filament emission. Ion currents and 
voltages were read Keithley electrometer. 
After bombardment, the sample was baked at 450°C 
for one half-hour in order to remove any gas which was 
adsorbed or trapped by the sample during the bombard 


with a 


ment process. Weight changes were recorded at several 
stages of the bombardment process. 

Single-crystal material was used in all experiments. 
The germanium samples were (100)-oriented. The 
orientation of the silicon sample was unknown. All 
specimens were chemically etched with CP-4° to remove 
at least 0.005 in. from each face. The final sample plates 
were 0.002 to 0,004 in. thick and weighed approximately 
0.3 gram. Geometric sample areas were 10 to 15 cm’. 
This was ten to one-hundred times the area of a 
spherical counterbalance made of the same material as 
the sample plate and matched to within 10-100 yg of 


the weight of the plate. 


III. RESULTS 


In order to obtain significant results in a low-pressure 
discharge such as ours, it is necessary to satisfy the 
following conditions. (1) ‘The rate of ions striking the 
target surface must be greater than the rate of surface 
poisoning by adsorption of impurities from the environ 
ment. This condition concerning the cleanliness and 
purity of the system 1S discussed in a later section 
(2) The mean free path of the bombarding ions (A,) 
must be greater than the thickness of the positive-ion 
sheath (d,;) so that energy is not lost by collisions in 
the sheath region. In our experiments, it was found that 
\, was greater than d; (calculated from the Langmuir 
Childs space-charge equation). In addition, in the 
low-energy region (<100 volts) the target dimensions 
(D) were greater than dj, 
region, D2d; in all but one instance 


while in the higher energy 
sample D-6) 


*A mixture of 15 cc glacial acetic acid, 25 cc concentrated 


nitric acid, 15 cc of 48% hydrofluoric acid and 9.3 cc bromine. 


Weight losses 


Rate of 
sputtering 
4 ) 


Due to 


heating ( 108 
ug coulomb 


Yield 
5 Sample 
1+y7 designatk 


0.743 l 
0.735 


0.296 


0.988 1 
0.973 1 
0.391 B 
0.789 1.05 B-2 
0.793 1.05 B-3 
0.842 1.11 B-4 
0.523 0.692 D-1 
0.0 D-2 
0.808 1.07 D6 
0.771 1.03 D7 
0.589 0.786 D-8 
0.250 0.331 D9 
0.258 0.343 DAO 
0.413 0.549 D-11 


2 
18 


Therefore, it is possible to conclude that the ion energies 


were well defined and that the incidence of the ions 
was predominantly perpendicular to the target surface 
The reliability of the sputtering data at ion energies 
of 500 ev is further evidenced by the observed independ 
ence of yield and current density (I*ig. 8). 

It should be added that 


technique for even lower current-density measurements 


in any refinement of this 


(as may be desirable for surface investigations), 
attention should be given to the relative magnitudes of 
Xi, di, and D. 

Summaries of the data obtained for germanium and 
silicon are presented in ‘Tables I and IL. Graphs of the 
rates ol sputtering vs sample voltage are shown in 
Figs. 5-7. The germanium experiments were carried 
out over a wider range of voltages than the silicon 
The silicon measurements were made on one sample 
and have not yet been extended to the threshold region 
Most bombardments were of 10 20 minutes duration 
Total 


165 py, with the average being 


changes ranged from 1.0 to 
20 40 py, or at 


observed weight 


least 
120-240 times the sensitivity of the balance. ‘There wa: 
“ in some of the silicon 


trom 0.8 


an uncertainty of as much as 5 


sample voltages. Current densities varied 


to 12 pa/cm”*. Since the secondary electron contribution 
to the measured ion current was not determined, the 


yield is given as S/(1+), where S is the number of 


atoms sputtered per impinging ion and ¥ is the number 


PasbLe Il. Summary of bombardment data for silicon 


Weight lo 
Prior Du 


charge t t puttering 


imple den (140 4 heating heating Total (1 wi ) 
itage pa/cm? ‘ ‘ lomb ug wE "4 coulomb 


Kate of 


350 4.02 16.2 ] 0.4 

&50 6.67 $0.0 15.4 0.515 
§25 4.41 51.0 19.4 0.3/9 
775 ~5§.93 KOO) 10.7 0.45% 
825 4.00 D0 28.1 0.46% 
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possible by means of a retarding potential plot. Such 
measurements, using the sample as a probe, indicated 
a space potential in these experiments of —4 volts 


(with respect to ground). 


IV. DISCUSSION 


The data for both germanium and silicon show the 
rates of sputtering of these materials to vary linearly 
with voltage in the range above 300 volts. This relation- 
ship is in agreement with the observations of others? * 
and appears to hold for the sputtering of almost all 
materials, up to ion energies of several thousand volts. 
ric. 5. Rate of sputtering vs sample voltage for germanium. The sputtering = * also observed sa be greater for 
the larger atomic-weight material, germanium, but is 
not proportional to the atomic weight of the target 
material at the ion energies used here. The germanium 
plot reveals a sharp drop in rate in the region of 100 volts 
with no measurable sputtering below the corrected 
critical value of 46 volts. The threshold of 46 volts as 
determined in this work may be compared with that of 
49 volts predicted by Wehner for normal incidence of 
argon ions on germanium targets. 

The very low current-density measurements provide 
some interesting observations of possible value in 
understanding sputtering mechanisms. Because of the 
low density of ions arriving at the surface, it is very 
a iin unlikely that more than one ion is involved in the 
‘1G. 6. Rate of sputtering vs sample voltage for germanium removal of one atom. For example, at a current density 

(low-energy region) of 5 wa/em®, each surface atom would receive an ion 
impact on the average of every 33 seconds. Conse 
quently, for bombardment in a uniform plasma, one 
would expect the sputtering yield to be independent of 
current density. This is shown for germanium at an 
ion energy of 500 ev (Fig. 8). In addition, the yield 
value of one indicates that either almost every ion 
collision is successful in removing a surface atom, or 
that more than one atom is removed per ion impact. 

A careful analysis of the data provides considerable 
information relative to the germanium and _ silicon 


Fic, 7. Rate of sputtering vs sample voltage for silicon surfaces used in_ these experiments. Studies with 
metals have shown the nature of the target surface 


of electrons emitted per ion striking the sample lor 
clean target surfaces, y usually is of the order of 0.2 
and, as an approximation, may be considered to be 
independent of the ion energy in the range covered by 
these experiments.” As calculated from the measured 
ion currents, 10'®-10' ions were generally involved in 
the bombardments 

The samples were generally of the same approximate 
shape and size, and their positions in the hang-down 
tube were also identical. The balance was arrested 
during the bombardment process. Owing to the relative 
position of the filament, grid, and sample and the 
existence of a low plasma density, the plasma potential 
could not be accurately predicted. Fortunately, 


; ; } ; Fic. 8. Sputtering yield vs current density for germanium. 
experimental determination of the plasma potential is 


*H. Massey and E. Burhop, Electronic and Ionic Impact 
7H. D. Hagstrum, Phys. Rev. 96, 325 (1954 Phenomena (Clarendon Press, Oxford, 1952). 
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to have a marked effect upon the rate of sputtering. 
Such materials as aluminum which form strongly bound 
oxide layers have been found to have very low sputtering 
rates prior to removal of the surface oxide.’ This 
effect has been illustrated quite strongly by experiments 
with a germanium sample (B-1) which gave visual 
evidence of considerable oxidation. In that instance, 
the rate of sputtering was at most one-third that of the 
nonoxidized surface; that is, assuming the surface to be 
GeO», at least three argon ions were required per GeO, 
removed. That the oxide film was removed, even at 
these low current densities, was indicated by subse 
quent bombardments (B-2, B-3, B-4) having yield 
values comparable to those obtained in other experi 
ments at the same ion energy, by the independence of 
yield and current density, and also by the propor- 
tionality between the weight of germanium sputtered 
and the number of coulombs involved in the sputtering 
process (Fig. 9). 

It is significant that the proportionality illustrated 
in Fig. 9 existed for experiments of 3 to 10 minutes 
duration at current densities of 7 to 12 ya/cm’, even 
though our procedure included no removal of initial 
surface layers prior to bombardment. From this fact 
and from the independence of sputtering yield and 
current density, it is possible to conclude that: (1) The 
rate of formation of impurity layers due to either 
reaction with impurities in the gaseous environment 
or impurities diffusing to the surface from the bulk of 
the sample was small, (2) The sample surfaces were 
essentially reproducible from experiment to experiment 


(usually a period of 6-24 hours in very high vacuum), 


J ERMAN “ 
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Fic. 9. Total bombarding charge vs weight Ge. 


BOMBARDMENT OF Ge 


AND Si 


Fic. 10. Oxidation of germanium at 3 mm pressure 


and (3) The removal of adsorbed gas impurity layers 
by ion bombardment was relatively simple. 

Further information concerning the nature of the 
surfaces produced in these experiments is provided 
by oxidation data’ obtained immediately following 
several of the bombardments. A plot of weight gain 
vs time 1s presented in Fig. 10 for a typical oxidation 
at 3 mm oxygen pressure. The oxidation kinetics are 
similar to those expected for monolayer adsorption, An 
average of three experiments at 3 mm oxygen pressure 
gave an equilibrium value of (1.740.2) 10" oxygen 
atoms/cm?’ or 2.74+0.3 monolayers of oxide. ‘This is in 
general agreement with the oxidation data obtained by 
workers using powdered samples prepared by crushing 
in vacuum,” On the basis of the oxidation and bombard 
ment experiments, it is possible to assume that the 
surfaces prepared here by argon ion bombardment were 
clean to some fraction of a monolayer of oxygen. 

Iixperimenters using the argon-ion bombardment 
technique with germanium have noted a sharp increase 
in the system pressure on post-bombardment heating 
of the sample." This has been taken to indicate the 
presence of argon atoms either adsorbed or trapped on 
or below the sample surface. Such trapping has been 
found to occur for metals as a function of ion energy.” 
For example, for 10'* 10" argon ions striking a tungsten 
surface at 400 ev, about 810" atoms were trapped; 
at 700 ev, 2X10"; and at 5000 ev, 9% 10)"4 


atoms, or almost enough to form one surface layer 


about 


On the basis of such work one would expect 10'-10!® 
argon atoms to be trapped by the germanium at the 
ion energies used here. The limit of detection of our 
apparatus, based on the sensitivity of the balance, 


was 2.210! atoms or about 0.1 liter-micron of argon 


*A more complete discussion of the oxidation data is to be 
published elsewhere 

1M. Green and J. Kafalas, in Semiconductor 
(University of Pennsylvania Press, Philadelphia 
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The microbalance measurements on post-bombardment 
heating of germanium and silicon have generally shown 
at most about 5X10" trapped argon atoms/cm’, or 
There are, 
however, occasional exceptions (D-1), when as many 


less than one atom per surface atom. 
as 10'° argon atoms appear to have been trapped during 
the sputtering process. It is difficult to explain these 
exceptions. It is possible that something other than 
argon, either in the form of{bulk or surface impurities, 
is being removed by the heating 


V. CONCLUSION 


The vacuum microbalance has been shown to be a 
very useful tool for investigations of the phenomena of 
sputtering with positive ions. The extreme sensitivity 
of the apparatus is especially valuable for studies in 
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the threshold region. Bombardments at low current 
densities and short time intervals should provide 
considerable information concerning the nature of the 
target surface and also contribute to the understanding 
of the basic processes involved in sputtering. 

In this work the microbalance studies have enabled 
us to establish criteria of the reproducibility and 
cleanliness of the ion-bombarded surfaces prior to 
subsequent adsorption or kinetic studies. 
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The magnetic field dependence of the magnetoresistive effects and the Hall coefficient have been investi 
gated at 78°K and at liquid helium temperatures. Results at very low magnetic field strength are in agree 
ment with the assumption of an isotropic conduction band. Quantization of the electron orbits causes 
deviations from the conventional theory at large fields (of the order of a few thousand gauss and higher) 
Oscillations in the magnetoresistance observed at 4.2°K and lower are attributed to these quantum effects 


The measured period of oscillation agrees reasonably 


well with theoretical predictions. An effective mass 


value of 0.01 mo is obtained from the field and temperature dependence of the amplitude of the oscillations 


Phe 
inhomogeneity of the ample 


electrons 


INTRODUCTION 


NDIUM antimonide is by far the most extensively 
studied member of the group of I1I-V compounds 

There are two reasons why this semiconductor has 
received so much attention, First, it is rather easy to 
prepare indium antimonide in single crystals of a purity 
approaching that of the purest germanium and silicon, 
and second, it has striking physical properties: small 
energy gap, high mobility and small effective mass of 
conduction electrons. A number of experiments!” have 
now established a value of 0.23 ev for the width of the 
energy gap at T=O0°K. Fan and Gobeli® reported an 
optical activation energy of 0.175 ev at room tempera 
ture involving direct transitions. ‘The room temperature 
mobility of electrons is 65 000 cm?/volt-sec.4 while 

* Research sponsored by Office of Naval Research 

'R. G. Breckenridge et al., Phys. Rev. 96, 576 (1954) 

2V. Roberts and J. E. Quarrington, J. Elec. 1, 152 (1955 

1H. Y. Fan and G. W Gobeli, Bull. Am. Phys. Soc. Ser. II, 1, 
111 (1956) 


*H. Welker, Physica 20, 893 (1954) 


Strong magnetic fields also influence the distribution of ‘‘free’’ 


magnitude of the magnetoresistive effects appears to depend considerably on the geometry and 


and bound 


causing a freeze-out effect at temperatures of liquid helium 


mobilities as high as 510° cm*/volt-sec have been 
measured in very pure samples® just below 78°K. 
Cyclotron resonance experiments have shown that the 
conduction band of this material has only one minimum 
(at k 


sponding to an effective electron mass of 0.013 mo.® The 


0,0,0) and a very small density of states corre- 


latter value is in close agreement with results from other 
experiments. Hall effect and conductivity data’ can be 
fitted with m,*=0.015 mo, while thermoelectric power 
measurements® give m,* =0.014 my. Burstein ef al.® have 
observed the cyclotron resonance at infrared frequencies 
in intrinsic InSb and found *=().015 mo. These 
values pertain only to the bottom of the conduction 


mM, 


> A.C. Beer (private communication 
Battelle Memorial Institute (unpublished). ] 

® Dresselhaus, Kip, Kittel, and Wagoner, Phys. Rev. 98, 

1955) 

’ Hrostowski, Morin, Geballe, and Wheatley, Phys. Rev. 100, 
1672 (1955) 

*H. P.R. Frederikse and Eugenie V. Mielczarek, Phys. Rev. 99, 
1889 (1955). 

* Burstein, Picus, and Gebbie, Phys. Rev. 103, 825 (1956). 
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band. There are several indications'”” that the effective 
mass increases higher up in the band. A number of 
workers'*4 who have made a theoretical study of the 
band structure of InSb come to the same conclusion: 
Kane states that the conduction band loses its parabolic 
nature at an energy (above k=0,0,0) equal to “a 
fraction of the band gap energy.” 

The isotropy of the conduction band had already 
been concluded from one of the first experiments on 
InSb, the measurement of the magnetoresistance.'® The 
very small longitudinal magnetoresistive effect strongly 
suggested spherical energy surfaces. ‘These measure 
ments were, however, performed on polycrystalline 


samples and only at room temperature. A systematic 


study of this effect on pure oriented single crystals over 
a wide temperature range seemed therefore to be 
desirable. 

Another aspect which makes the investigation of 
galvanomagnetic effects in n-type InSb of great interest 
is the high electron mobility. The Wilson-Sommerfeld 
theory'® of these effects considers only small magnetic 
fields. This treatment breaks down, however, when the 
magnetic field strength /7 becomes so large that 


wr (or pH, or l/r) >1, (1) 


eH /m* collision 
time, #=mobility, / 
r=radius of curvature of electron path in magneti 
field. It is then necessary to take the quantization of 


the electron orbits!’ into account. The energy spectrum 


cyclotron frequency, 7 
electron mean free path, and 


where w 


of an electron in a magnetic field is equivalent to that 
of a harmonic oscillator of frequency equal to the 
cyclotron frequency plus that of a free one-dimensional 
motion along the field. Argyres and Adams!* have 
treated the case that all electrons are in the ground 
oscillator state (quantum limit). On lowering the mag- 
netic field higher levels come into play, giving rise to 
an oscillatory behavior of transport properties! and 
susceptibility (De Haas-van Alphen effect”). 

The high electron mobility of InSb of the order of 10° 
cm*/volt-sec makes it possible to observe these effects 
in fields as low as several kilogauss. Our results show 
several oscillations in the magnetoresistance of rela 
tively pure but degenerate n-type InSb at helium 
temperatures. The quantization effects manifest them 
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selves in a different way at higher temperature when 
the samples are nondegenerate. 

In the course of this investigation we have become 
aware of a number of “geometry effects,” which com 
plicate galvanomagnetic measurements, especially in 
materials with high carrier mobilities. It has become 
apparent that the Hall effect, and particularly the 
magnetoresistance, are strongly dependent on the shape 
of the sample, the configuration of the measuring probes, 
and the inhomogeneity of the specimen used. Several 
investigators have recently reported similar experi 
ences.) These effects are especially strong in large 
magnetic fields; it is still an open question whether it 
will be possible to separate experimentally the quanti 
zation effect from the geometry effects 

Although electrons in n-type InSb are excited into the 
conduction band at nearly all temperatures, one still 
has to consider the donor levels because of the fact that 
these states are affected by the presence of a magneti 
field.™ Strong fields will reduce markedly the inter 
action between localized impurity states and increase 
the activation energy. As a result a de-ionization of 
donor impurities will take place. This “freeze-out”’ effect 
has been observed by us and by other workers” in 
measurements of the Hall coefficient as a function of 


magnetic field strength (at helium temperatures) 


SAMPLES 


‘The samples used in these experiments were cut from 
single crystals, prepared from extensively zone-melted 
material. ‘The dimensions of 
10 mmX1 mm X1 mm; their length directions were 
taken perpendicular to the length axes of the original 
boules in order to minimize impurity gradients. Samples 
6 and 7 were properly oriented, the largest dimension 
coinciding with the 100- and 110-axes respectively 

Characteristics of seven samples are given in ‘Table ] 
Column 2 shows that the impurity gradients are rather 


most specimens were 


small except for the last sample (7). 


EXPERIMENTAL TECHNIQUES 

The apparatus used for the determination of con 
ductivity, the Hall coefficient and magnetoresistance 
has been described in earlier publications.*® In general, 
the sample holder was mounted in a brass envelope, 
which could be filled with helium gas to establish heat 
contact with the refrigerant bath. In some cases meas 
urements have been made with the sample directly 
The field 


strength varied between 100 and 7000 gauss; a few 


immersed in the cooling liquid magnet 


4H. Weiss and H. Welker, Z. Physik 138, 122 (1954) 
21), K. C. MacDonald, Phil. Mag. 2, 97 (1957) 

Yafet, Keyes, and Adams, J. Phys. Chem. Solids 1, 137 (1956 
*R. W. Keyes and R. J. Sladek, J. Phys. Chem. Solids 1, 143 
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27k. G. Breckenridge and W. R. Hosler, Phys. Rev. 91, 793 
1953); Blunt, Frederikse, and Hosler, Phys. Rev. 100, 663 (1955 
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TABLE I, Characteristics of n-type InSb samples. 


Rea 


ohm™ cm™ om’*/ v-sec 


166 1.57% 10° 
145 1.77 10° 
2.29% 10° 
2.22 10° 
2.33 10% 


3.45 10° 
3.16 10° 
$0010 
3.7% K 10° 


e Hall coefficier 


measurements were made in fields as yreat 


kilogauss.”® 

Samples were mounted in a horizontal position in a 
sample holder that could be turned 360°. This arrange 
ment made it possible to investigate the longitudinal 
effects without remounting the 


and the transverse 


sample, 


EFFECTS OF GEOMETRY AND INHOMOGENEITY 


The usual theory of the Hall effect and magneto 
resistance assumes that the current flows in the length 
direction of the sample (J=/J,), and hence transverse 
currents are zero Uy ()) In order to approximate 
these conditions experimentally the sample has to be 
long and narrow. Even then the above assumptions do 
not hold for the end regions of the specimen. ‘The current 
probes usually cover the entire end surfaces; conse 
Q and x=l 


(/=length of the specimen). The Hall voltage then 


quently the Hall field (2,) is zero at a 
reaches its full value at a certain distance from the 
ends. Calculations of 2, as a function of « for different 
length-to-width ratios have been made by Isenberg 
et al" and by Volger.”* 

A consequence of J,#0 is that the electrons will 
follow a longer path through the specimen, yielding a 


magnetoresistance which is larger than that given by 


Fic. 1. Geometry of san ples and 
probe configuration; (a) 
samples 4-7; (b) shape of samples 


shape ol 


Physics Section of the 
Little 


2%°We want to thank the Cryogenic 
National Bureau of Standards for the use of an Arthur D 
electromagnet 

27 Isenberg, Russell, and Greene, Rev. Sci 

* J. Volger, Phys. Rev, 79, 1023 (1950 


Instr. 19, 685 (1948) 


f Hall probes 


T =1.7 of 1.8°K 
R a (Re n 


cm*/coul ohm™ cm™ cm?/ v-se< cm"? 


1016 54.6 5.55 XK i0* « 10!" 


1182 9.70% 10* 5.3 10}® 


2610 10.5 «10 2.38X 10'5 


3055 10.6 10 2.30 10'5 


4696 8.64X 10% 35 10" 


5981 10.6 104 1.0 X10'* 


9 « 10" 


3.5 mm apart 


the conventional expressions by an amount propor- 
tional to wT’ (u=mobility).64 This extra term might 
be small at low fields, but it will prevent saturation of 
the magnetoresistive effect at high magnetic fields. 

It appears extremely difficult to suppress these 
“geometry” effects in a material, such as InSb, which 
has a high electron mobility. Even the smallest po- 
tential probes (indium solder, diameter 0.25 mm) will 
distort the current introduce nonzero 
transverse current components. As a result longitudinal 
effects will contribute to the transverse magnetore- 
sistance and vice versa. 

Another deviation from the conventional expressions 
is caused by inhomogeneities. Herring” has made an 
analysis of two particular cases. In the first case he 
assumes small, random, isotropic fluctuations of the 
impurity concentration n. It appears then that at low 


’ 


pattern and 


fields the conventional values of the longitudinal and 
transverse magnetoresistance have to be multiplied by 
certain constant factors. The other case is more serious. 
If the impurity concentration shows a gradient in the 
length direction of the sample [m= n(x) |, the correction 
factors will be field-dependent. For high fields 
(Ap/po)transy Will increase as H?, while the longitudinal 
effect might become negative in certain cases. 

During this investigation we have made a detailed 


study of these geometry and inhomogeneity effects. A 


number of samples were measured with several different 
probe configurations. Results on dumbbell-shaped 
samples were compared with those from specimens 
having soldered contacts (see Fig. 1). Considerable 
attention was given to the inhomogeneity of the 
samples. We have been able to obtain reliable data for 
the transverse magnetoresistance at fields as large as 9 
kilogauss. A proof of this statement is the very good 
agreement between the samples 3 and 4 both at 78°K 
(see Figs. 3 and 4) and at 1.7°K. 


* C. Herring (private communication). We want to thank Dr. 
Herring for showing us his calculations before publication, 
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An exact determination of the longitudinal effect is, 
however, much more difficult. On the basis of the con 
ventional theory, the longitudinal effect should be zero 
assuming that the conduction band of InSb is spheri- 
cally symmetric. Recently it has been shown that this 
is not true when quantization of the electron orbits has 
to be taken into account.'® It is clear, however, from 
the above considerations that at part of the 
measured longitudinal magnetoresistance might be due 
to transverse contributions caused by geometry and 
inhomogeneity effects. A big question is how to deter- 
mine the best experimental procedure for aligning the 
sample parallel to the magnetic field. Originally we 
considered the optimum position as that for which 
(Ap/p) tong WAS a Minimum. The angular dependence of 
the magnetoresistance—examples of which are given 
in Fig. 2—shows, however, that this criterion is not 
applicable. Another method is to find the position where 
the transverse voltage across the Hall probes becomes 
zero. This procedure has been used in the experiments 
presented in this paper. The position of the sample 
determined by this method differed slightly, however, 
from that of minimum (Ap/p). Moreover, both the 
angular dependence and the position where the trans 


least 


verse voltage was zero depended on the magnetic field 
strength. The absolute magnitude of our values for 
(Ap/p) tong are therefore not very significant. We believe, 
however, that our data give some indication of the 
order of magnitude of the longitudinal magnetoresistive 
effect and show clearly the oscillatory behavior at low 
temperatures. 

Finally we mention another inhomogeneity effect. 
Measuring the emf between points A and B (see Fig. 1) 
in transverse magnetic field, we noticed that the results 


were not reproduced when the field was reversed. ‘This 
can be explained if the sample is inhomogeneous; then 
the Hail fields at 
The difference between the Hall potentials at A and B 


A and B would have different values. 


Fic. 2. Angular de 
pendence of magnetore 
sistance, (a) for sample 
4; (b) for sample 3. (@ is 
the angle between I and 


H.) 
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Fic. 3. Magnetoresistance at 78°K (sample 3) 


will be added in one case and subtracted in a reverse 
field. ‘The normal averaging procedure will eliminate 
this effect.” 


MAGNETORESISTANCE AND HALL EFFECT AT 78K 
The resistance of the samples listed in ‘Table I was 
determined as a function of the magnetic field. ‘Typical 
results obtained on four of these specimens are shown 
in Figs. 3, 4, 5, and 6. Samples 1 and 2 are degenerate 
at 78°K, all others are in the nondegenerate range 
We first the 


sistance. ‘The low field region in which the magneto 


shall discuss transverse magnetore 
resistance depends quadratically on the magnetic field 
(ull <10*) is limited to fields less than 300-400 gauss. 
Figs. 3-6 


is approximately 


The measurements represented in show 
indeed that the transverse effect 
proportional to H? for fields of 100-200 gauss, but give 
evidence that at higher fields saturation effects appear 
(2 to 3 kilogauss). At still higher fields a quadratic 
dependence on H is again approached 

It has been shown that the conventional theory i 


as hu<<kT. When the field 


becomes so strong, however, that hw »>k7, quantization 


valid as long magnets 


” We are grateful to Dr. Glicksman for bringing this point to 


our attention 
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H(qauss) 


lic. 4. Magnetoresistance at 78°K (sample 4). 

effects become important. ‘The field dependence of the 
magnetoresistance is then in general different from that 
predicted by the conventional expressions. This is due 
to the fact that both the density of states and the col 
field 
strength. Consequently the results will depend on the 


lision time become functions of the magnetic 


statistics (degenerate or nondegenerate) and the 
scattering mechanism (lattice or impurity scattering). 

The quantization range can be divided into two 
regions. As long as (>>hw», many quantized levels will 
be involved; when the field is so large that hwy>>¢, all 
electrons will be in the lowest quantum level (“quantum 
limit’). A number of investigators have studied the 
transverse and longitudinal magnetoresistance of metals 


W.a1-86 We 


shall not discuss these papers at this point, but quote 


and semiconductors under these conditions." 


only the results which are relevant to our measurements 
(For n-type InSb at 78°K, the condition hw>kT is 
fulfilled for 47> 7500 gauss.) ‘Titeica*' has analyzed the 


"S. Titeica, Ann. Physik (5) 22, 129 (1935 

2 J. Appel, Z. Naturforsch. Ila, 689, 892 (1956 

“A. Sommerfeld and B. W. Bartlett, Physik. Z. 36, 894 (1935 

“1. M. Lifschitz, J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 814 
(1956) [translation : Soviet Phys. JETP 3, 774 (1956) } 

PP N. Argyres, Westinghouse Research Report 6-94760-2-P9 
(unpublished) 

%© A. H. Kahn (to be published) 
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H (gauss) 


Fic. 5, Magnetoresistance at 78°K (sample 6). 


transverse (and longitudinal) magnetoresistance of 
metals (degenerate statistics) for low fields (hag<kT) 
and for very high fields (Aawp>¢) when the scattering is 
due to lattice vibrations. He predicts a quadratic field 
dependence in the low field range and a linear behavior 
in the quantum limit. Argyres*® the 


quantum limit for both degenerate and nondegenerate 


also studied 
statistics (lattice scattering only). His results indicate 
that (Ap/p)transy Should be a quadratic function of H 
in the former and a linear function of the field in the 
latter case. A paper of Lifschitz! seems to predict a 
quite different behavior [ (Ap/p)transy~ 1 | for a metal 
with predominant impurity scattering 

All these theories contain a number of assumptions 
and approximations which make the results somewhat 
doubtful. At the same time we have stressed already 
the uncertainty of our experimental data at high 
magnetic field strength. Hence a comparison of theory 
and experiment does not seem very fruitful at this 
point. Our measurements should be extended to higher 
fields while the theory should be worked out for those 
cases where impurity scattering is predominant. It is 


quite possible that the accelerated increase of the 
3 and 9 kilo 
gauss (see Figs. 3-6) is due to geometry or inhomo- 


transverse magnetoresistance between 


geneity effects. 
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In the low-field region it should be possible to com 
pare our results with theoretical predictions concerning 
the magnitude of the transverse and longitudinal effects. 
The expression for the transverse magnetoresistance 
has been calculated by Seitz*’: 


Ap/p=ay’?H’. (2) 


The constant a equals 0.38107" in the case of pure 
lattice scattering ; it decreases sharply for small amounts 
of additional impurity scattering and increases again 
when scattering by ionized impurities becomes predomi- 
nant. The factor a also depends on the magnetic field, or 
rather on the product w//. The formulas for different 
values of Bl =O6(piatt/Mimp) | (9/16)ap?H? | 
have been worked out by several authors.** We have 


and | 


calculated the mobilities from our magnetoresistive 
data on four samples at fields of 100 or 200 gauss, using 
a curve of a vs B. The results are the following: 

3.6 K10° cm*/volt-sec, 

10° cm? 
1.55 10° cm? 
1.5 10° cm? 


sample 7: 478 
sample 6: x= 4.1 volt-sec, 
sample 4: jz volt-sec, 
sample 3: zs volt-sec. 


| 
| 


trans. / 


i 


vs 


ys 
A Pa 
/ A 


A x long. 








Fic. 6. Magnetoresistance at 78°K (sample 7) 
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Hall coefficient as a function of magnetic field 
strength at 78°K 


Fic. 7 


These figures have to be compared with the (Ro)7. 
values of Table I. 
respect to the amount of ionized impurity scattering, 
the discrepancy in the mobilities is actually rather 


Considering the uncertainty with 


small, It seems that the magnitude of the magneto 
resistance is consistent with an isotropic one-carrier 
model. 

Turning now to the longitudinal magnetoresistance, 
we find that this effect is considerably smaller than the 
transverse effect for all samples. The field dependence 
is, however, vastly different for different specimens 
Some of these effects might be due to quantization of 
the electron orbits. For instance, Argyres and Adams'* 
have shown that the longitudinal magnetoresistance 
can become negative in nondegenerate samples when 
impurity scattering is predominant 

The completely different behavior of the basically 
similar samples 3 and 4 (see ‘Table I), however, strongly 
suggests that geometry and inhomogeneity effects are 
responsible for this discrepancy. A slight misalignment 
might introduce a small transverse contribution, wiping 
out a negative longitudinal effect, or a larger inhomo 
geneity in one sample than in the other might produce 
a negative effect at high fields. 

In recent years several authors” have studied the 
relation between the magnetoresistive effects and the 
shape of the energy surfaces, assuming a number of 
anisotropic models. It seems rather senseless to compare 
our results with their predictions. One can state, how 
ever, that the very small longitudinal magnetoresistance 


forsch. 9a, 167 (1954); R. K. Willardson and A, C, Beer, Bull. Am 
Phys. Soc. Ser. HI, 2, 142 (1957); J. H. Becker, Bull. Am. Phys 
Soc. Ser. IT, 1, 57 (1957) 
’B. Abeles and S. Meiboom, Phys. Rev. 95, 31 
” M. Shibuya, Phys. Rev. 95, 1384 (1954) 
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at very low fields (about an order of magnitude smaller 
than the transverse effect) is not in contradiction with 
the assumption of spherical energy surfaces. 

Results on the Hall coefficient Ry as a function of 
magnetic field strength are plotted in Fig. 7 for the 
three samples 2, 4, and 6. At low fields—in this case of 
the order of a few hundred gauss-—Ry = (3/8) (1/nec), 
(n=carrier concentration); for large fields the coeffi- 
cient of 1/nec approaches the value 1.0. This explains 
the higher values of the Hall coefficient below 1000 
gauss. The change of Ry between 1000 and 7000 gauss 
is at most 5%. The sinuous behavior in this range is as 
yet unexplained. It is perhaps no coincidence that the 
maximum occurs at the same field (13000 
gauss) as the inflection point in the transverse magneto 


about 


resistance. 


GALVANOMAGNETIC EFFECTS AT 
HELIUM TEMPERATURE 


n-type InSb is completely degenerate at helium 
temperatures. The condition wr>1 will be fulfilled for 
/1> 1000 gauss. The Fermi energy £0 of relatively pure 
10'®—10'*/cc) will be of the same order as 
hw for fields of a few thousand gauss. Hence we are in 


samples ( 


the quantization range for all magnetic fields above 
~ 1000 gauss. Under these conditions theory predicts 
an oscillatory field dependence of the diamagnetic 
susceptibility (DeHaas-van Alphen effect) and of all 


transport phenomena. Such a behavior has been ob 


served in Bi" and in several other metals. 

The theory of the quantization was first given by 
Landau’ and applied to the susceptibility (this treat- 
found in textbooks'®”). An 
analysis of the oscillatory transverse magnetoresistance 
observed in Bi at low temperatures was made by 
Davydoyv and Pomeranchuk.” Argyres'*** and Kahn** 
have recently derived expressions for the magneto- 
resistive effects assuming conditions which pertain to 
a degenerate extrinsic semiconductor like InSb. 

A very brief description of the theory of these effects 
is as follows. In a high magnetic field the Fermi dis- 
tribution of the electrons will change in such a way that 
the density becomes semidiscrete with discontinuities 
at energy values (Landau levels) corresponding to 
(n+4)hw (n=0,1,2,3---)., When the Fermi level is just 
above the mth Landau level, only a few electrons will 
be left in the mth state. The collision time of these 
particular electrons is much smaller than that of the 
bulk of the electrons in the lower magnetic state. The 
result is that the current will show maxima when the 
Fermi energy (4 = (n+4)hw. The index H indicates that 
this is the value of ¢ in the presence of a magnetic field. 
The difference between {y and fo will be small in low 


ment can be several 


(London) 245, 1 (1952) 
Kamerlingh 
Steele and J 


“1, Shoenberg, Trans. Roy. Sox 

“LL. Shubnikow and W. J. DeHaas, Commun 
Onnes Lab. Univ. Leiden No. 207d (1930); M. C 
Babiskin, Phys. Rev. 98, 359 (1955) 

“ F. Seitz, Modern Theory of Solids (McGraw-Hill Book Com 
pany, Inc., New York, 1940) 
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fields, but can be appreciable for large magnetic field 
strength. In the first place, the bottom of the Fermi 
sea will be raised by }hw, and secondly, as H increases, 
the Fermi level will drop to the neighborhood of the 
next lower level whenever (7~(n+-4)hw. Argyres and 
Adams'* have shown that in the quantum limit the 
relation between the Fermi energy with and without 
field is given by 

Cn = (4/9) (F0/hw)*Fo, (3) 
where (y is measured relative to the 4hw level. This 
formula is valid if no freeze-out (see below) takes place. 
Omitting the term }hw, one finds** that the discon- 
tinuities will take place 
fo ? 1.31hw, 
= 2.36hw, 
3.38hw, 
4.40hw, etc. 


for n=1, when 


for when £y 
for =3, when fo 


for 4, when fy 


The periodicity is rapidly approached beyond the first 
level; it is clear, however, that a phase shift has to be 
taken into account. 

The amplitude of the oscillations decreases rapidly 
with decreasing magnetic field strength. Landau" has 
shown that this damping is expressed by a factor 
1/sinh(27’*kT/B*H), where B* is the effective double 
Bohr magneton (=eh/m*c). If 2x°kT26*H, one can 
replace the hyperbolic sine by the exponential; the 


I 


) 








Fic. 8. Magnetoresistance and Hall coefficient at 1.7°K 
(sample 6). 
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following expression then holds for the amplitude A*: 
A~TH} exp(—2rkT/6*H). (4) 


Dingle has pointed out that the damping is further 
influenced by collision broadening. He has shown that 
this can be taken into account if one replaces the am- 
bient temperature 7 in expression (4) by a somewhat 
higher temperature (7+7”"). It is clear then that one 
can determine $* (and consequently the effective 
mass m,*) from the field and temperature dependence 
of the amplitude. 

We turn now to a comparison of our experimental 
results with the theory presented above. The magneto- 
resistive effects have been measured on the samples 
1-6 as a function of the magnetic field at 4.2°K and at 
1.7 or 1.8°K. Some of the results are shown in Figs. 8, 
9, and 10. The oscillatory behavior is quite obvious 
from these graphs; the amplitude decreases rapidly 
towards lower fields as predicted by the theory. It seems 
that the oscillations are superimposed on a curve which 
varies smoothly with H. Experiments with different 
probe configurations have shown that this part of the 
curve depends strongly on geometrical factors. The 
values of H for which the maxima and minima occur 
are, however, practically independent of the geometry 
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Fic. 9. Magnetoresistance and Hall coefficient at 1.7°K 
(sample 4). 


“ Reynolds, Hemstreet, Leinhardt, and Triantos, Phys. Rev 
96, 1203 (1954). 


 R. B. Dingle, Proc. Roy. Soc. (London) A211, 500 (1952) 
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Fic, 10. Magnetoresistance and Hall coetlicient at 1.7°K 
(sample 2) 


except for the first minimum in the longitudinal effect. 
That sample 2 shows negative values of Ap/p (both 
transverse and longitudinal) over the measured range 
of magnetic fields can perhaps be attributed to geometry 
or,inhomogeneity effects. 

Table Il presents a comparison of calculated and 
observed values of 1/H; and the period of oscillation 
[A(1/H) |,;. The Fermi energy {> has been computed 
from the expression {9= (h"/2m*)(3n/8m)!. In doing so, 
we have assumed that the impurity band is completely 
merged with the conduction band ; this is fully justifiable 
at these impurity concentrations if we accept the hydro- 
genic model for the donor states.” It is worth noting 
that the effective mass m* is eliminated in calculating 
1/H;=a(B*/to) (a=1.31, 2.36, etc.; see above). 

The data of ‘Table II show a reasonable agreement 
between experiment and theory. ‘The results are some 
what better for the transverse than for the longitudinal 
effect. 

A value for the effective electron mass has been de 
duced from the magnetic field and temperature de- 
pendence of the amplitude. It follows from expression 
(4) that a plot of In(AH~) vs 1/H should yield a 
straight line with slope —29*k(7'+ 7")/p*. T’ and B* can 
then be calculated from results of measurements at two 
temperatures. This procedure has been applied to the 
magnetoresistance data of samples 2 and 3. Consider 
able scatter of the experimental points greatly reduced 
the accuracy of the results; a value of (0.010+0.004) my 
was obtained for the electron effective mass 


Results of Hall effect measurements at 1.7°K or 
6 See, e.g., F. Stern and R. M. Talley, Phys. Rev. 100, 163% 
(1955) 
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Panty If. Minima and periods of oscillations in the transverse and longitudinal magnetoresistance at T= 1.7 or 1.8°K (experimental). 
The last two columns show the theoretical values based on the carrier concentration of each sample 


(3)... 


10°* gauss 
min long 


Sam ple 


1.8°K are shown at the bottom of Figs. 8, 9, and 10 
The general shape of the curve is surprisingly similar 
to that at 78°K. In some of the samples one can detect 
a somewhat oscillatory behavior; a correlation with the 
oscillations observed in the magnetoresistive effects is, 
however, not obvious. ‘There are a few noteworthy 
coincidences. The high-field minimum (// 
3800 gauss for sample 6) occurs at 


6500 gauss 
for sample 4; H 
precisely the same field as that of the longitudinal 
magnetoresistance. There is a slight suggestion of a 
dip at 4 and a hump at 3 kilogauss in the curve of 
sample 4. One might suggest then that for this sample 
and for sample 6, the maxima (minima) of the Hall 
coefficient correspond with the minima (maxima) of 
the transverse magnetoresistance. Although such a 
correlation seems logical, a full comparison of Hall 
effect and magnetoresistive effects should await further 
experimental and theoretical work 


“FREEZE-OUT” AND RE-EXCITATION 


The energy states of impurity atoms in semicon 
ductors can often be treated on the basis of a hydro 
genic model.“*7 A donor with one electron then has 
energy levels which are similar to those of the hydrogen 
atom modified by the effective mass m* and the di 
electric constant x. If m* is small and « is large, the wave 
functions are spread over a considerable distance, cor 
responding to a large effective Bohr radius r.. In the 
case of donors in InSb, rege 600 A, 


Yafet, Keyes, and Adams” have studied the effects 


of very large magnetic fields on such an impurity semi 


7 W. Baltensperger, Phil. Mag. 44, 1355 (1953 


1/Hi apt/fo 


i 
. ) 
AF ius 
10 gauss!) (10-4 gauss~') 
calculated 


1 
() 
. AS 
(104 gaus 


min transy 


1.13 
2.03 
2.91 
1.44 
2.00 
3.72 
4.82 
5.90 
2.33 
4.20 
6.02 
7.82 
2.38 
4.30 
6.16 
8.00 
3.37 
6.08 
8.70 


0.90 
0.88 


conductor at low temperatures. They have shown that 
if the magnetic field strength is much larger than the 
Coulomb forces, the wave functions will change con 
siderably. As a result the effective Bohr radius will 
decrease (although to a different extent perpendicular 
and parallel to the field) and the ionization energy will 
increase. Consequently, carriers will drop back from 
the conduction band into the bound states and a freeze 
out occurs, 

The above analysis was made assuming a separation 
of impurity band and conduction band in zero field. 
Keyes and Sladek™ have measured the conductivity of 
InSb samples with 10" impurities per cc, for which this 
assumption is valid, and have confirmed the prediction 
of a freeze-out effect. 

In our case the samples 6 and 7 have slightly more 
than 10! impurities per cc. A calculation of the width 
of the impurity band on the basis of the hydrogenic 
model shows that this band will overlap the conduction 
band to some extent. At high magnetic fields, however, 
the activation energy will become positive and a re 
distribution of electrons will take place with a prefer- 
ence for the bound states. It seems, therefore, that we 
can attribute the sudden rise of the Hall coefficient 
above 11 000 gauss (see Fig. 11) to the same freeze-out 
effect 

A confirmation of this explanation can be found in 
the experimental results of Fig. 12. At 22 000 gauss the 
electric field across sample 7 was increased from several] 
millivolt per cm to 200 mv/cm. The Hall coefficient 
decreased by about 14%, indicating a re-excitation of 
carriers into the conduction band. 

We have also investigated this effect in a rather 
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Hall coefficient as a function of magnetic field 
strength at 4.2°K 


Fic. 11 


impure sample (8) (1.55X10'® electrons/cc). This 
specimen does not show the freeze-out effect or the 
re-excitation (see Figs. 11 and 12). The overlap is very 
large in this case and the magnetic field does not 
influence the activation energy enough to cause sepa 
ration of impurity and conduction band 


SUMMARY 


Measurements of the magnetoresistive effects (both 
transverse and longitudinal) and the Hall coefficient at 
78°K and at helium temperatures have led to the fol- 
lowing conclusions: 

1. The magnitude of the transverse and longitudinal 

magnetoresistance in the region of low magnetic fields 
is consistent with an isotropic, one-carrier model. 
2. In semiconductors with a large carrier mobility 
(~10° cm?/volt-sec), the high-field region is reached 
at fields of a few thousand gauss. The magnetoresistive 
effects are extremely sensitive to the scattering mech 
anism and the statistics, as well as to the geometry 
and inhomogeneity of the sample. 

3. The galvanomagnetic effects in InSb with electron 
concentrations between 10!° and 10!° electrons/cc show 
an oscillatory behavior at helium temperatures. ‘The 


r¥PE lash 
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hic. 12. Hall coefficient as a function of electric field strength 


period of oscillation is in reasonable agreement with 
theoretical predictions. The field dependence of the 
amplitude of oscillation yields an effective electron 
mass of 0.01 mo. 

4. The field dependence of the Hall effect agrees 
generally with theory. The detailed variations are, 
however, as yet unexplained. 

5. Donor states will be strongly affected by large 
magnetic fields if the effective mass of the conduction 
band is small. Fields of more than 10 000 gauss are 
able to produce a condensation of electrons in n-type 
InSb at 
electrons can be re-excited by large electric fields of 


the order of 0.1.1.0 volt/cm 


helium temperatures (‘‘freeze-out”’). These 
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Ihe conductivity and Hall effect of p-type InSb have been measured as a function of magnetic field 
trength and of temperature. The behavior of the Hall coefficient and the magnetoresistance at 78°K is con 
sistent with a valence band which consists of two bands with different effective masses and has degenerate 
maxima at the center of the Brillouin zone. Negative magnetoresistances have been observed at liquid 
helium temperatures; the effect is positive, however, for very pure samples when the magnetic field strength 

exceeds ~10 gauss. The conduction mechanism in this temperature range is still poorly understood 


INTRODUCTION 


HILE n-type InSb shows rather unique proper- 

ties, the p-type material follows more closely 

the “conventional” pattern established by the work on 

silicon and germanium, The transport phenomena and 

optical characteristics are not strikingly different from 

those of other semiconductors. This is mainly due to the 

fact that the mobilities and the effective masses have a 
more “familiar” order of magnitude. 

Although the list of publications on p-type InSb is of 
considerable length, there are still a number of open 
questions; the most important of these are the detailed 
shape of the valence band and the negative magneto 
resistance at very low temperatures. 

Cyclotron resonance experiments! showed two reso 
0.18 


my and my2,>1.2 mo; these masses were tentatively 


nance lines corresponding to effective masses mj, 


associated with holes. Conductivity and Hall effect 
results can be fitted with? m,=0.17 mo or® m,=0.15 mo 
(in the temperature range 100 300°K). From thermo 
electric power data (at higher temperatures) values of 
0.18 mo,4 0.13 mo,® and 0.1 mo * have been deduced. The 
cyclotron resonance value m,, is usually accepted as 
the best one; using this figure, one calculates an im 


E 


peed k (III) Fic. 1. Proposed 
valence band struc 
ture for a zincblende 
lattice (references 8 
and 9) 
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purity activation energy which agrees very well with 
experiment.”:? (The larger mass my» does not fit in with 
theory, nor is it confirmed by other experimental 
observations.) 

The band structure has been studied by several 
investigators. Theoretical treatments*“" agree on the 
existence of 3 bands: one with a heavy mass corre- 
sponding to m),, another with a much smaller effective 
mass degenerate with the first at the center of the 
Brillouin zone, and a third band at considerably lower 
energy. Both Dresselhaus and Kane conclude that the 
heavy mass band is anisotropic; Kane* puts the 
maxima, however, very close to the center of the zone 
(see Fig. 1). 

A number of experimental results support Kane’s 
picture of the valence band. The cyclotron resonance 
observations! indicate somewhat anisotropic masses. 
Roberts and Quarrington” conclude from their optical 
that indirect transitions between valence and 
conduction band are involved. These data have also 
been analyzed by Blount et al." and by Potter.’* They 
come to the conclusion that the maxima are away from 
k=0,0,0 along the [111] axis. A similar conclusion is 
reached, by Keyes!® who measured the pressure de- 
pendence of the conductivity. The results of Hrostowski 


data 


et al. also seem to indicate nonspherical energy surfaces 
at the top of the valence band. 

There are, however, a number of experiments which 
favor an isotropic heavy-hole mass. Dumke'® was able 
to fit the optical absorption edge assuming the maxi- 
mum of the valence band at k=0,0,0. Recent measure- 
of InSb" 
valence band similar to that of Ge and Si (warped 


ments of the elastoresistance suggest a 


surfaces with one maximum at the center of the zone). 
The existence of the small-mass band is generally 
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TABLE I. Characteristics of p-type samples 


Magneto 
resistive 
Ro) ratio 
cm? ) (=~) 
volt-sec long 
>10 
> 10 


Raa 


= 


2580 
2450 


O(100) 
P(110) 
Q(100) 

etched 
R(110) 

etched 

sand blasted 
S(100) 

etched 
7(110) 

etched 

sand blasted 
1 

etched 

sand blasted 


5320 54 3600 


21 3200 


2900 


5700 
2800 
1030 5800 40 5820 
4500 
5800 


5670 


1110 
1110 


7X 10° 
$6 000 


15 800 
16 000 


accepted; so far, no experiments have yielded a value 
for the effective mass of this band. 

The present investigation of the magnetoresistance 
and the Hall effect was primarily undertaken in order 
to obtain further information concerning the valence 
band structure. Our results favor a model which places 
the maximum of the band at (or extremely close to) the 
center of the zone. The field dependence of the Hall 
effect can be explained by the assumption of two kinds 
of holes. 

Measurements of the galvanomagnetic effects were 
extended down to 1.7°K. The negative magnetore- 
sistance observed by other workers’ !* was confirmed. 
The temperature dependence of the conductivity and 
Hall effect suggests conduction via impurities at very 
low temperatures.’*” The nature of this conduction 
mechanism is, however, not sufficiently well understood 
to explain the magnitude of the Hall effect and the 
magnetoresistance at liquid helium temperatures. 


EXPERIMENTAL 


The sample preparation as well as the apparatus used 
for the measurement of galvanomagnetic effects have 
been described in a previous paper on n-type InSb.”! 
Several specimens were submitted to different surface 
treatments in order to study possible surface effects at 
low temperatures. Measurements were made with the 
ordinary 6-probe method [current leads at the end of the 
specimen ; 2 sets of Hall probes each located about one 
quarter away from the ends of the sample; the (mag 
neto) resistivity was measured between two Hall 


probes on one side face of the specimen ]. 


16 J, Hatton and B. V. Rollin, Proc (London) A67, 
385 (1954). 
C.S. Hung and J. R. Gleissman, Phys. Rev. 96, 1226 (1954). 
» H. Fritzsche, Phys. Rev. 99, 406 (1955) 
1H. P. R. Frederikse and W. R. Hosler, Phys. Rev 
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a4 
(ohm™' cm" 


2.5 10 


2.2 10 
1.9K 10™ 


3.7K 10 


3.810 
3.0K 10" 


39K 10°! 
99X10"! 


Ra\s 


oe, 


vi 
(ohm™' em 


11 300 


33 000 
5 700 


64 700 


38 OOO 
29 000 


> 2.5 10° 


MAGNETORESISTANCE AND HALL EFFECT AT 78°K 

‘The magnetoresistive effect has been measured on 
ten different samples. Three of these specimens showed 
a considerable impurity gradient and will therefore not 
be discussed, The characteristics of the other seven 
samples are presented in Table 1. Curves of Ap/po vs H 
on a log log scale are shown for samples R, Q, and U in 
Figs. 2, 3, and 4. The magnetoresistance is proportional 
to H’ at low magnetic fields and starts to deviate from 
this behavior 1000 oersted. In all the 


longitudinal effect is more than an order of magnitude 


above Cases 


smaller than the transverse effect; values for the ratio 
Table I. 
the 


of the two effects are given in From these 


results one can conclude that valence band is 
approximately isotropic.” ™ 

It is still possible to reconcile our results with the 
theoretical picture of the valence bands as derived by 
Kane and others®” (Fig. 1). This requires, however, 
that the energy surfaces at the maxima of the band 
are very nearly spherical, and this is likely only when 
the maxima are very close to the center of the zone 

Let us now consider the magnitude and magneti 
field dependence of the magnetoresistance and the Hall 
coefficient. If the simple model is applicable (Le., 
isotropic, one-carrier model, scattering by acoustical 


lattice waves) the magnetoresistive effect is given by 


Ap/po=0.38 10 a PH 


In case of mixed scattering the factor 0.38 decreases to 
ol 
while it increases by an order of magnitude 


a minimum of 0.012 for small contributions ion 


scattering, 


when collisions with ionized become 


dominant.” An accurate calculation for our samples is 


impuritie pre 
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Am. Phys. Soc 57 (1957 
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Fic. 2. Magnetoresist 
ance of p-type InSb as a 
function of magnetic 
field (sample Q). 





Fic. 3. Magnetoresist 
ance of p-type InSb as a 
function of magnetic 
field (sample R). 





lic. 4. Magnetoresist 
ance of p-type InSb as a 
function of magnetic 
field (sample UV) (full 
drawn lines: etched sur 
faces; dashed lines: 


sand-blasted surfaces) 
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difficult to make, because the absolute value of the 
mobility wz (due to lattice scattering only) is not known. 
A reasonable estimate shows, however, that the cal 
culated values of the total mobility are 6 to 10 times 
larger than the Ro-values given in Table I. Such a 
discrepancy could be explained if we assume that a 
small number of “fast”? holes contributes to the con 
duction.”® 

Other evidence for a two-carrier model comes from 
the dependence of Ap/py and Ry on the magnetic field. 
The magnetoresistance as a function of magnetic field 
begins to deviate from the H® behavior at 1000 oersted. 
Considering that u//~5X 10° at this field strength, one 
would not expect this deviation unless two kinds of 
holes are present. The Hall coefficient has not yet 
reached its saturation value at 5000 oersted (see Fig. 5). 
We see, however, that r= Ro/R,, is certainly larger than 
1.5. Such values can be reached if both lattice waves 
and ionized impurities contribute to the scattering 
mechanism.” It would, however, require p;/(p;+ px) 

0.9 to make r=1.5, which seems to be unreasonably 
high for the samples studied. On the other hand, a 
small number of fast holes taking part in the conduc- 
tion increases r appreciably. A model which assumes 
ellipsoidal energy surfaces would yield values of Ro/R, 
smaller than 3/8.” 

Our conclusion is that the top of the valence band of 
InSb consists of different effective 
masses. The upper band is approximately spherical 
the center of the 


two bands with 
and the maxima either coincide at 


zone or are very close to it. 


ELECTRICAL CONDUCTION AT LOW TEMPERATURES 


On the basis of the above valence band model one 
expects p-type InSb to behave similarly to p-type 
germanium in the low temperature range. 

The breakdown effect”? originally observed in Ge has 
also been found in p-type InSb.”* A sharp increase of 
the current occurs when the electric field strength across 
the InSb sample reaches a value of 47 volts/cm. We 
have also observed this effect at a slightly lower critical 
field. The experiments reported on below are all per 
formed with electric fields of less than 1 volt/cm in 
order to avoid breakdown effects. Even at the lowest 
voltages the behavior is not strictly ohmic, but the 
deviations from Ohm’s law are of the order of a few 
percent or less. 

Measurements have been made on five p-type samples 
(etched surfaces). Characteristic values of the con 
ductivity a, the Hall coefficient R, and the Hall mo 
bility Ro are listed in Table I. The magnetoresistance 
of samples Q, R and U as a function of magnetic field 
strength is shown in Figs. 2, 3, and 4 for two tempera 
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Fic. 5. Hall coefficient as a function of magnetic field at 78°K 


Little difference is 
different 


tures in the liquid helium range 
observed between similar with 
orientations, Q(100) and R(110) 


samples show a negative magnetoresistive effect for all 


spec mens 


The more impure 


fields up to 5000 gauss in agreement with earlier ob 


619 The quadratic de 


servations of other workers. 
pendence on #/ is satisfied only in a small field range 
at 4.2°K 

Sample U In this 
case the negative effect is limited to low magnetic field 


values, while a positive effect is observed at higher 


shows a quite different behavior 


fields. The value of the longitudinal magnetoresistance 
is considerably different effect 
Samples 7 and S are in some respect similar to specimen 


from the transverse 
U; the transverse effect shows also a reversal to positive 
values, but only at 1.7°K 

The temperature dependence (1.7 300°K) of the 
Hall effect and conductivity was investigated on three 
samples ; 4.2 300°K are 
shown in Figs. 6 and 7 for two of these samples. This 


curves covering the range 


Fic. 6. Conductivity of 2 p-type samples as a function of 
inverse temperature 
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hic. 7. Hall coefficient of 2 p-type samples as a function of 
inverse temperature 


behavior suggests a gradual condensation of holes into 
the band with decreasing temperature.’:% 
The activation energy in the temperature range 
0) 10°K is 7K10 * to 9X10 ev for all samples. The 
slope of the conductivity in the helium range, as 
calculated from the values at 4.2 and 1.7°K, varies 
from sample to sample. Specimen S shows a slope 
corresponding to 4.510 ev; Q, R, and T give a value 
of 3104 ev, while both p and Ry of sample L’ stay 
practically constant in this range. 

to investigate the influence of surface 


Impurity 


In order 
treatment, several samples were remeasured after the 
urfaces were sandblasted. The results with respect to 
magnetoresistive effects are shown in Fig. 4; data on 
Hall coefficient and conductivity are listed in ‘Table T. 
One sees that the surface treatment has little influence 
on the behavior of the impure samples R and T down 
to 4.2°K. Larger differences are observed at 1.7°K. 
Sample U, however, shows spectacular differences in 
p, Rand Ap/po after sandblasting. The most significant 
change is the field dependence of the magnetoresistance ; 
Ap/po is now negative over the whole range at 4.2°K, 
and reverts to positive values at much higher field 
strengths when the temperature is 1.7°K. 

As yet no consistent model has been developed which 
is able to explain the present results and those of other 
workers. It may be useful, however, to give a few com- 
ments on the above data, 

The two major questions concerning the conduction 
mechanism of semiconductors (such as Ge and p-type 
InSb) at very low temperatures are the following: (1) 
Can the theory of impurity (band) conduction explain 
a finite conductivity? (2) ‘To what extent does surface 
conduction play a role? As far as the first question is 
concerned, a finite conductivity in pure samples seems 
to be impossible as long as only one type of impurity 


(n or p) is present. Recently several workers” have 


*N. Mott, Can. J. Phys. 34, 1356 (1956); H. M. James [Semi 
conductor Conference at National Bureau of Standards, Washing 
ton, D. C., October 1956; a short report of this conference by F 
Herman appeared in J. Phys. Chem of Solids 2, 72 (1957) ]; S. H 
Koenig and G. R. Gunther-Mohr (private communication) 


AND W. R. HOSLER 

emphasized the importance of compensation, Le., the 
simultaneous presence of acceptors and donors. Such a 
compensation would explain the possibility of conduc- 
tion even when the impurity concentration is too small 
to give rise to an impurity band. The acceptors (or 
donors) can then be divided into two groups: ionized 
sites and neutral sites. Carriers are therefore able to 
jump from a neutral to an ionized impurity atom. If 
this is the case, the conductivity will be determined 
by the number of minority impurities. 

We have calculated the degree of compensation for 
the samples Q-U using the Brooks-Herring formula” 
for the mobility due to ion scattering at 78°K. The 
numbers of acceptors and donors present in each sample 
are given in ‘Table II. Although these figures are very 
inaccurate, it is clear that all our samples are strongly 
compensated. However, comparing these numbers with 
the values of the conductivity at 4.2 and 1.7°K, no 
obvious correlation seems to exist. Even more puzzling 
is the fact that o;7 is about the same for all samples 
(except sample U). 

Another feature which is difficult to explain is the 
behavior of the Hall coefficient in the helium range. On 
the basis of Hung and Gliessman’s model of impurity 
band conduction," one expects at helium temperatures 
a value of the Hall coefficient equal to the extrinsic 
value at 78°K. Such a rule is often not obeyed experi- 
mentally. It seems especially hard to understand how 
the Hall coefficient at very low temperatures can be 
orders of magnitude higher than in the exhaustion 
range. A possible explanation could be constructed if 
one assumes that two mechanisms involving carriers 
with widely different mobilities contribute to the con- 
duction, Let the concentrations of the two types of 
carriers be nm, and mn» and their mobilities u; and yo; 
then the Hall coefficient is given by” 


ry 14+ (mo/ny) (42/m1)" 


en, [1+ (2/1) (u2/m1) F 


In the exhaustion range m,; is the number of free carriers 
and yw, is very large (of the order of many thousands 
cm*/volt-sec). If the second kind of carrier has a much 
smaller concentration and a much smaller mobility, 
the Hall coefficient will hardly differ from r/en,. At low 
temperatures, however, u; represents the very small 
mobility of the m, bound carriers. Now the condition 
may be such that >, but w2>y;. Hence the Hall 
coeflicient may be considerably higher than the ex- 
trinsic value at 78°K. In this case (Ro) is a function of 
M1, M2, wi, and yo. The source of the second type of 
carrier is not known. We want to mention, however, 
the possibility that these carriers are associated with 
surface states or with a space-charge layer at the 


”H. Brooks, in Advances in Electronics and Electron Physics 
(Academic Press, Inc., New York, 1955), Vol. 7, p. 158. 
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surface caused by adsorbed oxygen.*' ‘The main argu- 
ment for the existence of surface carriers is the fact that 
the number would be determined by the surface area 
and therefore be constant. Their influence would be 
dominant only in the purest samples. In such specimens 
the conductivity and Hall coefficient would be constant 
(as observed in Sample LU’). The two mechanisms are 
competing processes in more impure samples; hence the 
temperature dependence of the impurity conduction 
would be observed. 

The result, which is most difficult to explain, is the 
negative magnetoresistance. Mackintosh® and Stevens™ 
have tried to account for a negative magnetoresistive 
effect by considering the influence of the magnetic 
field on the impurity levels. The application of a 
magnetic field splits the impurity states, causing a 
displacement of the energy levels by +48H,™ with 
respect to their original position. As a result the 
electrons will be redistributed over the states of the 
conduction and impurity bands and the magneto 
resistance is primarily due to a change in the number 
of electrons (holes) in the conduction (valence) band. 
These authors, however, did not take into account the 
fact that in p-type InSb the activation energy is 0.007 
ev (they use 0.0005 ev), and therefore only a negligible 
number of carriers is left in the main crystal band at 
4.2°K. Moreover, the splitting is small compared with 
kT. 

A study of the expression for the magnetoresistance, 
when two types of carriers contribute to the conduction, 
shows that the result will always be positive even in 
the case where several scattering mechanisms are 

4! Frederikse, Hosler, and Roberts, Phys. Rev. 103, 67 (1956). 

#17. M. Mackintosh, Proc. Phys. Soc. (London) B69, 403 (1956). 


%K.W.H. Stevens, Proc. Phys. Soc. (London) B69, 406 (1956). 
4 y= spectroscopic splitting factor and 8= Bohr magneton 


EFFECTS 


IN p-TYPE InSb 


Pasie IT. Donor and acceptor concentrations of 
p-type samples 


Na~Nob Na No 

* 10'* 90 &*10" 
* 10! 8.5 «10 
« 10'* 3.25 10" 


3X 10'* 1.2 
7X 10" 1.5 
5x 10" 3.7 


5 
5 


present.*® It is, however, possible to obtain negative 
values of Ap/po in very thin layers under certain con 
ditions, as has been shown by Sondheimer.** Although 
the behavior of sample U seems to indicate that the 
solution might lie in this direction, one meets great 
difficulties when this idea is applied to the other samples 
©... ft, 
specimens surface treatment has no influence on the 
Hall effect and conductivity and only a small effect on 


and §). Experiment shows that for these 


the magnetoresistance. 

Neither Hung and Gliessman’s theory of impurity 
band conduction, nor the model based on jumping 
between ionized and neutral sites, has been able to give 
a satisfactory explanation of a negative magnetore 
sistive effect. 

The low-temperature behavior of p-type InSb (as 
well as of other semiconductors) is not yet fully under 
stood and probably requires considerably more ex 
perimental and theoretical study 
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The effect of the electrostatic crystalline field has been considered for a magnetic crystal in which the ions 
are strongly coupled by ferromagnetic exchange. On the basis of the one-ion approximation that the exchange 
can be represented by a Weiss molecular field, it is possible to derive expressions for the anisotropy constants, 
K,(T), in terms of the parameters occurring in the spin Hamiltonian of the isolated ions, and the magneti 
zation of the lattice at the temperature, 7. The treatment assumes that the magnetic electrons can be con 
sidered as localized on the individual ions, and thus applies primarily to nonmetallic substances such as 
ferrites. The presence of more than one aligned sublattice is easily taken into account if the magnetization 
of each sublattice can be calculated from the Néel equations 


INTRODUCTION 


L'THOUGH the importance of crystalline electric 

fields has long been recognized in connection with 
the anisotropy of antiferromagnetic crystals,’ only very 
recently’® has this mechanism been invoked to explain 
the observed anisotropy energies of nonmetallic ferro 
(or ferri-) ferrites. The 
reason for this lies partly in the fact that up to a few 


magnetic materials such as 
years ago theories of ferromagnetism were concerned 
mainly with metals, for which the concept of localized 
magnetic electrons subjected to an electrostatic field 
from the surrounding lattice is of dubious validity 
However, for ferrites and similar crystals this type of 
model seems to be much more justified, since, even if 
the binding with the neighbors is not entirely ionic but 
to some extent covalent, it is still meaningful to talk 
of the properties of isolated magnetic ions located in a 
crystal lattice. 

The purpose of this note is to show in a very simple 
way how the anisotropy energy of such a system may 
be determined in terms of the parameters which repre 
sent the effect of the crystalline electric field in the spin 
Hamiltonian of the individual paramagnetic ions. ‘The 
expressions also involve the strength of the exchange 
interaction with neighboring magnetic ions and we shall 
assume that this can be represented by a Weiss mo 
lecular field. ‘This effective molecular field is closely 
related to the spontaneous magnetization of the sub 
lattice to which a particular ion belongs, and if this 
can be deduced from magnetic moment and suscepti 
bility measurements, by using Néel’s treatment, the 
temperature variation of the ferromagnetic anisotropy 
can be found, The present discussion is restricted to the 
consideration of the contributions to the anisotropy 
from ions whose orbital angular momentum 1s zero or 
Mn?" Gd* 


quenched, ‘These, however, include Fe**, 
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(as well as Ni** and Cr** in certain compounds) so that 
the result is of fairly wide applicability. 

The mechanism considered here, which is the same 
in some respects as one of those considered recently by 
Yosida and Tachiki,’ is fundamentally different from 

metals,‘ 
‘one-ion”’ 


those previously invoked for ferromagnetic 
in that it assumes that the anisotropy is a ‘ 
property, whereas it had previously been assumed that 
the anisotropy resulted from an anisotropic coupling 
between the magnetic ions. Such anisotropic coupling 
no doubt also takes place, but for many ferrites it will 
be very small since it is roughly proportional’ to (g—2)4 
and ¢ is often extremely close to 2. 


THE ONE ION SPIN HAMILTONIAN 


The form of the spin Hamiltonian of an ion depends 
on the symmetry of its surroundings as well as on the 
magnitude of its spin. For many compounds the 
environment of the ions is primarily cubic, consisting 
of either 4 or 6 almost equidistant anions, but there are 
nearly always some departures from this symmetry. 
To a first approximation, the departure from cubic 
symmetry is usually axial in nature, although there are 
often also small terms of lower symmetry. These non- 
axial terms we shall neglect here, although with a little 
more algebra they could readily be carried through. 
With this approximation and dropping constant terms, 


the most general spin Hamiltonian for a spin S<$ is® 


5 =BH -g-S+2a(S!+5S/)+S4)4+DS2+ fSat, (1) 


where a@ denotes the direction of the axial distortion. 
For paramagnetic salts D is often considerably larger 
than a, while f is negligibly small. We shall therefore 
neglect term calculation, 
although it must be borne in mind that f might some- 
times be large if the departure from cubic symmetry is 
very large. Again the inclusion of this term affects the 


this also in the present 


amount of algebra, but not the general form of the final 
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OF CRYSTALI 
answer. It should be noted that, within the various 
approximations mentioned above, (1) is the most 
general form for 3C and that terms in S,°, etc., and 
higher order reduce identically to terms of lower order 
if S<§. (For the case of Gd*t, S= 4 and a somewhat 
more complicated form must be used for 5C.° The re- 
sulting contribution to the anisotropy energy will, 
however, be very similar to that for S= 3.) If S<2, the 
term in @ also vanishes identically and we are left with 
only the axial term, but as will be shown below, this 
must not be taken to imply that the crystal as a whole 
cannot have any cubic anisotropy, although the anisot- 
ropy will then usually be small. 

The first term in 3C, which in the paramagnetic case 
represents the effect of an applied magnetic field, in our 
case represents the effect of the exchange interaction of 
the ion with its magnetic neighbors. The magnitude of 
the effective molecular field acting on an ion of the ith 
sublattice can be treated as an experimentally meas 
urable parameter since 


M ./M = B,(g8Hou/kT), (2) 


where M, is the spontaneous magnetization at the given 
temperature, Mj» its value at 7=0, and B, is the Bril 
louin function. The direction which //a¢¢ makes with the 
cubic axes will be denoted by (/,m,n) and its angle with 
the distortion direction a by @. It is assumed here that 
the magnitude of //.¢¢ does not depend on its direction 
relative to the crystal, as is implicit in the assumption 
that we have only isotropic exchange interaction of the 
form >- JS,-S;, acting on spins with quenched orbits 


CALCULATION OF THE FREE ENERGY 


We now proceed to calculate the free energy of the 
ith sublattice, /,;, as a function of /mn and 6. The 
anisotropy energy of the whole crystal is then found by 
summing / over all the sublattices. To illustrate the 
method, let us specifically calculate the contribution 


from a simple sublattice of Fe** ions which have S= $. 


For one such ion, the energy levels are given by (1)7% 
as 


W 35 3)D(3 cos’@—1) 


ae | 


2 RBH os t ha(l 5) + (5 


De 
[5+-70 cos’é 
Le 311 a5 


75 cos"4 I 


$eBH 1— a(1—5) 1 D(3 cos*0—1) 
Ly 
[9 66 cos’64-57 cosé l, 


19311 1 
TL ET +a(1—5¢) 


LP 


t [4 
4 eB HH ot 


7 R. de L. Kronig and C. J, Bouwkamp, Physica 6, 290 (1939 
‘KB. Bleaney and D. J. E. Ingram, Proc. Roy. Soc. (London 
A205, 336 (1951 


* D(3 cos’@—1) 


10) cos*0+- 36 cos'# |, 


INI 


1153 


where @=?m'?+m'*r?+nr7P, provided a<D«gBH oe as 
they are in our case. Constant terms which are common 
to all six levels and therefore do not affect the anisotropy 
have been omitted. 

Using these expressions, we can write down explicitly 


the partition function of a sublattice of .V such ions as 


max N 
fal ¥ W,,/RT) 
m ] 


exp( 


and from this we can calculate the free energy F, 

kT \nZ. If we expand those terms in exp(—W,,/kT) 
which contain the crystal field parameters (whose 
magnitudes are small compared to k7 at all but the 
lowest and retain only leading 


very temperatures), 


terms, we get 


pe 
( os'Oq | y) 


F,=N | v4 D cos*Op| v)+ 


gBH «1 
Ba 


ta(Pm?+- mn? +n’ )r(y) — 5——- cos"Os(y) 
kT 


ID a | 
t 4 cos'é| ply) |? 


l (4) 
where 
Zo\(5 y 
7.4175 
22) ( t+- $y — 2y’— 2y' 


Z) (25+ y+ l6y?+ 1loy'+ v4 


S6y? + 36y' + 57 y4— 75y*) 


+ 4y4 


1+ yt y*t y+ y+ y5, 


gel, ff kT) 


y exp! 
This can be condensed to 


i= N{Fo(y)+D cos’Op(y) + a( Pm + mn? + Pry) 
t+ (LDB/RT) costot(y)}, (5) 
where 
l(y) 


q(y)/Iny—}s(y)+4L p(y) P. (6) 


I’) denotes the large part of the free energy which is 
independent of the direction of the exe hange field and 
therefore of no interest in connection with anisotropy 
‘The value of y at any particular temperature is most 
srillouin 


simply obtained from M, by writing the 


function in Eq. (2) in the form 


M, 
> my “/ (sx y } 
Vf , 


and solving graphically. The functions p(y), r(y) 
f(y) plotted against M,/M,o are shown in Fig. 1 
Analogous functions for the cases of S=1, S$ 


(2a) 


and 


3, and 


S=4 are shown in Figs. 2, 3, and 4. As T tends to zero 


* The full expressions for these functions, together with tabu 
lated values, are given in an Air Force Cambridge Research Center 
Scientific Report, AFCRC-TN-57-594 (unpublished 








Vic. 1, Variation of p(y), r(y), and t(y) as a function of relative 
sublattice magnetization for a spin S= 4 


the last term in Eq. (5) tends to 0/0; the correct limit 
for this term is found in the usual way to be 75D* cosé 
4¢81.4;, a8 is obvious also by inspection of the energy 
levels in Eq. (3). 

If the crystal as a whole has cubic symmetry it 
follows that there must be several ions in unit cell, all 
similar except for the direction of the axial distortion 
relative to the crystal axes, and we must therefore 
average the terms in cos @ over this set of directions. 
The mean value of cos’@ for any set of distortion axes 


with cubic symmetry is 4 so that the term linear in D 
does not contribute to the total measured anisotropy. 
The term in cos‘? averages to a constant plus y(’m? 


+m'n®+-n°l), where y=4/9 if the distortions lie along 
the four [111 ] directions, and y 4 if they lie along 
the three [ 100 | directions. If there are more than four 
inequivalent ions in the unit cell, smaller values of 
result. We shall assume that the cubic axes of each ion 
coincide with those of the crystal as a whole, though 
this is by no means always true. If they did not, we 
would then have to average over the differently oriented 
sets of cubic axes and this would decrease the total 
anisotropy arising from the term in a. 

From Eq. (5) it follows that A,, the first order cubic 
anisotropy coefficient as usually defined, is given by 


K,=ar(y)+y(D*/kT)t(y). (7) 


Similar expressions for the higher order anisotropy 
coefficients can be obtained from Eq. (4) by retaining 
further terms in the series expansion. However, an 
order of magnitude calculation shows that values of 
Ky, etc., obtained in this way will be considerably 
smaller than Ky, in disagreement with some of the 
reported experimental values. This difficulty has also 
been encountered previously by Van Vleck in his 
calculation of the anisotropy arising from pseudo- 
dipolar and quadrupolar interaction. It appears, there- 
fore, that there is some other mechanism contributing 
at least to higher order anisotropy, arising, maybe, 
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from disorder in the crystal. This supposition finds 
some support in the fact that yttrium iron garnet, a 
ferrimagnetic substance with well-defined and perfectly 
regular crystal structure,’ is reported to have no de- 
tectable second order anisotropy between 20°K and 
540°K, though the magnitude of its K , is quite normal.'! 

For ions which are in an S state, the magnitudes of 
the coefficients a and D cannot be estimated from theory 
since even the physical mechanism giving rise to the 
crystal-field splittings is at present in doubt.” However, 
since they are properties of the individual magnetic 
ions depending only on the crystal structure of the 
compound, they can in principle be determined experi- 
mentally if there exists a diamagnetic compound which 
has the same structure as the magnetic one, since one 
can then carry out the usual paramagnetic resonance 
experiments to fit 5C for each type of ion present. From 
such experiments one could determine a and D (and 
also f and lower symmetry terms) for the different 
lattice sites, as well as a, the principal distortion 
direction. 

In the absence of such data we can guess at the 
constants, assuming them to be of the same order of 
magnitude as usually found in paramagnetic salts, say, 
a~0.02 cm, D~0.2 cm™. It then turns out that the 
term in a gives a contribution to K, close to the experi- 
mental values found in ferrites (K,/M~100 oersteds), 
as previously noted by Yosida and Tachiki,’ while the 
terms in )* are considerably smaller. However, it must 
be stressed that ferrites are far less regular compounds 
than most paramagnetic salts as regards the microscopic 
symmetry of the individual ion sites, so that we should 
expect relatively much bigger effects from distortions, 
with values of D maybe an order of magnitude larger. 
In crystals whose over-all symmetry is not cubic, the 
anisotropy from the term linear in D cos’@ does not 
average to zero and an axial anisotropy of order D/atom 
results. The fact that uniaxial crystals, even those 
containing only magnetic ions in S states, (e.g., 
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Fic, 2. Variation of p(y) and ¢(y) as a function of relative 
sublattice magnetization for a spin S=1. 
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EFFECT OF 


Bake ,,0y9), have anisotropies one and often two orders 
of magnitude greater than cubic crystals supports the 
guess that in some ferrites D may be considerably larger 
than a, and larger than the D in hydrated paramagnetic 
salts. 

IMPORTANCE OF NONCUBIC TERMS 

In any case, the terms in D will be of prime im- 
portance for ions with S§<2, since for these the cubic 
term in a in the spin Hamiltonian vanishes identically. 
It has always been assumed up to now? that crystal- 
line field effects would not then contribute to the 
macroscopic anisotropy of a crystal with over-all cubic 
symmetry, but this we can see now is only true to first 
order. Since anisotropy only enters in these cases 
through terms in D?/RkT and D?/g8H.41, the contribution 
will usually be small, but in compounds with large local 
distortions from cubic symmetry their effect can become 
quite large. 

The terms in D* will also be important at low tem 
peratures in crystals in which /H,¢ is relatively weak, 
i.e., in crystals in which a particular sublattice begins 
to contribute to M only at low temperatures. This is 
because Hu, occurs in the denominator of the second 
order terms in the expressions for the energy levels, 
and also because the expansion of Z (and also FP) con- 
verges more slowly at low temperatures for a given 
value of y. One substance in which this effect should be 
important is gadolinium iron garnet, for which it is 
known that the Gd** lattice is only weakly coupled to 
the strongly aligned Fe** lattices.’ It might be pointed 
out that the converse of this effect is true quite gen 
erally, namely that a sublattice which is subjected to 
a weak exchange field will at moderately high tem 
peratures contribute only very little to the anisotropy. 
This can readily be seen in Figs. 1, 2, 3, and 4 which 
show that the functions which multiply @ and D®/kT 
become very small for only moderately small values of 
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Fic. 3. Variation of p(y) and ¢(y) as a function of relative 
sublattice magnetization for a spin S=} 
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hic. 4. Variation of p(y), r(y), and f(y) as a function of relative 
7 


sublattice magnetization for a spin S= 4 


M;/Mjo. Unless a and D were exceptionally big, we 
would expect therefore that the Gd** ions in the com 
pound cited above would contribute very little to the 
anisotropy at high temperatures and that A, should be 
very nearly the same as that of the analogous yttrium 
compound in which the anisotropy arises solely from 
the Fe** ions. Preliminary experiments have shown 
that this indeed seems to be the case." 

In addition to affecting the absolute magnitude of 
Ky, a term in D* can also radically affect its dependence 
on temperature, since the function by which it is 
multiplied, ¢(y), varies very differently from r(y), which 
multiplies a. (See Fig. 1.) This is a fact which must be 
borne in mind when considering the effect of internal 
strains on the anisotropy and in particular its tempera 
ture dependence. Since anisotropy measurements are 
invariably made under conditions of constant stress, 
rather than constant strain, this remark applies par 
ticularly to the contribution to the anisotropy arising 
from magnetostriction,'® and results should therefore 
be corrected for this effect before any attempt is made 
to fit them to the above equations. In this respect Ni*! 
might be expected to show the biggest effect, since D 
depends on the proximity of excited orbital states which 
will be much closer in Ni** than in, say, Mn? or Fe*®, 

In passing, it may be noted that there is yet another 
reason why nickel ferrites might show an anomalous 
anistropy. A Ni?* ion in an octahedral surrounding has 
a ground state which is an orbital singlet and so 
behaves very much like a free spin. The crystalline 
field effects cited above are then the results of small 
perturbations. In a tetrahedral surrounding, however, 
still 
would be an orbital triplet very similar to that of a 


(which has cubic symmetry) the ground state 


Co** ion in an octahedral site.!® This is known to give 
rise to extremely large anisotropy, of the order of 100 
times that of an ion with a quenched ground state. It is 


communication) and Hh, A 


4R. White (private Calhoun 
(private communication) 
‘6, Kittel, Revs. Modern Phys. 21, 541 (1949) 


16 J. H. Van Vleck, Phys. Rev. 41, 208 (1932). 











showing the 
ie 
AM, 


Hypothetical two sublattice example 


two curves of ry) 


Fic. § 
difference 
sponding to two assumed variations of M¢/Myo. M 
K = N[ daur(y:) + war (v2) |= Kol ry) } 


corre 


uM,; 


between the versus 


rer! 


clear therefore that, if in the ferrite only a few Ni** ions 
occupy tetrahedral instead of their usual octahedral 
sites, an important contribution to the total anisotropy 
will result. It may be that this mechanism is responsible 
for the considerable differences between various nickel 
ferrite crystals which have been reported in the 
literature." 

As well as affecting the anisotropy, noncubic terms 
with distortion directions which differ for various sets 
of ions throughout the crystal may also provide a 
mechanism for line width broadening. If it were not for 
the effect of exchange, ions at different lattice sites 
would resonate at frequencies varying over a range of 
order D cm - the exact spread depending on the relative 
orientations of the applied field and the distortion axes 
Under the influence of exchange, this spread is reduced 
by a factor of order D BT ot," but even so we might 
still expect a contribution to the line width of order 
D*/¢8ll4. Even if one takes a conservative value for 
D~0.2 cm and gBHu¢~ 100 cm"', this gives AH~4 
oersteds which is not negligible when one is trying to 
explain the experimentally observed values in yttrium 
iron garnet which are of the order of 10 oersteds 
Moreover, we have neglected numerical factors of the 
order of 2.8 which in an exact calculation would push 
up the value almost another order of magnitude. An 
interesting fact which should be noted regarding this 
mechanism is that the effect will be anisotropic, since 
it depends on the relative angles between H and the 
distortion axes. Along certain directions of high macro 


scopic symmetry, (e.g., the [100] axis in a cubic 


crystal), several sets of ions may become equivalent 

Healy, Jr., Phys. Rev. 86, 1009 (1952); Yager, Galt 

Kev. 99, 1203 (1955 
Anderson and P.R 


77) W 
and Merritt, Phys 

"See, eg., P. W 
Phys. 25, 269 (1953 


Modern 


Weiss, Revs 


WOLF 


and this will lead to a decrease in line broadening. The 
effect will obviously be large in crystals in which the 
local distortions are large, but it will probably be even 
more important in crystals in which there are ions with 
only a partially quenched orbital angular momentum, 
for which the individual g values can be highly aniso- 
tropic. The rare earth iron garnets may well present a 
set of compounds for which this is the case, but at 
present too little is known about the behavior of the 
individual rare earth ions to make any definite pre- 
dictions. 


EFFECT OF MORE THAN ONE SUBLATTICE 


In any particular crystal the combined effect. of 
several sublattices can be calculated only if the re- 
spective parameters of the one-ion spin Hamiltonians 
are known, as well as the respective sublattice mag- 
netizations. However, we can already get some idea of 
the great variety of Ay versus T curves possible if we 
examine a simple fictitious example involving only two 
sublattices having cubic field parameters a; and a2 and 
negligible D’s. We shall assume that the sublattice 
magnetization curves are as shown in Fig. 5 and we 
shall examine the variation of the A, vs 7 curve as a 
udy/ dy, where A and yw represent 


1Ons, 


function of the ratio « 
the fractions of the‘total number of magnetic 
respectively on the 1 and 2 sublattices. We shall show 
that in certain cases, the total anisotropy can be ex 
tremely sensitive to the value of this ratio, emphasizing 
again the very likely possibility of considerable dis 
crepancies between crystals having slightly different 
stoichiometries 

From Eqs. (4) and (7) the total first order cubic 
anisotropy for the two sublattice model is given by 


K = N[Aayr(yy) + maor(y2) |= Naa r(yi)+er(y2) |, 


where the variations of r(y,) and r(y2) based on the 
assumed variation of M, and M» are shown in Fig. 5. 
The curves of Ay, expressed in units of Ayg= NAq, as a 
function of 7 for various values of ¢€ is shown in Fig. 6. 
It will be seen that for a range of values of € near —1 
the shape of the curves is very sensitive to the actual 
value of e, and that for some values the anisotropy even 
changes sign as a function of temperature. 

Although we have attempted here to give only the 
crudest outline of what can happen, it might be pointed 
out that one would expect ¢ to have a negative value of 
the order of unity in many cases. This is because the 
main difference between the A and B sites in a ferrite 
that the A 
neighbors while the B sites have 6, and from a simple 


lies in the fact sites have 4 nearest ©? 
point charge model it can be shown that the coefficients 
of the cubic electric potential produced by these two 
types of arrangements will be of the same order of 
magnitude with, however, opposite signs. This fact 
has been noted by Yosida and Tachiki, and it has also 
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recently been observed experimentally by Folen and 
Rado” in their measurements on Mg ferrite. 


CONCLUSION 


We have shown how crystalline field effects of the 
kind known to act on the ions of paramagnetic salts 
can lead to a macroscopic anisotropy in ferro- (and 
ferri-), magnetic crystals in which the ions are coupled 
by isotropic exchange. We have neglected the possi- 
bility of anisotropic coupling on the grounds of a crude 
order of magnitude estimate, which indicates that it 
will be small if the orbital contribution to the magnetic 
moment (g value) is highly quenched by the crystalline 
field. This will certainly not be true for ions in which 
the main part of the crystal field does not remove all the 
orbital degeneracy, but for ions which are in S states, 
the approximation should be good. The importance of 
the local symmetry of the magnetic ion sites has been 
emphasized, since even in macroscopically cubic 
crystals relatively small, local distortions can affect 
the overall anisotropy appreciably in some cases. The 
physical reason for this lies in the fact that the leading 
term in the expansion of an axial crystalline potential 
is one of second order, which in the calculation of the 
crystalline field splitting is multiplied by (r’), the mean 
square orbit, while the lowest order cubic potential acts 
only through (r*). Thus in a crystal in which the ionic 
environment is mainly cubic and only slightly distorted, 
the effect of an axial term may nevertheless be quite 
large, and this may well be the case in ferrites. The 
experimental approach to the solution of this problem 
which suggests itself is the systematic investigation of 
paramagnetic resonance of magnetically isolated ions 
dispersed in diamagnetic crystals which are isomorphous 
with the ferrimagnetic ones. This could be done pre 
sumably quite easily, but it must be born in mind that 
the results might not be quite unambiguous, since it is 
known that in paramagnetic salts the crystalline field 
splittings sometimes depend quite strongly on the 
particular diamagnetic diluent used. Further, it would 
be impossible to simulate the effect of magnetostriction 
which occurs in the ferromagnetic state and which 
cerntainly affects the measured anisotropy" if experi 
ments are carried out, as always, under conditions of 
constant However, the paramagnetic experi 
ments would be useful in indicating a trend in the 


stress. 


relative importance of the cubic and axial effects, as 
well as giving an order of magnitude for the two. 

In ferrimagnetic crystals the effects from the various 
sublattices are additive and it has been shown by means 
of a simple example that a very wide variety of ani 
sotropy versus temperature curves can then be obtained, 
The form of the curves can in some cases depend quite 
critically on the relative number of ions on the different 
sites and this fact may in part explain the large differ 
ences which have been reported for crystals of nominally 


19 (;. T. Rado and V. J. Folen, Bull. Am. Phys. Soc. Ser. IT, 2, 


263 (1957). 
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corresponding to different values of the parameter € 
versus 1/7, shown in Fig. § 


Variation of first order anisotropy with temperature 
pwdy/Aa, and 
the two curves of r(y) 


the same material but with slightly different stoichi 
ometries. It is also shown that it is quite possible for 
the anisotropy to ¢ hange sign at a temperature al which 
the contributions from the various sublattices just 
cancels. The reversal in the trend of the Ay versus T 
curve” of FeO, is probably due to this effect since it 
occurs well above the temperature at which the ob 
served ¢ hange ol phase sets in. This type of behavior is 
exactly analogous to different M versus T curves pre 


dicted by Néel’s original theory of ferrimagnetism. 
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Ky means of a virial theorem and perturbation theory, the anisotropy energy of a ferromagnetic crystal 


is expressed in terms of the 


Coulomb energy alone 


This latter energy is approximated by a multipole 


expansion and the anisotropy constants are given in terms of electric multipole moments and crystalline 
potential constants. The multipole moments, which arise from the orbital angular momentum induced by 
spin-orbit coupling, have been estimated from the known values of angular momentum. The method avoids 
explicitly carrying out high-order perturbations, and furnishes a physical interpretation of the anisotropy 
mechanism without the use of phenomenological couplings. In most cases, the principal mechanism leading 
to anisotropy is found to be different from those considered by Van Vleck 


HE free energy of a spherically shaped ferro- 
magnet crystal may be described by 


hot K (aya tayay+ar’ay) 
+ Kwavyae’ae4 


for a cubic lattice and 


F=Fot+K\(1 + Ki 


for the hexagonal case. ‘The constants A, and K» are 
the first and second anisotropy constants; ay, a», and 
ay are the direction of the saturation 


netization with respect to the crystal axes. For the 


COSINES map 


hexagonal lattice, ay is the cosine with respect to the 


¢ axis 
For most materials, in which the anisotropy has been 
measured, Ke is smaller than Ay, and the above series 
converge rapidly 
The theoretical problem of describing anisotropy may 


be broken 


intrinsic anisotropy at the absolute zero of temperature 


into two parts: (a) the problem of the 
and (b) the temperature dependence, which, at least 
in part, is an effect that does not involve a change in 
the intrinsic values of K.’ In the present calculation, 
only the first problem, (a), is considered. 

It generally is agreed that the principal source of 
ferromagnetic anisotropy in most materials, particu 
larly metals, comes from the electronic spin-orbit 
coupling, a suggestion which seems first to have been 
advanced by Powell,’ and later in a more concrete form 
by Bloch and Gentile? The inadequacy of exchange 
coupling and purely magnetic interactions is discussed 
by Van Vleck.4 

Iwo noteworthy schemes have been used in attempt 
ing to calculate the effect of spin-orbit interaction in a 
ferromagnetic solid ; one by Van Vieck* using an atomi: 
approach, the other by Brooks® using an energy-band 
approximation, 


The method of Van Vleck leads to a simple physical] 


1C, Zener, Phys. Rev. 96, 1335 (1954) 

2 F C. Powell, Proc, Roy. Soc. (London) A130, 167 (1930 
*F. Bloch and G. Gentile, Z. Physik 70, 395 (1931 

‘7. H. Van Vleck, Phys. Rev. 52, 1178 (1937) 

’ Also W. F. Van Peype, Physica 5, 465 (1938) 

*H. Brooks, Phys. Rev 58. 909 (1940) 


explanation of the cause of anisotropy, but has the 
weakness of being, to a large extent, phenomenological. 
Brooks’ calculation avoids the latter objection but has 
the disadvantage of a straightforward perturbation 
approach, in that high orders’ of perturbation are 
required, which tend to conceal the physical aspects of 
the problem. It also is evident that high-order per- 
turbations can be carried out only on rather simple 
models. ‘The recent calculation by Fletcher,*® using an 
improved energy-band model, gives a result for nickel 
two orders of magnitude too large. 

In the following calculation, some of the complications 
of perturbation theory are bypassed by the use of per- 
turbation theory in conjunction with a virial theorem 
to express the result in terms of the Coulomb energy of 
the crystal. No explicit consideration of spin-orbit 
coupling is made. A multipole expansion has been used 
to calculate the Coulomb energy, and the principal 
approximations involved are those of estimating the 
crystalline potential and the effect of magnetization on 
the charge density about a lattice point. A rough 
approximation of the latter may be obtained from the 
known gyromagnetic ratio. 

One of the principal mechanisms for anisotropy is 
found to be different from those considered by Van 
Vleck, and arises from the interaction between the 
orbital moment about a lattice site and the crystalline 
potential of the lattice. 


FORMULATION OF THE PROBLEM 
‘The Hamiltonian to be considered is 
H=T+V+U, (3) 
where 7, V, and U are, respectively, the kinetic energy, 
Coulomb energy, and spin-orbit interaction operators 
for all the electrons and nuclei of the solid. It was shown 


in a previous paper® that for each bound eigenstate of 
H a “virial” relationship exists among the mean values 


’ For the correct Hamiltonian, fourth-order and sixth-order 
perturbation theory is necessary to obtain the K, and K2 of cubic 
materials 

*G. C. Fletcher, Proc. Phys. Soc. (Londen) A67, 505 (1954). 

*W. J. Carr, Jr., Phys. Rev. 106, 414 (1957). 
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of these three quantities, given by 
2T+V+4+3U =0. (4) 
Equations (4) and (3) immediately allow the kinetic 
energy to be eliminated from the energy, EF, leaving 
E=(V-—U)/2. (5) 
Further, it can be shown* that if U is treated as a per 
turbation, leading to the energy 


E=) E,, (6) 


Eo being the unperturbed energy and E, the nth-order 
perturbation correction due to U’, then 


oa) 


> nk,. 


Thus, with (5), (6), and (7) 


Do 


Y(n+22k,=V. (8) 


0 


To extract the anisotropy constants, let the #, and 


V be expanded in powers of the direction cosines of 
magnetization. For cubic crystals, 


En= Knot K ni (ayar+a)a3" + aya") 
+ K poeyar’ay’+-+-, (9) 


VotV i (aya? +a;’a?+ara3) 


+ V a "a03"cr3" + dint” (10) 


It is apparent, however, that Ky, must be zero for 
n<4 since the spin-orbit interaction is linear in spin 
and, therefore, terms to the fourth order in a@ will 
appear first in fourth-order perturbation. Likewise K ,» 
is zero for n<6. Thus, at absolute zero, where the free 
energy /° becomes the energy &, 


Ki=> Ku, (11) 
ne4 


(12) 


and from (8) 


ao 


> (n+2)Km=Vi, 


n-4 


(13) 


= 
> (n+2)Ka2= V2. 


new6§ 


(14) 


Assuming that the perturbation expansion converges 
fast enough so that terms beyond the first nonvanishing 
term may be dropped," one obtains from (11) and (13) 


K\> Kayo) 1/6, 


(15) 


1 Tf the next order terms are small, but not negligible, one must 
write, for example, 


Ki=KatKoa, Viq=6Ka+8kKo =6K,(1+ Koi /3K,) 


and only a small error is incurred by using (15) even in this case 


FERROMAGNETI( 


ANISOTROPY 
and similarly 


Ku~Koi~V 2/8 (16) 


It is apparent from Eqs, (15) and (16) that the spin 
orbit perturbation has a much greater effect on the 
potential energy than it has upon the total energy 

By means of the last two equations, the problem of 
calculating the anisotropy constants is converted from 
a calculation of the energy £ to that of calculating the 
potential energy V. The advantage lies in the fact that 
the physical principles of the effect of spin-orbit 
coupling on V are more clear, and some rather simple 
methods can be used to approximate it, as discussed in 
the following Although a 
method exists for directly calculating the spin-orbit 
effect on the energy E (perturbation theory), in practice 


section, straightforward 


the method is exceedingly tedious in high orders, since 
the problem of obtaining and summing over the unper 
turbed eigenfunctions exists. 

It may be noted that in place of (15) and (16) one 
equally well could have related the anisotropy constants 
to terms in the kinetic energy or to the mean value of 
the spin orbit interaction. ‘These last two, however, are 
sensitive to details of the wave function, whereas the 
Coulomb energy comes only from the square ol the 
absolute magnitude of the wave function, or the charge 
density distribution. 

Finally, it is necessary to consider the formulas 
analogous to (15) and (16) for the case of hexagonal 
symmetry. Since second- and fourth-order perturbations 
would be required here, 


K ~V;, 1 
Ky~V 2/6, 


(17) 
(18) 


where V,; and Vz are now the terms in V multiplying 
the functions of hexagonal symmetry as in (2). 
CALCULATION OF THE COULOMB ENERGY 
Consider a charge density 
> Z,0(8 R,.), 


where p(r) is the electronic charge density, R, the 


a(r)=p(r) (19) 


position of the nth nucleus, eZ, the nuclear charge, and 
6 the Dirac delta 
given then by 


_ a(rja(r )drdr’ 
| 
2 r—r 
e if p(r,r’)—p(r)p(r’) \drdr’ 
\ 
2. r—r 


é olr R,,)d7 
aes f : (20) 
2» r—R,, 


as may be verified by substituting for o from (19). The 


function. ‘The Coulomb energy is 


function p(r,r’) is the probability of finding electrons 


at rand r’. For charge neutrality the integral of o(r) 
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over a unit polyhedron is zero, and thus the potential 


~a(r' )dr’ 
P(r) “f ; 
r—r’ 


has lattice periodicity. The of the 
term on the right-hand side of (20) since at large sepa 
Thus, for a lattice containing 


al fs, 


(21) 


same is true second 


/ / 
rations p(r,r )-7p(r)p(r ). 
N equivalent polyhedra, 


Ve a(rja(r’)dr’ 
fof 
PSy « r—r’ 
Ve’ | p(r,r’) p(r)p(r’) ldr’ 
fof 
2 A r—r 
Né’ 6(r)dr 
) r 


Z 


(22) 


where to the polyhedron sur 


rounding the nucleus at the origin. If the polyhedra are 


the subscript O refers 


not all equivalent, then a suitable average can_ be 
taken 

The last term on the right in (22) is a constant of no 
interest, which simply serves to subtract out a corre 
sponding “self-energy” term in the first expression. 
It will be a 


right in (22) may be ignored 


that the second term on the 
Although this term, 


sumed also, 
which 


contains the “exchange” energy, is not a negligible cof 
tribution to the Coulomb energy, it, nevertheless, is 


expected to contribute only a fractional amount to the 
anisotropy and will not affect the result in a decisive 
way 


To calculate the (22) 


remaining term in (22 imayine 


the charge density divided into two parts, one, do, 
independent of magnetization and a smaller part, oa, 


The 


latter obviously comes from the orbital moment which 


which depends on the direction of magnetization. 


is fastened to the spin through spin orbit coupling The 
so that both 
Thus, 


nuclear charge is assigned to oy and ag 
integrate to zero over the unit polyhedron. 


Ve’ * o(rjo(r )drdr’ 
2 fy r—r 
Ve * ay(rjoo(r' )drdr’ 
2 
eff ta(K)ay(e’ )\drdr’ 
Tal T)Oq (9 )drdr’ 
a r 


const een 
0 
Ve Jal T)dq' r’)drdr’ 
Sf | ho 
2 0 r r’ 
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where /’y is the crystalline potential of an unmagnetized 


nucleus at the 


which, expanded about the 


crystal, 
origin, has the form 
x72?-+ y?2?) 

+ Bo (1) x*y*2" 


Po(r) = Bo(r) + By(r) (x? 


for cubic symmetry, and 


Po(r) =Co(r) +Ci (1) 2’+C2(r) 244 
for the hexagonal. 

The charge density 0, must exhibit certain symmetries 
in x, y, 2, and a, a2, as, depending upon the crystal 
lattice. For the present, the simplest type of function of 
interest, namely, one having cylindrical symmetry about 
the direction of magnetization, will be assumed. ‘Then 
in polar coordinates with the polar axis rotated into the 
direction of magnetization, oq in each polyhedron is 
described by oa(r,6), where @ is the polar angle. One 
may think of this function, which is independent of 
crystal symmetry and independent of a, a2, a; when 
expressed in the above coordinate system, as a first 
approximation in an expansion about these axes. 
the assumption here is similar to that 
discussed by Kittel and the Coulomb 
rather than the exchange energy is of interest. Integrals 
of the type Soa (7,0) Po(n)dr have been worked out by 
Zener.| Upon replacing the unit polyhedron by an 
equivalent sphere and transforming /9 to the 


Physically, 


Galt," except 


new 


coordinate system, one obtains with (24) and (25) 


ff cate) Polya 
0 
const + (ay’ae*+ay’a3"4 aes’) f onl) 


B,(r)r® 
x || mires Y4(cosé) 
11 


Bo(r)r® 


“f Ja(r,O) 


‘Ndr 


VY_(cosh)+ ++ la t+ y"ry" a 


11 
XK { Bal(r)r®6V6(cosd) 4 (26) 


for cubic symmetry, or 


0 
const + a f aal(r {LCi + (6/7)Co(r)r' 


( 


r)dr 


& P2(cos8) — (6/7)Ce(r) nV 4(cos8) 4 ‘Ndr 


+ ws foul) ‘y(r) nV 4(cosé) 4 


0 


‘Ndr 


for the hexagonal case. The @,’s are Legendre poly 


nomials. 
In Appendix I, the last integral on the right in (23) 


"C. Kittel and J. K. Galt, in Solid State Physics (Academic 


Press, Inc., New York, 1956), Vol. 3, p. 466 
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is performed by means of a multipole-type expansion. 


The result of this calculation is 


ff OalV)0a(r’)drdr’ 
0 rr’ 


const 


x | Sel f alr O)r°P2(cosé)dr 


21 
t Swf Jal rA)r?V2(cosb)dr 
) 
0 


z 


— 30 (aya? +ay"ar3? + a2"ax3") 


xf da(r,0)r'P4(cosd)dr+-: >: | 
0 


+3 165atatay'Sw f Cal’ O)r’P2(cosé)dr 


0 


x foul A)rsva(cosd)dr4 


and 


Ta(V)oa(¥')drdr’ 35 
Sf const AS (10a ut) 
0 ind 3 
| f ealrayriveeosty 


(29) 


for the cubic and hexagonal cases, respectively. The 
constants S49 and Sg are lattice sums that have been 
evaluated by McKeehan”™ 
pendix I. 

In all the last four equations, the charge density oa 


and are given in the Ap 


now may be replaced with the electronic density pa 
since the constant part of og integrates to zero in all 
cases. 
ANISOTROPY CONSTANTS 
If v is the atomic volume, then from (15), (16), (26), 
and (28) the cubic anisotropy constants per unit volume 
are 


€ | B,(r)r® 
K, J rates) By(r)r'4 
6 | i 


V4(cos@) 


B,(r)r® 
Ve(Ccosé) + ba 
11 


9 


15e’ ’ 
S40 f Pal? ,O)r7V2(« 0388) dr 
61 0 


21 
+ Swf Pal’ OP 2(cosé)dr 
0 


) 


bd { pal’ ANP s(cosb)dr-4 
J5 


122 7,, W. McKeehan, 
43, 1025 (1933) 


Phys. Rev. 52, 18 (1937); 52, 527 
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e 
Ke J oalr a) Bale)rSva( costes 
81 


0 
3465e ° 
Seo | Pa r O)r°Vo(cosé)d7 
161 v0 


x f pale yrAva( cod Tee 


(18), (27), and (29) the hexagonal 


(31) 


(17), 


constants are 


and from 


? ~ 
K, J vntronece (nrt(6/7)Coln)r' |(P2(cosd) 


t 


+ (8/7)C'o(r) WP 4(cosd) 4 dr 


10e? . ; 
x 40 | Pal’ Orr's (CcosO)dr 
e 

f vata) r)nV4(cosA)\dr4 
Ov ; 

356 

t +40 J oulrayrivs(cosddr 

On 0 


Insofar as the second-order constants are correct 
with the terms given, the first-order constants may be 


written 


e Bo(r)r® 
K, ff rato By(r)r4 V4(cosO)d7 
Oo 0 11 


Se" é 
‘4 | f oatrairs (cos@)d7 | 
21 
and 
¢ 
kK, J vatrnce (n)r+(6/7)C or) | 
1y Jy) 


XK Po(cosé)dr— (12/7) Ko (35) 


for the cubic and hexagonal cases, respectively. ‘The 
cubic case serves to illustrate that the series rapidly 
since Ky is small compared with Ay. The K» 


term in (35), however, is not entirely negligible for 


converges, 


hexagonal cobalt. 


) 


The parameters 3,, By, Cy, and Cy which describe the 
crystalline potential within a polyhedron are estimated 
in Appendix II, This potential may be thought of as 
firstly 


crystal symmetry, if any, in the charge distribution 


arising from an internal contribution due to 


about the enclosed lattice point; and secondly from 


external contributions due to the arrangement of 
neighbors around the given polyhedron. ‘The latter is 
calculated by using an ion-core approximation with the 
conduction electrons assumed to be uniformly spread 
out. Tentatively, only this second part of the potential 


will be considered 
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Anistropy constants at absolute zero of 
temperature in ergs/c 


Pane I 


Ki Ka 


Fe 5.7% 108 9X 104» 
Ni 7.5% 108* 4X 108» 
Co 8.4 10° « 2.4% 108° 


* Taken from curves in KR. M, Bozorth, Ferromagnetism (D. Van Nostrand 
Company, Inc,, New York, 1951), pp. 568, 569 
» H. Sato and B.S, Chandrasekhar, J. Phys. Chem. Solids 1, 228, 1957 
Average of values given by W. Sucksmith and J. kk. Thompson, Proc 
Soc, (London) A225, 362 (1954) 


When one uses the results of Appendix IT, the anisot 
ropy constants for cubic nickel and iron are 


(36) 


(37) 


and for hexagonal cobalt 


S29 
K\~> (38) 


41 


35 eS 40 


(3A?—Z,D), (39) 
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where Z, is the effective charge on an ion core, and A 
and D are multipole moments defined by A = fopa(r,0)r° 
* W.(cos#)dr and D Shalt Io os6)dr. The @s(cosé) 
term in the expression (31) for Ky is neglected because, 
in the first transition group of elements, pa Comes 
largely from 3d wave functions, which lead to no &, 
component. 

In ‘Table I the measured values of these anisotropy 
constants are tabulated. Using these measurements, one 
finds that A in equations (36) through (39) must have 
the respective values 3.4, 24, and —2.4, all times 10°", 
for Fe, Co, and Ni. Likewise the constant D must take 
the respective values 2, 200, and 10 times 107%. In 
solving for A and Da value of Z, 
this is approximately the number of conduction ele 
trons of Ni and Co. This value of Z, for Fe is ques 
tionable, but the constants are quite insensitive to Z, 


} was assumed, as 


in this case. 

It now can be shown by a direct calculation that the 
numbers obtained above are reasonable values for the 
integrals A and D. The charge density pa(r,8) may be 
expected to have a radial dependence, R?(r), mainly 
appropriate to 3d wave functions. Since any dependence 
of pz on azimuthal angle has been neglected, 


Pa™ R? (1) (X? cos*6+ M4 cos6+ ---), (40) 


where it is recognized from central symmetry that pa 
is an even function of cosé. Powers of cos@ higher than 
the fourth are probably quite small since they cannot 


arise from d functions. ‘The parameter A measures the 
spin-orbit coupling and the power of A is the order to 
which perturbation theory must be carried to obtain a 
particular term in (40). Since the term cos’6 transforms 
to the crystal axes as a quadratic in the direction 
cosines of magnetization, the principal part of this 
term would therefore come from second order in the 
spin-orbit coupling. Likewise cos‘@ transforms as a 
fourth-order function in the direction cosines and thus 
comes from fourth-order perturbation. 

To obtain a measure of A, one may consider the 
orbital angular momentum, which quenched in the 
zeroth approximation, initially appears in first-order 
perturbation theory (for a specific calculation see 
Fletcher’). Therefore, in units of h, (M)~A where (M) 
is the expectation value of the orbital momentum along 
the spin direction. 

Thus, from (40), A~(9’)(M )* and D~(r')(M )*. Using 
Hartree functions, one finds that (r*) in a unit poly- 
hedron has the approximate value 4X107'7 cm?, and 
from spectroscopic splitting factors and gyromagnetic 
ratio measurements (M )*~10~? for the materials under 
consideration. Thus, A~4x10~ and since (r')~4 
x10", D~4XK10-*, which, except in one case, is of 
the general order of magnitude needed to give the 
measured anisotropy constants. However, in an analysis 
of this type, nothing can be said about the sign of A 


and D. 


PHYSICAL INTERPRETATION OF ANISOTROPY 


One now may examine the principal mechanisms of 
anisotropy as given by (36) through (39). Those terms 
containing a Z, arise from the interaction between the 
part of the charge cloud that is coupled to the spin, and 
the crystalline potential of a ‘normal’? unmagnetized 
crystal. The remaining terms arise from interactions 
between charge clouds on different atoms. 

The charge distribution is influenced by the spin 
through spin-orbit coupling, which induces an orbital 
momentum in the spin direction and, consequently, 
distorts the electronic distribution. For pi torial 
purposes, the electron density about a_ particular 
nucleus may be imagined as having a spheroidal shape 
with a principal axis in the direction of magnetization. 
If the spin direction is rotated, this charge distribution 
rotates with it. Thus, in a sufficiently inhomogeneous 
potential, which may arise from either of the two ways 
discussed above, anisotropy results. 

The picture described above is, of course, not the 
only point of view that can be taken, since, in addition 
to the Coulomb energy, the kinetic energy and the 


spin-orbit energy itself are functions of the direction of 


magnetization. However, these energies all are related 
by the virial theorem and perturbation theory; thus, it 
is necessary to consider the mechanics of but one of 
them. 

values of 


From the A and D, derived from the 
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measured K, and Ko, it is concluded that the dominant 
part of K, in Ni and Co comes from the interaction of 
the charge distribution with the crystalline field. This 
is an interaction which is not considered by Van Vleck,‘ 
since his Hamiltonian just contains effective interac- 
tions between two spins on neighboring atoms; and the 
crystalline-field interaction is not susceptible to such 
phenomenological treatment. 

One flaw in the calculation, here, is that the crystalline 
potential due to crystal symmetry in the charge has not 
been estimated. The present result is obtained on the 
approximation that po, the charge density of an “un 
magnetized” material, has spherical symmetry about a 
lattice point, and that the potential comes from lattice 
A check on the validity 


of this postulate seems possible in the case of cobalt 


sums over neighboring atoms 


since the hexagonal lattice sums are highly strain 
dependent.” 

Finally, the author would like to acknowledge some 
helpful discussions with Y. Yafet during the preparation 
of this paper. 

APPENDIX I 


By breaking the integral over the crystal into 
integrals over unit polyhedra, one may write 


o,(r’)dr’ a,(r’)dr’ oa(r’ { R,,)d7’ 
J rf x f 
r—r’ n J, |r—r’ n J, |r—r’—R, 


Oa r )dr’ 
a 
= r—r’—R,, 


when the polyhedra are all alike. ‘Then 


7 i 
r—r’ oo r—r' 
Oal¥)oq(¥')drdr’ 
ff 
ne Jodo r—r’—R,, 


and the denominator of the last term on the right may 


(42) 


now be expanded in powers of r and 9’. 

Strictly speaking, this expansion does not converge 
in the outer extremities of the unit polyhedron. How 
ever, it is recognized that the radial distribution of o, 
is determined largely by the unfilled-inner-core ele 
trons and, therefore, is very small in these outer ex 
tremities, which effectively removes the divergence 
difficulty. 

The Coulomb interaction between two charge dis 
tributions about different centers has been considered 
by Carlson and Rushbrooke.” Using their results, and 


B.C, Carlson and G. S. Rushbrooke, Proc. Cambridge Phil 


Soc. 46, 626 (1950 
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again assuming symmetrical charge distribution in the 


plane perpendicular to the magnetization, one obtains 


Ve’ f f Oa( r)oq(t’ )drdr’ 
2 0” r—r’ 
(L+l')! 


const + ; 1)° 


Sry f Oa(r)r' 


KP (cosd)dr f oa(ey Vr (cosdr, (43) 


where the polar angle is measured relative to the diree 
tion of magnetization and S$), is a lattice sum evalu 
ated by McKeehan.” In particular, for cubic materials 


(ay ae | ayay + 9"0vq") 


S4 Sao 1 


and 


(21 2) (ay’ay* + ay"ay" + ary"crg") 


t+ (231/2)ay*as*a3? |; 


Se=Seol 1 


in hexagonal crystals Sy=S2o+ S203’ and 


S4 Sol 1 10a, | (35 s)av,' 


lor face-centered cubic crystals Sq 1.53/a°, Sa 
26.63/a': for 3.11/a5, 
Soo = 5.45/a7; and for ideal hexagonal close-packed crys 
tals Soo=0.0051/a*®, Syo=0.34/a', 
edge of the unit cell in cubic materials and the edge 
length of the base of the unit cell in the close-packed hex 
a ot 1.624, Soo =—0.035/a' 


body-centered cubic S4o 


where a is the cube 


agonal. For cobalt with a ¢ 


APPENDIX II 


If the S-band electrons are uniformly smeared out, 


they contribute nothing to the cubic or hexagonal 


potential If eZ, is the « harge of ea h ion core, then 


1 
Po M(r)+eZ,. > 


V(cos(r,R,)), (44) 
+1 


where (?; is a Legendre polynomial. ‘The lattice sums 


are again those evaluated by McKeehan.” Up to 


terms including @., one obtains 
eZ A 5S4o+ (21/2)Seor? | 
K (x2? + x72? +- y?2?) + eZ (231 /2)Spox?y*2? 


Po= Fir) 


for cubic symmetry, and 


Po=G(1)+0€Z.(So2— 10S 499") 2? + €Z.(35/3)Sqo2z4 (46 


for hexagonal, where the Sj» are given in Appendix I 
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Samples of both n-type and p-type Bi,Te, containing from 3X10" to 510" extrinsic carriers were 
prepared and the phase diagram in the region about Bi,Te, has been clarified. The Hall mobility parallel 
'* for holes and 7-7 for electrons. Room temperature values are u, = 420 
cm? vy! sec! and p,=270 cm* vy! sec', The energy gap is E,=0.20 electron volts. From thermal 
conductivity measurements over the temperature range from 77°K to 380°K the lattice conductivity 
was found to be «,=5.10K107/T watt-deg'! cm™. The sharp rise in the thermal conductivity in the 


to the cleavage planes varies as 7 


vicinity of room temperature was 


and holes 


I. INTRODUCTION 


ISMU'TH telluride recently has been of considerable 

interest, particularly as a thermoelectric material ; 
however, the electrical and thermal properties of this 
material have not been established. The present paper 
describes the preparation of bismuth telluride of known 
composition and a study of the thermal conductivity 
and the electrical properties of both m- and p-type 
material 


II. PREPARATION 


rom the published phase diagram for the bismuth 
tellurium! system it appears that the maximum in 
the liquidus curve should occur near 60 atomic percent 
‘Te. If, indeed, the maximum occurred at the stoichio- 
metric composition, BiyTes, it should be possible to 
approach that composition by successive zone refining. 
Assuming that Biles; represents a composition in 
which the valence band is just filled successive zone 
refining should produce a near intrinsic semiconductor. 


Mutfie Furnoce 


Woter Cooled 
Copper insert 





Thermoc oupie 


Fic, 1. Vertical crystal furnace 


'M. Hansen, Der Aufbau der Zweistofflegierungen (Verlag 


Julius Springer, Berlin, 1936) 


attributed to transport of energy by ambipolar diffusion of electrons 


This was found not to be the case. Whether the starting 
material contained an excess of Bi or an excess of 
Te the zone refined Bi,Te; contained approximately 
2 10" excess holes. 

By the technique described below the details of the 
phase diagram in the region of BiyTe, were clarified and 
also a series of single crystal samples of varying carrier 
concentration were produced for studies of the electrical 
and thermal properties. 

Since in general, the composition of the liquid and 
solid in equilibrium are different, it is desirable, in 
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Fic. 2. Solid-liquid equilibrium composition. Solid composition is 
expressed in terms of the number of extrinsic charge carriers 


order to obtain crystals of uniform composition, to 
crystalize from a very large melt so that the change in 
composition of the liquid during solidification of a 
small sample is negligible. It is also desirable to solidify 
very slowly so that the excess of one component rejected 
at the crystallizing surface diffuses uniformly through- 
out the melt. The apparatus for producing crystals 
under these conditions is shown in Fig. 1. 

The starting materials were sufficiently pure that 
further purification was not needed. The bismuth was 
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ELECTRICAL AND 
obtained from Cerro de Pasco Corporation and by 
their analysis was 99.999% pure. The tellurium was 
American Smelting and Refining’s “Special High 
Purity” grade which analyzed 99.999% pure. Bismuth 
and tellurium were weighed out to make a melt of 
approximately 80 g of the desired composition and 
sealed under high vacuum in a Vycor ampule shaped as 
shown in Fig. 1, After the materials had been melted 
and thoroughly mixed, the ampule was suspended in 
the crystal furnace and was lowered through a sharp 
temperature gradient at a rate of 1 to 3 inches in 24 
hours. With the bottom of the tail section drawn down 
to a narrow cone single crystals or polycrystals with 
large single-crystal regions were formed. 
Single-crystal samples were taken from the first 


gram solidified, and were considered to have been 





& 
rs 


8 


Melt + N-Type Bi, Te, 


& 


9 , 
| _—N=Type Bi, Te 


ce] 
@ 
S 


: 
i 582 
3 

















62 63 64 65 66 
Atomic Percent, Te 


59 60 61 


Fic. 3. Phase diagram for Bi—Te in the region about Bi.Te, 
The composition of the solid was inferred from Hall effect 
measurements 


solidified under equilibrium conditions from a melt of 
the original composition. From liquid nitrogen Hall 
effect data on these samples, the number and kind of 
excess carriers were determined. Figure 2 shows the 
number of carriers as a function of melt 
( omposit ion. 


If we assume that each excess Bi atom behaves as a 


excess 


singly ionized acceptor and each excess Te atom as a 
singly ionized donor, we can relate the carrier concentra- 
tion to the concentration of excess Bi or Te atoms in 
the crystal. Thus, from the data shown in Fig. 2 and the 
average atomic 
diagram for the region about Bi,Te;. By estimating 
the shape of the liquidus curve and the temperature 
scale from the gross phase diagram,' the diagram shown 
in Fig. 3 was constructed. The room temperature 


volume, we can construct a phase 


THERMAL 


PROPERTIES 


t t 63 64 
Atomic Percent Tellurium in Melt 


thermoelectric 


Fic. 4 Bin Tes 


as a function of composition of liquid from which the crystals 


Room temperature power of 


were grown 


thermoelectric power of the crystals as a function of 
melt composition, shown in Fig. 4, is consistent with 
this phase diagram. Goldberg and Mitchell’ constructed 
a similar phase diagram for the Pb-Se system in the 
region of PbSe to explain their electrical data. 

It may be noted that a melt of composition A, shown 
in Fig. 3, is in equilibrium with the stoichiometric 
compound Bi,Tes at its melting pot. Composition B 
represents a constant freezing composition which will 
be approached by successive zone meltings. 
Bi Te, 
reported by Ainsworth.’ The method he describes as 
the “Stockbarger Method” is similar to our method of 
preparation, He apparently made no effort to maintain 
the liquid volume large compared to the volume of 


A study of the preparation of has been 


the crystal so that one would expect large variations in 
the composition of the solid as solidification progressed 
except at the constant freezing composition. Since his 
starting compositions are not listed, it is difficult: to 
compare results. 


Il]. ELECTRICAL PROPERTIES 
A. Experimental Procedure 


Hall effect and resistivity were measured in two 
n-type and three p-type samples over a temperature 
range from 77°K to about 375°K. Rectangular samples 
were cut from the single crystals with the long axis of 


The 


samples were about 2 cm long and from 0.10 to 0.25 


the rectangle parallel to the cleavage plane 


cm in width and thickness. Current contacts were made 


to the ends of the samples by ultrasonic soldering 


techniques using pure tin as the solder. Potential 


contacts were made by pressing manganin wires 


against the specimen. Four probes were used; thus the 
Hall coefficient at two points on the sample and the 


2A. J Chem. Phys. 22, 220 
(1954) 


+L. Ainsw 


Goldberg and G, RK. Mitchell, J 


orth, Proc. Phys. So« London) B69, OMG (1956) 
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Fic, 5. Hall coefficient of n-type bismuth telluride samples 
The current and Hall voltage were parallel to the cleavage plane 
and the magnetic field was perpendicular to the cleavage plane 


conductivity on each side of the sample was measured. 
The apparatus for maintaining uniform 
temperatures is described elsewhere.‘ 

Because of the high thermoelectric effects and low 
thermal conductivity in Bi,Tes, the measuring current 
set up temperature gradients which produced ap 
preciable thermoelectric voltages across the conductiv 
ity probes. To eliminate this voltage, one reading was 
taken after the current had established a steady state 
temperature distribution. A second reading was then 
taken immediately after reversing the current thus 
maintaining the same temperature distribution for the 


constant 


two readings. The resistivity was calculated from the 
average of the two readings. By a similar procedure 
with magnetic field on, it was found that the voltages 
due to the Ettingshausen and Nernst effects were 
negligible compared to the Hall voltage 

Because of the method of preparation one would 
expect the composition to change slightly along the 
direction of growth. In most of the samples the Hall 
coefficient was somewhat different on the two sets of 
probes indicating some inhomogeneity of this sort 
The magnitude of the inhomogeneity is shown by the 
length of the vertical lines on Fig. 2. 

Bismuth telluride is quite anisotropic, It 
hexagonal lattice with space group R3m. Voigt® has 
shown that the two independent components of the 
conductivity tensor are the conductivity perpendicular 
to and parallel to the cleavage plane and that there are 


has a 


*R. W. Ure, Jr., Rev. Sci. Instr. 28, 836 (1957) 
®*W. Voigt, Lehrbuch der Kristallphysik (B 
Leipzig, 1910) 


G. Teubner, 


E 


AND R W URE, JR. 
two independent components of the Hall coefficient 
tensor. In measurements of resistivity and Hall 
coefficient, all directions in the cleavage plane are 
equivalent.® 

We have measured conductivities in the direction 
parallel to the cleavage plane. Measurements of Hall 
coefficients were made with magnetic field perpendicular 
to the cleavage plane and electric current and Hall 
voltage parallel to cleavage plane. On one sample the 
Hall coefficient was also measured with the magnetic 
field and current parallel to the cleavage plane and the 
Hall voltage perpendicular to the cleavage plane. 


B. N-Type Samples 


The Hall coefficients R of the n-type samples are 
shown in Fig. 5. For both samples the Hall coefficient 
changes sign as the intrinsic temperature range 
in sign occurs at 270°K for 
for sample D-5. This shows 


is 
approached. The change 
sample D-13 and 320°K 
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Fic. 6, Hall mobility (uw = R/p) of two n-type bismuth telluride 
samples. The Hall coefficient was measured with the current 
parallel to cleavage plane and magnetic field perpendicular to 
cleavage plane. The resistivity was measured parallel to the 
cleavage plane 
Phys. Soc. (London) 
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that the hole mobility is larger than the electron 
mobility in this range of temperature 

The electron Hall mobility (uw =R/p) of two samples 
is shown in Fig. 6. The average value is u,=1.35X 109 
T-*-7 cm*/v sec. The hole mobility at the temperature 
at which R=O0 can be calculated from a knowledge of 
this temperature and the values of p and yy. The 
ratio of the mobilities is then given by’ 


Mn/Mp= (Pe Po)/ Pe, 


where p, is the extrapolated low-temperature resistivity 
and po is the actual resistivity both at the temperature 
at which the Hall coefficient is zero. The hole mobilities 
determined in this way were extrapolated to 300°K 
using the temperature dependen e of the hole mobility 
as determined on p-type samples. The values are 
shown in Table I. 


C. P-Type Samples 


The Hall coefficient of several p-type samples is 
shown in Fig. 7, and the Hall mobility is shown in 
Fig. 8. The values of both components of the Hall 
effect tensor were measured on sample D-7. The ratio 
of the two components is 1.4 in the temperature range 
from 77°K to 200°K. The Hall coefficient with magnetic 
field and electric current parallel to the cleavage plane 


is the larger of the two coefficients. 


TaBLe I. Hall mobilities (R/p) for BixTes as reported by 
various investigators. In this work, the resistivity was measured 
in the direction parallel to the cleavage plane, and the Hall 
constant was measured with the current parallel to the cleavage 
plane and the magnetic field perpendicular to the cleavage plane. 
The differences in the 300°K Hall mobility values may be due 
to different investigators using different sample orientations to 
measure the Hall effect 


Temper 
ature 


Temper 
ature fn at 
300°K depend- 300°K 
(cem?/v ence (em?/v 
sec) of up sec) 


Density of 

depend extrinsic nergy 
ence carriers gap 
of pn (em 4 (ev 


Mp at 


This work 
n-type samples 
) 9 ~10!7 
D-13 $3 X10!" 0.20 
p-type samples 
Zone refined 1 210" 
D-4 6 41018 
D.7 4xio 
Wright* ! 
Shigetomi and Mori* 
Black, Conwell, 
Seigle, and Spencer‘ ! 1x10" 0.16 
Harman, Paris, Miller, 
and Goering4 & X10'8 0.16 


1.410" 0.21 


5 *10"8 


® 1D. A. Wright, reported at International Conference on Semiconductors 
1956 (unpublished 

» See reference 9 

© See reference 11 
as ours 

4 See reference 10 

* From Fig. 13, reference 10 

‘From Table I 


These authors used the same sample orientation 


reference 10 


7™W. Shockley, Electrons and Holes in Semiconductors (D. Van 


Nostrand Company, Inc., New York, 1950), p. 218 


rHERMAL 


OPERTIES OF BisTes 


Temperature (°C) 
+200 0 “100 _-!50 
+ 


T 





P- Type 








Fic. 7. Hall coefficient of p-type bismuth telluride samples 
Ihe current and Hall voltage were parallel to the cleavage plane 
and the magnetic field was perpendicular to the cleavage plane 


D. Intrinsic 


The condition for electrical neutrality in an n-type 
sample is p=n—n, when n and p are the density of 
electrons and holes and n, is the density of uncom 
pensated donors, From this equation and the equation 
for the electrical conductivity, o=e(Nunt pu,), one 
finds 

1 Nb» 
t ; (1) 
pe(tp thn) Mp tn 
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Fic. 8. Hall mobility (uyv=R/p) of three p-type bismuth 
telluride samples. The Hall coefficient was measured with the 
current parallel to the cleavage plane and the magnetic field 
perpendicular to the cleavage plane. The two curves for sample 
D-7 were calculated from conductivity data taken on opposite 
sides of the sample and show rather large inhomogeneity in the 
resistivity 


sample. The was measured parallel to the cleavage 


plane 
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biG. 9, Product of electron and hole density divided by temperature 
cubed as a function of reciprocal temperature 


The number of electrons and holes in sample D-13 
was calculated using the extrapolated low-temperature 
values of uw, and measured values of p. The values of 
uw, were the extrapolated low-temperature values for 
sample D-4. The 
temperature Hall effect data. In Fig. 9, the value of 
In(up/7*) is plotted against 1/7 
given by the slope of this curve,® and is £, 


value of nm, was taken from low 
Ihe energy gap is 
0,20 ev. 


E. Discussion 
As shown in ‘Table I, several other investigators have 
If different sample orientations 
Hall effect, 
should differ from ours. Our data on the anisotropy 
of the Hall coefficient in p-type material indicate that 
the component of the Hall effect tensor which we used 


reported data on Bir Tes 


were used to measure the their results 


to calculate Hall mobilities is the smaller of the two 
p-type Hence Hall 


calculated on p-type samples are 


components in material our 


mobility values 
smaller than those calculated from the other ¢ omponent 
of the Hall effect tensor 


Measurements’ |! 


on p-type samples having excess 
8x10" to 2X10" cm 4 


have shown a reversal in sign of the Hall effect and 


donor concentrations from 


thermoelectric power as the samples become intrinsic 


at temperatures of 435 to 525°K. ‘This shows that the 


electron mobility is higher than the hole mobility in 


* Reference 7, p 245 

*S. Shigetomi and S. Mori, J. Phys. Soc 

” Harman, Paris, Miller, and Goering, | 
2, 181 (1957) : 

" Black, Conwell, Seigle, and Spencer, J 
2, 240 (1957) 


Japan 11, 915 (1956 
Phys. Chem. Solids 
Solids 


Phys. Chem 


AND R ww. URE, JR 


this high-temperature range. Our n-type samples 
D-5 and D-13 have a smaller excess carrier concentra- 
tion and hence become intrinsic at a much lower 
temperature. The Hall effect in these samples changes 
sign from n type to p type as they become intrinsic 
showing that the hole mobility is larger than the 
electron mobility in the temperature range about 270 
to 320°K. Our measurements and other direct measure- 
ments of the Hall mobility of electrons in n-type material 
and holes in p-type material show that the hole mobility 
is indeed higher than the electron mobility near 300°K. 
The only values of 300°K electron mobility reported 
in the literature which are higher than the 300°K 
hole mobility (400 cm?/v sec) are values calculated from 
the high-temperature reversal of p-type samples and 
some of the values of Harman, Paris, Miller, and 
Goering.'® To account for this reversal! of the Hall effect 
in p-type samples at high temperature, the temperature 
variation of one or both of the mobilities must deviate 
from the simple power law found below room tempera- 
ture in such a way that the electron mobility exceeds 
the hole mobility at high temperatures. 


IV. THERMAL CONDUCTIVITY 


The apparatus for making thermal conductivity 
Fig. 10. 


The method involved supplying heat at a measured 


measurements is shown schematically in 


rate to one end of a sample of uniform cross section 
and measuring the temperature difference between 
the ends by means of thermocouples. The transfer of 
heat by radiation or by conduction along the electrical 


leads was minimized by surrounding the sample with 
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Fic, 10, Thermal conductivity apparatus. 
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a thermal shield. The thermal conductivity was then 
given by 

(P/AT)(l/a), (2) 


where P is the power, AT the temperature difference 
between the ends of the sample, / the length, and a 
the cross-sectional area. At each temperature a steady 
state was reached with the system isolated by vacuum 
(the heat sink was massive enough so that the heat 
supplied to it through the sample and shield increased 
its temperature only infinitesimally). The heat supplied 
to the shield heater was adjusted to maintain its 
temperature equal to the temperature of the sample 
heater. Heat flow along the electrical leads was min 
imized by thermally bonding each lead to the shield 
at a point corresponding in temperature to its point 
of contact on the sample 

The thermocouples were of Cu-Constantan and were 
calibrated at four fixed points, the N» boiling point, 
the CO, sublimation point, the ice point, and the steam 
point. 

Measurements were made on two single crystalline 
samples, one prepared by zone melting and containing 
2 10" excess holes per cm* and the other prepared by 
the method described in Sec. Il and containing 3X 10" 
excess electrons per cm*. The samples were both approx 
imately 0.5%0.5%2.5 cm rectangular solids with the 
long dimension parallel to the cleavage planes, 1.e 
in the direction of growth. The samples were soldered 
to the heat sink and the sample heater with pure tin 
using ultrasonic soldering techniques. From initial 
measurements the thermal conductivity was calculated 
both from thermocouples 2 and 3 (see Fig. 10) with an 
effective length equal to the distance between them and 
also from 1 and 4 with an effective length equal to the 
length of the sample. Since these agreed throughout 
the temperature range, thermocouples 2 and 3 were 
eliminated for subsequent measurements. 

The vacuum chamber was immersed in a bath of 
liquid No, COo-acetone, ice, 
the temperature range desired. The fact that the bath 


or water depending upon 


temperature sometimes differed appreciably from the 
did not 


temperature of measurement apparently 
introduce errors in the measurements. In the tempera 
ture region between liquid N» and CO, and again in 
the region between CO» and ice, points taken using the 
lower temperature bath were duplicated using the 
higher temperature one. Although the temperature 
drifts were in opposite directions, the results were 
essentially identical. 

The thermal conductivity data for both samples 
are shown in Fig. 11 (a) together with curves for two 
samples of Goldsmid’s.” In materials containing free 
carriers, heat is carried both by the free carriers and 
by the lattice phonons and these contributions to the 


thermal conductivity are additive. At low temperatures 


London) B69, 203 (1956 


2H. J. Goldsmid, Proc. Phys 
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Fic. 11, (a) Thermal conductivity of two samples of Bi,Tes 
together with representative data of Goldsmid. (b) Thermal 
conductivity due to the free carriers in the near intrinsic sample, 
D-13. Carrier conductivity calculated on the basis of Price’s 
theory with two assumed sets of values for the scattering param 
eters are shown for comparison 


the contribution due to the free carriers can be cal 
culated from the electrical resistivity. This calculation 
may be somewhat uncertain in semiconductors since it 
depends upon the type of scattering of the carriers and 
their degree of degeneracy. ‘The thermal conductivity 
of the Bi,Te, lattice was calculated from low-tempera 
ture data on sample D-13. In this sample at low 
temperatures the carrier thermal conductivity was 
small because of the small carrier concentration. The 
lattice thermal conductivity varies as 1/7 as predicted 
by theory and is given by 


5.1010 


T watt dey om 


The sharp rise in the thermal conductivity at the 
higher temperatures is believed to arise largely from 
the transport of gap energy by ambipolar diffusion 
A quantitative treatment of this phenomenon has been 
given by Price.” In order to data on 
sample D-13 with his theory it is necessary to assume 
that the 
in 1/7 throughout the temperature range. The expres 
sion he gives for the carrier thermal conductivity is 


Ke aol (k/e) 


Compare Our 


lattice thermal conductivity remains linear 


(Q4Q (3) 


where 


“PJ. Price, Phil. Mag. 16 
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{ly is the coefficient relating the normal thermal conduc- 
tivity of the individual bands to the electrical conduc- 
tivity, and o, and a, represent the electrical conductiv 
NE phn 
peu,. The coefficients a and 6 depend on the 


ity of the holes and electrons separately, i.e. o, 
and Tp 
relaxation processes and are related to the y’s and 6’s, 
defined by Price’s Eqs. (4) and (11), in the following 
way 

a=b, +b +34 7ntYp, (5) 
and 


B= (3+7nt7p) (6n+5,). (6) 


If the carriers of both bands may be treated by Boltz- 
mann statistics and if the carrier mean free path is 
by 
2. More generally, if the scattering obeys 


determined lattice scattering, Qo=2, y¥n=Yp=} 


and b», b, 


a power law, Le., the relaxation time is proportional 


to the mth power of the¥electron energy (r~E™), 


and the carriers still obey Boltzmann statistics 


5 * 
5 +m 


y=l1+m and 6 


Phe contribution to the thermal conductivity in the 
intrinsic region due to the free carriers was obtained 
for samples D-13 by subtracting the lattice contribu 
tions from the measured conductivity. This is"shown 
in Fig. 11 (b) together with two curves constructed 
from Price’s expression Eq. (3), one assuming conven 
vp=4 and 6,=6,=2 


tional lattice scattering with y, , 
2 and 6,=6 


3.5 


between 


and the other assuming ¥n=Y,) 


there is qualitative agreement 


y 

Through 
experimental and theoretical curves they differ appreci 
ably. Better agreement is obtained if the larger values 


* Note added in proof. Price has shown that as a result of the 
Onsager reciprocal relationships there is a general relationship 
hetween y and 6; i.e.,d6=y7+-4 (LP. J. Price, Phys. Rev. 104, 1227 
1956 | 
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of the y’s and 6’s are assumed. However, the experi- 
mental curve rises more sharply with temperature 
than the theoretical curve with any reasonable choice 
of y’s and 4’s. In his treatment, Price has made a 
number of assumptions, such as cubic symmetry and 
single energy minima in both the valence and conduc- 
tion bands, which are not strictly applicable to bismuth 
telluride. Therefore exact agreement between theory 
and experiment would not be expected. 

Other mechanisms for additional heat transport in 
semiconductors have been suggested,’ for example, 
transport by excitons and phonon drag by either 
electron-hole pairs or excitons. The exciton hypothesis 
has been useful in explaining the thermal conductivity 
of PbTe. In Bi,Te, the anomalous thermal conductivity 
occurs at the right temperature for ambipolar diffusion 
so that any other mechanism would be difficult to 
identify without additional evidence. 

No quantitative treatment was made of the highly 
doped p-type sample. However, it can be seen that it 
exhibits similar behavior. The sharp rise occurs at a 
higher temperature as would be expected for a more 
highly doped sample and the conductivity increases 
more rapidly. The differences between the two samples 
at low temperatures can be explained by the difference 
in the normal carrier thermal conductivity as estimated 
from the electrical conductivity. 
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The magnetic properties of UMn have been investigated for the temperature range from 360°K down to 
4.2°K. Below room temperature the magnetization curves are slightly bent toward the field axis and below 
230°K the sample showed a small remanence. The susceptibility against temperature curve shows a A-type 
anomaly at 260°K and a steep increase at about 4°K. The hysteresis loops are not symmetrical with respect 
to the origin and the degree of asymmetry depends upon either the temperature or whether the sample was 
cooled in magnetic field or without field. From some evidence, UMnz, is classified as an antiferromagnet 


material with a small parasitic ferromagnetism which may arise from uncompensated sublattice moments 


or uncompensated domain wall magnetization 


I, INTRODUCTION 


ORDON! found that UMnz is antiferromagnetic 

and UFez, is ferromagnetic. As UMnz and UFe, 
are isostructural? it has been thought that the study of 
the ternary alloys of these three elements, which have 
the chemical formula UM, may reveal some interesting 
information concerning the electronic structure, elec- 
tronic interaction, and magnetic properties. The equip- 
ment Gordon used seemed inadequate to produce 
accurate results. He only made three measurements 
below room temperature for UMng. The lowest tem- 
perature he used was 77°K. It was decided to study the 
binary alloy, UMn», in more detail first. We find some 
interesting phenomena: (1) UMnz really shows some 
evidences of antiferromagnetism but the critical tem- 
perature is about 260°K instead of 300°K as Gordon 
found. (2) Below 230°K the material shows a very 
small remanence and unfamiliar hysteresis. (3) In the 
region of liquid helium temperatures there is a very 
steep increase in susceptibility. 


II. PREPARATION AND STRUCTURE OF UMn, 


The materials used for the sample were of the highest 
purity available. Uranium was obtained from the 
Atomic Energy Commission and manganese from Foote 
Mineral Company. The hydrogen content in uranium is 
about 2 ppm (parts per million); in manganese about 
7 ppm. The quantities of materials according to the 
formula UMn, were melted together in vacuum by an 
induction furnace in a crucible of beryllium oxide. As 
the vapor pressure of manganese is very high, the 
melted material was held at about 1300°C for a short 
time and then cooled down naturally to room tem- 
perature. 

The intermetallic compound UM ng, which has metallic 
luster, is very brittle. It crystallizes in a face-centered 


* This work was carried out under contract with the U. S 
Atomic Energy Commission 

t Present address: Nuclear Metals, Inc., 
chusetts 

1 P. Gordon, thesis, Department of Metallurgy, Massachusetts 
Institute of Technology, 1949 (unpublished) 

2 Baenziger, Rundle, Snow, and Wilson, Acta Cryst. 3, 34 
(1950) 


Cambridge, Massa 


7.1628+0,0014 A 
The compound is isostructural 


cubic lattice with lattice constant 
and density 12.57 g/cc. 


with MgCuz, the C-15 structure type.’ 


Ill. METHOD OF MEASUREMENT 


The technique and equipment used for the present 
work were the same as has been described by the 
authors* in their previous work, except for the cryostat 
for low temperatures. The cryostat, made of metal, is 
based upon the principle of utilizing the liquid helium 
gas to cool a massive coil of copper tubing which in 
turn cools the guided tube of the vacuum chamber and 
the working space. The temperature is controlled by 
the pumping speed of the helium gas through the copper 
coil. The cryostat can produce any intermediate tem 
perature between liquid nitrogen and liquid helium for 
long periods of time. 

UMny oxidizes readily. ‘To prevent oxidation the 
sample used was made of small chips instead of powder, 
The Pyrex container of the sample was evacuated and 
sealed in helium atmosphere. 


IV. EXPERIMENTAL RESULTS 
A. Magnetization Curve 


The magnetization curves for the temperature range 
from 273.7°K down to 4.2°K have been obtained. The 
data are tabulated in ‘Table I and are plotted in Fig. 1. 
Above room temperature the magnetization is propor 
tional to the field strength. Below that temperature the 
magnetization curves are slightly bent toward the field 
axis, and below 230°K the data show a small rema 
nence. In order to eliminate the effect of this residual 
magnetism, the sample was cooled from room tempera 
ture down to the desired temperature without applying 
any field before the beginning of the measurement. It is 
to be noted in the figure that the positions of the curves 
between 77°K and 260°K are inverted and switched 
back again above 260°K. The curve at helium tempera 
ture is very high but the remanence is low. If the sample 
was cooled in a magnetic field (say 7000 oe) the mag 


4S. T. Lin and A. R. Kaufmann, Revs. Modern Phys. 25, 142 


(1953); Phys. Rev. 102, 640 (1956 
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TABLE I. Specific magnetization of UMn, at various magnetic field strengths for various temperatures in units of emu/g. 


Field 
in kilo 
oersted 4.2°K 


11.5°K 28°K 


77°K 
0.0020 
0.0062 
0.0125 
0.0211 
0.0425 
0.0630 
0.0732 
0.0834 


0.351 
1.052 
2.150 
$509 
7.018 
10.527 
12.22 
14.046 


0.0035 
0.0104 
0.0207 
0.0344 
0.0699 
0.1037 
0.1207 
0.1461 


0.0024 
0.0069 
0.0137 
0.0233 
0.0473 
0.0710 
0.0822 
0.0934 


0.0020 
0.0065 
0.0129 
0.0221 
0.0442 
0.0659 


0.0870 


netization curve beyond that field strength was higher 
than the corresponding one when cooled without field. 
Two sets of the curves are shown in Fig. 2 


B. Susceptibility 


The susceptibility at each temperature was obtained 
by taking the slope of the corresponding isotherms at 
high fields and the data are tabulated in Table II 
without applying diamagnetic correction. The suscepti 
bility-temperature curve, Fig. 3, shows two anomalies: 
a A-type maximum at 260°K and a steep increase at 
helium temperature. The first anomaly suggests that 
UMnzy is an antiferromagnetic material with critical 
temperature 260°K. Gordon! found that the transition 
was around 300°K but his data seemed inadequate to 
determine it accurately. The second anomaly, the steep 
increase in susceptibility around helium temperature, 
is common to many substances but the interpretation 
is quite controversial. 


C. Hysteresis 


Figure 4 shows some typical hysteresis loops which 
are dissimilar to those of ordinary ferromagnetic ma 
terials. The shape of the loop is like a compass needle 
and its area is bounded by four segments of almost 
straight lines. The remanence is very small and the 
coercive force is high. The most unusual thing is that 
the hysteresis loop including the remanence, the coercive 


Fic. 1, Variation of magnetization with field, 


123.9°K 


0.0021 
0.0064 
0.0126 
0.0215 
0.0431 
0.0041 
0.0744 
0.0846 


260,2°K 273.7°K 


0.0023 
0.0073 
0.0145 
0.0244 
0.0487 
0.0729 


250.2°K 


0.0024 
0.0071 
0.0142 
0.0238 
0.0475 
0.0712 


180°K 


0.0025 
0.0073 
0.0148 
0.0243 
0.0494 
0.0738 


0.00066 
0.0135 
0.0231 
0.0453 
0.0677 
0.0778 


0.0880 0.0971 


0.0982 


0.0947 


force, and the maximum moments at the two tips is 
not symmetrical with respect to the origin. The degree 
of asymmetry depends upon either the temperature or 
whether the sample was cooled in the magnetic field 
or without field. A separate article will be published 
at a later describe this unusual 
hysteresis shift. 


date to in detail 


V. DISCUSSION OF RESULTS 


UMnz may be classified as an antiferromagnetic ma- 
terial from the following evidence: (1) The suscepti- 
bility-temperature curve is very similar to that of 
a-manganese itself except that the transition tempera- 
ture is shifted to higher temperature and the maximum 
is much more defined. a-manganese has been confirmed 


Fic. 2. Variation of magnetization with field 
(including two pairs of curves) 


as an antiferromagnetic material by neutron diffraction.‘ 
(2) Li® has used the Bethe-Weiss method® to derive 
an accurate high-temperature theory of antiferromag 
netism. The curve of X7,/X 7 against 7/T, (where X71, 
is the susceptibility at the critical temperature 7,) for 
UMn is close to his theoretical curve for a simple cubi: 


lattice, which is shown in Fig. 5. For comparison, the 

4C. G. Shull and M. K. Wilkinson, Revs. Modern Phys. 25, 100 
(1953) 

®Y.Y. Li, Phys. Rev. 84, 721 (1951 

*H. A. Bethe, Proc. Roy. Soc. (London) 
P. R. Weiss, Phys. Rev. 74, 1493 (1948 


A150, 552 (1935); 
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Fic. 3. Susceptibility as a function of temperature 


curves from Van Vleck’s theory’ and from experimental 
data on MnO of Bizette ef al.* are also presented, 
Although the agreement of UMn, to the theory is a 
little worse than that of MnO, it should be remembered 
that the comparison is of a qualitative nature instead 
of a quantitative one because the antiferromagneti 
structure of UMny, is not definitely known and the 
high-temperature range is very limited. From this 
crude comparison it is also seen that the experimental 
data of UMng agree better with the Bethe-Weiss theory 
of antiferromagnetism than with the molecular field 
theory. It would be advisable to clarify this point by 
neutron diffraction. 

From the experimental results, U Mn» displayed a very 
small ferromagnetism which behaves very peculiarly. 
The origin of this small ferromagnetism is not under- 
stood since the sample is very pure. It is conceivable 
that small amounts of UH;, which is ferromagnetic, 


could give the observed effect. In fact, one sample of 
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raB_e II. Magnetic susceptibility of UMng for various 
temperatures in units of emu/g 


Temperature in 
legrees kelvin 10¢ 


susceptibility 

983 
6.71 

6.25 
5.99 
6.08 
6.26 
6.21 

6.360 
640 
6.76 
7.01 

6.93 
6.92 
6.88 
6.82 
6.82 
6.80 
6.77 

6.75 
6.72 
6.69 


UMnz which was known to contain 70 parts per million 
of hydrogen did exhibit an appreciable remanence. The 
hydrogen content of the uranium used to make the 
alloy was only 2 ppm and that of the manganese was 
about 7 ppm. This very small quantity of hydrogen 
could combine with uranium to form UH,. We expected 
that part of the hydrogen would come out in the period 
of preparation of the sample because the preparation 
was carried out in vacuum at high temperature. After 
the magnetic study was finished, the sample was analyzed 


for hydrogen. The result showed that the hydrogen 


content in the sample was less than 1 ppm. It may be 
concluded that the effect of UH s must be negligibly 
the observed trace of ferromagnet 


small and that 


behavior is a characteristic of UMnz itself. Furthermore, 


eds (M e 


Fic. 4. Hysteresis loops at different temperatures 


7 J. H. Van Vleck, J. Chem. Phys. 9, 85 (1941). 
* Bizette, Squire, and Tsai, Compt. rend. 207, 449 (1938) 
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wrocal susceptibility 


lic. 5. Reciy s temperature 

the hysteresis shift of uranium hydride® is entirely 
different from that observed on this sample. Another 
criterion is that for ordinary ferromagnetic impurities 
the hysteresis loop should be symmetrical with respect 
to the origin. UMn, shows a peculiar hysteresis shift. 
The area of the hysteresis loop is maximum at about 
180°K. At liquid helium temperature the loop area and 
the remanence are reduced greatly but the susceptibility 
increase is very high. A few other materials have been 
investigated by us and it appears that this small ferro- 
magnetism and its peculiar hysteresis shift may be a 
materials. The 
origin of the small ferromagnetism could be from either 


property of some antiferromagnetic 


the uncompensated sublattice moments or the uncom- 
or it could be 
has an inherent 


pensated domain wall magnetization 
that the antiferromagnetic domain 
hysteresis. 

The so-called paramagnetic critical temperature, 0, 
was found to be about 1977°K by extrapolating the 
linear portion of the 1/X-7 curve above 7, to the 
temperature axis. The value of 6/7, is then about 7.6. 
If the experiment was extended toa higher range of tem 
perature, 6/7, could be a little smaller but the value is 
still unusually high, From the known experimental data 
on antiferromagnetic salts, the highest value of 6 7, for 
MnO seems to be 5. The high value of @ indicates that 
the internal field"! 
magnetism must 
qualitatively the 


since the applied 


which is responsible for the antiferro 
be very high. This may explain 
asymmetry of the hysteresis loop 
field would need to be very high to 
reverse the direction of any small ferromagnetism due 
to uncompensated sublattice moments or the uncom- 
pensated domain wall magnetization. Another experi- 
mental fact, which supports this argument, is that the 
hysteresis is symmetrical near the critical temperature 


A detailed description of the phenomenon will be publishes 
at a later date 

”Y Y. Li, Phys. Rev. 101, 1450 (1956); Helen M 
and J. E. Goldman, Phys. Rev. 101, 1443 (1956) 

4 J. Samuel Smart, Revs. Modern Phys. 25, 327 (1953 
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and the degree of asymmetry increases with decreasing 
temperature. This phenomenon is concordant with the 
theory of antiferromagnetism according to which the 
antiferromagnetic coupling is weaker near the transition 
temperature and stronger at lower temperatures. 

As far as the authors are aware, no hysteresis loop 
for antiferromagnetic material has ever been reported 
except a brief account for MnSe by Squire.'* The loop 
of MnSe is very similar to that of UMnz. Squire claimed 
that at very low temperature there was no hysteresis. 
From our data the area of hysteresis decreases with 
decreasing temperature. Near or at absolute zero the 
loop area could be reduced to zero. That may be the 
reason why Squire could not detect the hysteresis of 
MnSe at very low temperature. 

According to the customary procedure the number of 
Bohr magnetons per molecule were found to be about 
6.6 from the slope of the 1/X-T7 curve above 7,. Owing 
to the lack of information concerning the definite elec- 
tronic configuration and the bonding character of the 
material, this value was not corrected for diamagnetism. 

The phenomenon of steep increase in susceptibility 
around liquid helium temperatures seems to be quite 
common to many materials, such as pure manganese,'* 
dilute Cu-Fe alloy, dilute Cu-Ni alloy,’® and even 
extremely pure copper."* MnCl, also shows a rise in 
susceptibility at very low temperature below the transi- 
tion region.!® Some authors have interpreted the increase 
as being due to impurities. Although it is difficult to 
disprove this argument, the interpretation seems not to 
be unique. This phenomenon could be a property of 
the material itself. We have tried CoO even with 0.2% 
ferromagnetic impurities. Its susceptibility did 1 >t 
show an anomaly at liquid helium temperature. For 
the case of UMn, the susceptibility increases very 
steeply at about 4°K. The remanence at that tempera- 
ture decreases substantially. 
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A theory of superconductivity is presented, based on the fact 
that the interaction 
exchange of phonons is attractive when the energy difference 


between electrons resulting from virtual 


between the electrons states involved is less than the phonon 
energy, hw. It is favorable to form a superconducting phase when 
this attractive 
Coulomb interaction. The normal phase is described by the Bloch 
individual-particle model. The ground state of a superconductor, 
formed from a linear combination of normal state configurations 


interaction dominates the repulsive screened 


in which electrons are virtually excited in pairs of opposite spin 
and momentum, is lower in energy than the normal state by 
amount proportional to an average (fw)*, consistent with the 


isotope effect. A mutually orthogonal set of excited states in 


I. INTRODUCTION 


HE main facts which a theory of superconductivity 

must explain are (1) a second-order phase 
transition at the critical temperature, 7., (2) an elec- 
tronic specific heat varying as exp(—7)/T) 
T=0°K and other evidence for an energy gap for 
individual particle-like excitations, (3) the Meissner- 
Ochsenfeld effect (B=0), (4) effects associated with 
infinite conductivity (E=0), and (5) the dependence 
of T, on isotopic mass, T4/M=const. We present 
here a theory which accounts for all of these, and in 


near 


addition gives good quantitative agreement for specifi 
heats and penetration depths and their variation with 
temperature when evaluated from experimentally 
determined parameters of the theory. 

When superconductivity was discovered by Onnes! 
(1911), and for many years afterwards, it was thought 
to consist simply of a vanishing of all electrical re- 
the A major 


advance was the discovery of the Meissner effect? 


sistance below transition temperature. 


(1933), which showed that a superconductor is a perfect 
diamagnet; magnetic flux is excluded from all but a 
thin penetration region near the surface. Not very long 
afterwards (1935), London and London* proposed a 
phenomenological theory of the electromagnetic prop 


erties in which the diamagnetic aspects were assumed 


* This work was supported in part by the Office of Ordnance 
Research, U. S. Army. One of the authors (J. R. Schrieffer) was 
aided by a Fellowship from the Corning Glass Works Foundation 
Parts of the paper are based on a thesis submitted by Dr. Schrieffer 
in partial fulfillment of the requirements for a Ph.D. degree in 
Physics, University of Illinois, 1957 
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and Astronomy, The 
Physics, Uni 


Leiden, Nos. 119, 


one-to-one correspondence with those of the normal phase 1s 
obtained by specifying occupation of certain Bloch states and by 
using the rest to form a linear combination of virtual pair con 
figurations. The theory yields a second-order phase transition and 
a Meissner effect in the form suggested by Pippard. Calculated 
values of specific heats and penetration depths and their temper 
ature variation are in good agreement with experiment. There is 
an energy gap for individual-particle excitations which decreases 
from about 3.5k7, at T=O°K to zero at 7, 


single-partic le operators between the excited-state 


Tables of matrix 


elements of 


superconducting wave functions, useful for perturbation expan 


sions and calculations of transition probabilities, are given 


basic. F. London‘ suggested a quantum-theoretic 
approach to a theory in which it was assumed that 
there is somehow a coherence or rigidity in the super 
conducting state such that the wave functions are not 
modified very much when a magnetic field is applied. 
The concept of coherence has been emphasized by 
Pippard,® who, on the basis of experiments on pene 
tration phenomena, proposed a nonlocal modification 
of the London equations in which a coherence distan¢ 2, 
fo, is introduced. One of the authors®? pointed out that 
an energy-gap model would most likely lead to the 
Pippard version, and we have found this to be true of 
the present theory. Our theory of the diamagneti 
aspects thus follows along the general lines suggested 
by London and by Pippard.’ 
The Sommerfeld-Bloch 


(1928) gives a fairly good description of normal metals, 


individual-particle model 


but fails to account for superconductivity. In_ this 
theory, it is assumed that in first approximation one 
may neglect correlations between the positions of the 
electrons and assume that each electron moves inde 
pendently in some sort of self-consistent field deter 
mined by the other conduction electrons and the ions 
Wave functions of the metal as a whole are designated 
by occupation of Bloch individual-particle states of 
energy e(k) defined by wave vector k and spin a; in 
the ground state all levels with energies below the 
occupied; those above are 


Fermi & are 
Fy 


unoccupied, Left out of the Bloch model are correlations 


energy, 


between electrons brought about by Coulomb forces 


and interactions between electrons and lattice vibrations 


(or phonons) 


*}F. London, Proc. Roy London) AI§2, 24 (193 
Rev. 74, 562 (1948 

‘A.B Pippard Proc Roy (1 (London 
* |. Bardeen, PI Rev. 97, 1724 (195 
Ko ent review of the theory of 
includes ad sion of the diamagnetic properties 
Encyclopedia of Physics (Springer-Verlag 
p 274 


A216, 547 (1953 
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Most of the relatively large energy associated with 
correlation effects occurs in both normal and super 
conducting phases and cancels out in the difference. 
One of the problems in constructing a satisfactory 
microscopic theory of superconductivity has been to 
isolate that part of the interaction which is responsible 
for the transition. Heisenberg*® and Koppe’ proposed a 
theory based on long-wavelength components of the 
Coulomb interaction, which were presumed to give 
fluctuations in electron density described roughly by 
wave packets localizing a small fraction of the electrons 
on lattices moving in different directions. A great 
break-through occurred with the discovery of the iso 
tope effect," which strongly indicated, as had been 
suggested independently by Fréhlich," that electron 
phonon interactions are primarily responsible for 
uperconductivity. 

Karly theories based on electron-phonon interactions 
have not been successful. Fréhlich’s theory, which 
makes use of a perturbation-theoretic approach, does 
vive the correct isotope mass dependen e for Ho, the 
critical field at T7=O°K, but does not yield a phase 
with superconducting properties and further, the energy 
difference between what is supposed to correspond to 
normal and superconducting phases is far too large. 
\ variational approach by one of the authors” ran into 
similar difficulties. Both theories are based primarily 
on the self-energy of the electrons in the phonon field 
rather than on the true interaction between electrons, 
although it was recognized that the latter might be 
important," 

The electron-phonon interaction gives a scattering 
from a Bloch state defined by the wave vector k to 
k’=k+« by absorption or emission of a phonon of 
wave vector «. It is this interaction which is responsible 
for thermal scattering. Its contribution to the energy 
can be estimated by making a canonical transformation 
which eliminates the linear electron-phonon interaction 
terms from the Hamiltonian. In second order, there is 
one term which gives a renormalization of the phonon 
frequencies, and another, //,, which gives a true inter 
action between electrons, independent of the vibrational 
amplitudes. A transformation of this sort was given 
first by Fréhlich' in a formulation in which Coulomb 
interactions between electrons were disregarded. In a 
later treatment, Nakajima!’ showed how such inter 


*W. Heisenberg, Two Lectures (Cambridge University Press, 
Cambridge, 1948) 

"H Koppe, Ergeb exakt 
48. 135 (1957) 

0 . Maxwell, Phys. Rev. 78, 477 (1950); 
Wright, and Nesbitt, Phys. Rev. 78, 487 (1950) 

“ H. Fréhlich, Phys. Rev. 79, 845 (1950) 

2]. Bardeen, Phys. Rev. 79, 167 (1950); 80, 567 (1950); 81, 
829 (1951) 

' For a review of the early work, see J. Bardeen, Revs. Modern 
Phys. 23, 261 (1951 

“4H. Fréblich, Proc. Roy. Soc. (London) A215, 291 (1952) 

1"S. Nakajima, Proceedings of the International Conference on 
Theoretical Physics, Kyoto and Tokyo, September, 1953 (Science 
Council of Japan, Tokyo, 1954 


Naturw. 23, 283 (1950); Z. Physik 
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actions could be included. Particularly for the long- 
wavelength part of the interaction, it is important to 
take into account the screening of the Coulomb field of 
any one electron by other conduction electrons. Such 
effects are included in a more complete analysis by 
Bardeen and Pines,'® based on the Bohm-Pines collec- 
tive model, in which plasma modes are introduced for 
long wavelengths. 

We shall call the interaction, H», between electrons 
resulting from the electron-phonon interaction the 
“phonon interaction.” This interaction is attractive 
when the energy difference, Ae, between the electron 
states involved is less than hw. Diagonal or self-energy 
terms of Hy give an energy of order of —N(&p)(hw)’, 
where V(& ) is the density of states per unit energy at 
the Fermi surface. The theories of Frohlich and Bardeen 
mentioned above were based largely on this part of the 
energy. The observed energy differences between super- 
conducting and normal states at 7=0°K are much 
smaller, of the order of —N(& p)(RkT.)? or about 107% 
ev/atom. The present theory, based on the off-diagonal 
elements of Hs and the screened Coulomb interaction, 
gives energies of the correct order of magnitude. While 
the self-energy terms do depend to some extent on the 
distribution of electrons in k space, it is now believed 
that this part of the energy is substantially the same in 
the normal and superconducting phases. The self-energy 
terms are also nearly the same for all of the various 
excited normal state configurations which make up the 
superconducting wave functions. 

In a preliminary communication,’ we gave as a 
criterion for the occurrence of a superconducting phase 
that for transitions such that Ae<fw, the attractive 
H, dominate the repulsive short-range screened Cou- 
lomb interaction between electrons, so as to give a net 
attraction. We showed how an attractive interaction of 
this sort can give rise to a cooperative many-particle 
state which is lower in energy than the normal state by 
an amount proportional to (/w)’, consistent with the 
isotope effect. We have since extended the theory to 
higher temperatures, have shown that it gives both a 
second-order transition and a Meissner effect, and have 
calculated specific heats and penetration depths. 

In the theory, the normal state is described by the 
Bloch individual-particle model. The ground-state wave 
function of a superconductor is formed by taking a 
linear combination of many low-lying normal state 
configurations in which the Bloch states are virtually 


occupied in pairs of opposite spin and momentum. If 


the state kf is occupied in any configuration, —ky is 
also occupied. The average excitation energy of the 
virtual pairs above the Fermi sea is of the order of kT-. 
Excited states of the superconductor are formed by 
specifying occupation of certain Bloch states and by 
using all of the rest to form a linear combination of 


16 J. Bardeen and D. Pines, Phys. Rev. 99, 1140 (1955). 
17 Bardeen, Cooper, and Schrieffer, Phys. Rev. 106, 162 (1957) 
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virtual pair configurations. There is thus a one-to-one 
correspondence between excited states of the normal 
and superconducting phases. The theory yields an 
energy gap for excitation of individual electrons from 
the superconducting ground state of about the observed 
order of magnitude. 

The most important contribution to the interaction 


energy is given by short- rather than long-wavelength 


phonons. Our wave functions for the suerconducting 
phase give a coherence of short-wavelength components 
of the density matrix which extend over large distances 
in real space, so as to take maximum advantage of the 
attractive part of the rhe coherence 
distance, of the order of Pippard’s &, can be estimated 


interaction. 


from uncertainty principle arguments.®” If intervals of 
the order of AR~(RT./ S¢)Rke~104 cm“ are important 
in k space, wave functions in real space must extend 
over distances of at Ax~1/AkR~10™ cm. The 
fraction of the total number of electrons which have 
energies within k7’, of the Fermi surface, so that they 


least 


can interact effectively, is approximately k7./&e~10~. 
The number of these in an interaction region of volume 
(Ax)* is of the order of 10” (10-4)? 10°4= 10%. Thus 
our wave functions must describe coherence of large 
numbers of electrons.'® 

In the absence of a satisfactory microscopic theory, 
there has been considerable development of phenome 
nological theories for both thermal and electromagnet 
properties. Of the various two-fluid models used to 
describe the thermal properties, the first and best known 
is that of Gorter and Casimir,’ which yields a parabolic 
critical field heat 
varying as 7%. In this, as well as in subsequent theories 


curve and an electronic specifi 
of thermal properties, it is assumed that all of the 
entropy of the electrons comes from excitations of 
individual particles from the ground state. In recent 
years, there has been considerable experimental evi 
dence” for an energy gap for such excitations, decreasing 


~w3kT, at T=O0°K to zero at T=T, 


models which yield an energy gap and an exponential 


from Two-fluid 


specific heat curve at low temperatures have been 


discussed by Ginsburg” and by Bernardes.*? Koppe’s 
b 


4*Qur picture differs from that of Schafroth, Butler, and 
Blatt, Helv. Phys. Acta 30, 93 (1957), who suggest that pseudo 
molecules of pairs of electrons of opposite spin are formed. They 
show if the size of the pseudomolecules is less than the average 
distance between them, and if other conditions are fulfilled, the 
system has properties similar to that of a charged Bose-Einstein 
gas, including a Meissner effect and a critical temperature of 
condensation. Our pairs are not localized in this sense, and our 
transition is not analogous to a Bose-Einstein condensation 

4 C, J. Gorter and H. B. G. Casimir, Physik. Z. 35, 963 (1934) ; 
Z. techn. Physik 15, 539 (1934 

” For discussions of evidence for an energy gap, see Blevins, 
Gordy, and Fairbank, Phys. Rev. 100, 1215 (1955); Corak, 
Goodman, Satterthwaite, and Wexler, Phys. Rev. 102, 656 (1956) ; 
W. S. Corak and C. B. Satterthwaite, Phys. Rev. 102, 662 (1956) ; 
R. E. Glover and M. Tinkham, Phys. Rev. 104, 844 (1956), and 
to be published 

2 W. L. Ginsburg 
reference 7 

#2 N. Bernardes, Phys. Rev. 107, 354 (1957). 


Fortschr. Physik 1, 101 (1953); also see 
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theory may also be interpreted in terms of an energy 
gap model.’ Our theory yields an energy gap and specitic 
heat curve consistent with the experimental observa 
tions 

The best known of the phenomenological theories for 
the electromagnetic properties is that of F. and H. 
London.” With an appropriate choice of gauge for the 
vector potential, A, the London equation for the 


superconducting current density, j, may be written 


cAj A (1.1) 


The London penetration depth is given by 


dw? =Ac?/4r (1.2) 
I’, London has pointed out that (1.1) would follow from 
quantum theory if the superconducting wave functions 
are so rigid that they are not modified at all by the 
application of a magnetic field. For an electron density 
n/cm*, this approach gives A=m/ne?* 

On the basis of empirical evidence, Pippard® has 
proposed a modification of the London equation in 
which the current density at a point is given by an 
integral of the vector potential over a region surround 


ing the point 


j(r) dr’, (1.3) 


- R-A(r’) je #/& 
R' 


farcA kos 
where R=r—r’. The ‘coherence distance,” £, is of the 
order of 10-4 cm in a pure metal. For a very slowly 
varying A, the Pippard expression reduces to the 
London form (1.1). 

The present theory indicates that the Meissner effect 
is intimately related to the existence of an energy gap, 
and we are led to a theory similar to, although not quite 
the same as, that proposed by Pippard. Our theoretical] 
values for £ are close to those derived empirically by 
Pippard. We find that while the integrand is relatively 
independent of temperature, the coefficient in front of 
the integral (in effect A) varies with 7 in such a way 
as to account for the temperature variation ol pene 
tration depth. 

Our theory also accounts in a qualitative way for 
those aspects of superconductivity associated with 
infinite conductivity and a persistent current flowing in 
a ring. When there is a net current flow, the paired 
states (k)f,ko)) have a net momentum k,+k, q, where 
q is the same for all virtual pairs. For each value of q, 
minimum in free 
Scattering of 


there is a metastable state with a 
energy and a unique current density 
individual electrons will not change the value of q 
common to virtual pair states, and so can only produce 
fluctuations about the current determined by q. Nearly 
all fluctuations will increase the free energy; only those 


which involve a majority of the electrons so as to change 


*® An excellent account may be found in FF. London, Superfluids 


(John Wiley and Sons, Inc., New York, 1954), Vol. 1 
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the common q can decrease the free energy. These 
latter are presumably extremely rare, so that the 
metastable current carrying state can persist indefi- 
nitely.™ 

It has long been recognized that there is a law of 
corresponding states for superconductors. The various 
properties can be expressed approximatly in terms of a 
small number of parameters. If the ratio of the elec- 
tronic specific heat at 7 to that of the normal state at 
T., C,(1)/C,(T.), is plotted on a reduced temperature 
scale, = 7/T,, most superconductors fall on nearly the 
same curve. There are two parameters involved: (1) 
the density of states in energy at the Fermi surface, 
N(&p), determined from C,(T) 
depends on the phonon interaction, which can be esti- 
mated from T, 
that y72; V,,J7,? (where V,, is the molar volume and 
Hy, the critical field at T=O0°K) is approximately the 


same for most superconductors. 


yT and (2) one which 


A consequence of the similarity law is 


A third parameter, the average velocity, v, of 
electrons at the Fermi surface, 


Vo h 1198/dk| p (1.4) 


is required for penetration phenomena. As pointed out 
by Faber and Pippard,”® this parameter is most con 
veniently determined from measurements of the anoma 
lous skin effect in normal metals in the high-frequency 
limit. ‘The expression, as given by Chambers” for the 
current density when the electric field varies over a 
mean free path, /, may be written in the form: 


j,(r) dr’. (1.5) 


ON(Sr)0o PROR-A(r’) Jen *!! 
cm 


Qn 


The coefficient N(&»)vo has been determined empiri 
cally for tin and aluminum, 

Pippard based his Eq. (1.3) on Chambers’ expression. 
London’s coefficient, A, for 7=O0°K may be expressed 
in the form 


A= 4eN (Ep) 00. (1.6) 


Faber and Pippard suggest that if & is written: 


£o= ahr /kT., (1.7) 


the dimensionless constant a has approximately the 


“Blatt, Butler, and Schafroth, Phys. Rev. 100, 481 (1955) 
have introduced the concept of a “correlation length,” roughly 
the distance over which the momenta of a pair of particles are 
correlated. M. R. Schafroth, Phys. Rev. 100, 502 (1955), has 
argued that there is a true Meissner effect only if the correlation 
length is effectively infinite. In our theory, the correlation length 
(not to be confused with Pippard’s coherence distance, &) is 
most reasonably interpreted as the distance over which the 
momentum of virtual pairs is the same. We believe that in this 
sense, the correlation length is effectively infinite. The value of 
q is exactly zero everywhere in a simply connected body in an 
external field. When there is current flow, as in a torus, there is a 
unique distribution of q values for minimum free energy 

*'T. EK. Faber and A. B Pippard, Proc. Roy. Soc. (London) 
A231, 53 (1955) 

% See A. P. Pippard, Advances in Electronics (Academic Press, 


Inc., New York, 1954), Vol. 6, p. 1 
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same value for all superconductors and they find it 
equal to about 0.15 for Sn and Al.’ 

Our theory is based on a rather idealized model in 
which anisotropic effects are neglected. It contains 
three parameters, two corresponding to N(& ) and p, 
and one dependent on the electron-phonon interaction 
which determines 7. The model appears to fit the law 
of corresponding states about as well as real metals do 
(~10% for most properties). We find a relation corre- 
sponding to (1.7) with a=0.18. It thus appears that 
superconducting properties are not dependent on the 
details of the band structure but only upon the gross 
features. 

Section IT is concerned with the nature of the ground 
state and the energy of excited states near T=O0°K, 
Sec. III with excited states and thermal properties, 
Sec. IV with calculation of matrix elements for appli- 
cation to perturbation theory expansions and transition 
probabilities and Sec. V with electrodynamic and 
penetration phenomenon. Some of the computational 
details are given in Appendices. 

We give a fairly complete account of the equilibrium 
properties of our model, but nothing on transport or 
boundary effects. Starting from matrix elements of 
single-particle scattering operators as given in Sec. IV, 
it should not be difficult to determine transport preper- 
ties in the superconducting state from the corresponding 
properties of the normal state. 


II. THE GROUND STATE 


The interaction which produces the energy difference 
between the normal and superconducting phases in our 
theory arises from the virtual exchange of phonons and 
the screened Coulomb repulsion between electrons. 
Other interactions, such as those giving rise to the 
single-particle self-energies, are thought to be essentially 
the same in both states, their effects thus cancelling in 
the energy difference. The problem is therefore one of 
calculating the ground state and excited states of a 
dense system of fermions interacting via two-body 
potentials. 

The Hamiltonian for the fermion system is most 
conveniently expressed in terms of creation and 
annihilation operators, based the renormalized 
Bloch states specified by wave vector k and spin o, 
which satisfy the usual Fermi commutation relations : 


(2.1) 
(2.2) 


on 


[< ke,Cu’e’™ |y 5xnSo0’, 
[ Cuo,Cu’e’ |4 (0). 


The single-particle number operator ny, is defined as 


No = Cho Cio. (2.3) 


‘The Hamiltonian for the electrons may be expressed in 
27 From analysis of data on transmission of microwave and far 


infrared radiation through superconducting films of tin and lead, 
Glover and Tinkham (reference 20) find a=0.27. 
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the form 


H= y EN + z | €k (1 


k>kpe k<kp 


No) t+ Hoot} 


k,k’,¢,0',% 


2hw,|M,\2c*(k’ — x, o’)c(k’,o’)c*(k+x, o)c(k,o) 


xX 


(€x— €xpa)?— (Nig)? 


Ho+H,, (2.4) 
where e, is the Bloch energy measured relative to the 
Fermi energy, 6¢. We denote by k>ky states above 
the Fermi surface, by k<ky those below. The fourth 
term on the right of (2.4) is H2, the phonon interaction, 
which comes from virtual exchange of phonons between 
the electrons. The matrix element for phonon-electron 
interaction, M,, calculated for the zero-point amplitude 
of the lattice vibrations, is related to the v, introduced 
by Bardeen and Pines'® by 


M 6}? = | 06 | (Gu) v= | Ve}? (A /2wx). (2.5) 
Since | M,|* varies with isotopic mass in the same way 
that w, does, the ratio |M,\*/he, is independent of 
isotopic mass. We consider only the off-diagonal inter- 
action terms of //., assuming that the diagonal terms 
are taken into account by appropriate renormalization 
of the Bloch energies, ¢,. The third term is the screened 
Coulomb interaction. 

Following Bardeen and Pines,'’® the phonons are 
assumed to be decoupled from the electrons by a 
renormalization procedure and their frequencies are 
taken to be unaltered by the transition to the super- 
conducting state. While this assumption is not strictly 
valid, the shift in self-energy can be taken into account 
after we have solved for the electronic part of the wave 
function. ‘This separation is possible because the pho- 
nons depend only upon the average electron distribution 
in momentum space and the wave function for electrons 
at any temperature is formed from configurations with 
essentially the same distribution of particles. The 
Bloch energies are also assumed to be constant; how- 
ever, their shift with temperature could be treated as 
in the phonon case. 

The form of the phonon interaction shows that it is 
attractive (negative) for excitation energies | €,— €x4«| 
<hw,. Opposed to this is the repulsive Coulomb inter 
action, which may be expressed in a form similar to 7». 
For free electrons in a system of unit volume the 
interaction in momentum space is 4zre*/x*. In the Bohm 
Pines theory, the long-wavelength components are 
expressed in the form of plasma oscillations, so that x 
can be no smaller than minimum usually 
slightly less than the radius of the Fermi surface, ky. 
One could also take screening into account by a Fermi 
Thomas method, in which case x? would be replaced by 
«’-+x,’, where x, depends on the electron density. Our 
criterion for superconductivity is that the attractive 
phonon interaction dominate the Coulomb interaction 


value k-, 
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for those matrix elements which are of importance in 
the superconducting wave function: 
) <0 
hw 


2|M,|? 4ré 
ve( 
hw, rs 
The most important transitions are those for which 


| €— €xyn | WRT <ho,. A detailed of the 
criterion (2.6) has been given by Pines,”* who shows 


(2.6) 


discussion 
5 
that it accounts in a reasonable way for the empirical 
rules of Matthias” for the occurrence of superconduc 
tivity. Numerically, the criterion is not much different 
from one given earlier by Fréhlich," based on a different 
principle. 

To obtain the ground state function, we observe that 
the interaction Hamiltonian connects a large number of 
nearly degenerate occupation number configurations 
with each other via nonzero matrix elements. If the 
matrix elements were all negative in sign, one could 
obtain a state with low energy by forming a linear 
of the 
coefficients of the same sign 


combination basis functions with expansion 
The magnitude of the 
interaction energy obtained in this manner would be 
approximately given by the number of configurations 
which connect to a given typical configuration times an 
average matrix element. ‘This was demonstrated by one 
of the authors” by solving a problem in which two 
electrons with zero total momentum interact via con 
stant negative matrix elements in a small shell above 
the Fermi surface. It was shown that the ground state 
of this system is separated from the continuum by a 
volume independent energy. ‘This type of coherent 
mixing of Bloch states produces a state with qualita 
tively different properties from the original states. 

In the actual problem, the interaction which takes a 
pair from (k,o,ky0») 1o (k,'o,,k ‘a») contains the 
operators, 


( *( ko’ oo)e (k »,T2)¢ *(k a4) (k,,0; 
Conservation of momentum requires that 


k,+k.=k,'+k,’ (2.8) 


Because of Fermi-Dirac statistics, matrix elements of 
(2.7) between arbitrary many electron configurations 
alternate in sign so that if the configurations occur in 
the ground state with roughly equal weight, the net 
interaction energy would be small. We can, however, 
produce a coherent low state by choosing a subset of 
configurations between which the matrix elements are 
negative. Such a subset can be formed by those con 
figurations in which the Bloch states are occupied in 
pairs, (kKyo,,kyo2); that is, if one member of the pair is 
occupied in any configuration in the subset, the other 
is also. Since the interaction conserves momentum, 4 


#6 1). Pines (to be published) 

“WH. Matthias, Progress in Low Temperature Physics (North 
Holland Publishing Company, Amsterdam, 1957), Vol. 2 

»L.N Phys. Rev. 104, 1189 (1956 
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maximum number of matrix elements will be obtained 
if all pairs have the same net momentum, k,+k,=q. 
It is further desirable to take pairs of opposite spin, 
because exchange terms reduce the interaction for 
parallel spins. The best choice for g for the ground state 
pairing is q=0, (kt, —ky). 

We start then by considering a reduced problem in 
which we include only configurations in which the states 
are occupied in pairs such that if kf is occupied so is 

kj. A pair is designated by the wave vector k, 
independent of spin. Creation and annihilation opera- 
tors for pairs may be defined in terms of the single- 
particle operators as follows: 


by ri wdCut, (2.9) 


b,* Cyt a, (2.10) 


‘These operators satisfy the commutation relations 


[bu bue® |= (1— mat — nent) bune, (2.11) 


(by,bu |=, (2.12) 


[by Dur ly = 2bubue (1—Syx-), (2.13) 


where my, is given by (2.3). While the commutation 
relation (2.12) is the same as for bosons, the commu 
tators (2.11) and (2.13) are distinctly different from 
those for Bose particles. The factors (1—nyt—mn_xy4) 
and (1—6,,-) arise from the effect of the exclusion 
principle on the single particles 

That part of the Hamiltonian which connects pairs 
with zero net momentum may be derived from the 
Hamiltonian (2.4) and expressed in terms of the b’s. 
Measuring the energy relative to the Fermi sea, we 
obtain 


Hyoa=2 > exba®*byt+2 DY | ex| buby* 


ko>kp hecky 


> V cn Due* by. (2.14) 
kk’ 


We have defined the interaction terms with a negative 
sign so that Vy, will be predominantly positive for a 
superconductor. There are many other terms in the 
complete interaction which connect pairs with total 
momentum q#0. These have little effect on the energy, 
and can be treated as a perturbation. Although the 
interaction terms kept in H,.4 may appear to have a 
negligible weight, it is this part which contributes 
overwhelmingly to the interaction energy. 

We have used a Hartree-like method to determine 
the expansion coefficients, which appears to give an 
excellent approximation, and may, indeed, even be 
correct in the limit of a large number of particles.” 
(See Appendix A.) 


"Since (2.14) is quadratic in the 6’s, one might hope to get an 
exact solution for the ground state by an appropriate redefinition 
of the single-particle states, as can be done for either Fermi- Dirac 
or Einstein-Bose statistics. Our pairs obey neither of these, and 
no such simple solution appears possible 
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Excited states are treated in much the same way as 
the ground state. One must distinguish between singly 
excited particles, in which one and only one of a pair 
(kt, —kJ) is occupied, and excited or “real” pair states. 
We treat singly excited particles in the Bloch scheme, 
as in the normal metal. They contribute a negligible 
amount to the interaction energy directly, but reduce 
the amount of phase space available for real and virtual 
pairs. Thus the interaction portion of H/,.4 is modified 
by deleting from the sums over k and k’ all singly 
occupied states, and the remainder is used to determine 
the interaction energy associated with the pairs. 

One might expect to get some interaction energy 
from singly occupied states by associating them in 
various pairs with. q#0. However, an appreciable 
energy is obtained only if a finite fraction of the pairs 
have the same q, and this will not be true for randomly 
excited particles. States with a net current flow can be 
obtained by taking a pairing (kyt,koJ), with ki +k,=q, 
and q the same for all virtual pairs. 

The most general wave function satisfying the 
pairing condition (kt, —ky) is of the form 


[ACh en) PPG + 1 (hr) = 1 (Rn) ++), 


ki-+-kn 


(2:15) 


where the sum extends over all distinct pair configura- 
tions. To construct our ground state function we make 
a Hartree-like approximation in which the probability 
that a specific configuration of pairs occurs in the wave 
function is given by a product of occupancy proba- 
bilities for the individual pair states. If for the moment 
we relax the requirement that the wave function 
describes a system with a fixed number of particles, 
then a function having this Hartree-like property is 


W=T[I[L (1 —hy) +A tdy* bo, (2.16) 
k 


where ®» is the vacuum. It follows from (2.16) that the 
probability of the m states k,---k, being occupied is 
h(k,)---A(k,), and since n is unrestricted we see that 
V is closely related to the intermediate coupling 
approximation. 

For any specified wave vector k’, it is convenient to 
decompose V into two components, in one of which, ¢,, 
the pair state designated by k’ is certainly occupied 
and the other, go, for which it is empty: 


Vv hye (1 a hy) go. (247) 


The coefficient hy is the probability that state k’ is 
occupied and the ¢’s are the normalized functions: 


gi=be*go=by* TL [(1—Au)t+htbs* Ho. (2.18) 
kik’) 


In the limit of a large system, the weights of states 
with different total numbers of pairs in W will be sharply 
peaked about the average number, V, which will be 
dependent on the choice of the /’s. We take for our 
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ground state function, Vw, the projection of ¥ onto the 
space of exactly N pairs.” This function may also be 
decomposed as in (2.17), but since gy; and gyo now 
have the same number of pairs, gyi is not equal to 
by * eno. To decompose Vy, we suppose that k space is 
divided into elements, Ak, with I, available states of 
which in a typical configuration my, are occupied by 
pairs. The m,’s are restricted so that the total number 
of pairs is specified : 


> m, 


all Ak 


> (mx) wv 


all Ak 


The total weight of a given distribution of m,’s in ¥ is 


Sy! 


hym™(1—hy) 2 (2.20) 


m,)! 


W (my) 


I] 


tl Ak my! (My 
and the total weight of functions with specified N is 


Wv= X Wm), (2.21) 


Imy—=/N 
where the sum is over-all distributions of the m,’s 
subject to the conditions (2.19). 

The decomposition of Wy into a part in which a 
specified pair state k’ is occupied and one where it is 
not can be carried out by calculating from Wy the total 
weight, Wy,,, corresponding to k’ occupied with the 
restriction >> m,y=N. When k’ is occupied, there are 
1 other states in the cell over which the remaining 
1 particles can be distributed and this cell will 


Wy: 
M: 
contribute a factor 
‘ Jl ygs—mbe 

(Jy hy:) OK & 


1) aee™®' (1 


(2.22) 


(mye —1)!(Sige — my)! 


to the weight for a given distribution of m,’s. It follows 


that 
My 
hy Wy 


W (my) .23) 


My? 


Ww, « a 


(Um 


The last equality holds except for terms which vanish 
in the limit of a large system because the state vector 
W gives a probability (my:/Ne)w =A that a given state 
in Ak’ is occupied. Now the weights for different 
numbers of pairs in W are strongly peaked about the 
most probable number NV and therefore the average 
over distributions with exactly N pairs is essentially 
equal to the average over all distributions. Since all 
terms in the wave function come in with a positive 
sign, it follows that the normalized Wy may be decom 
posed in the form 


Vv=hygvit 1 he) ono, (2.24) 


where gy; and gwo are normalized functions 
For purposes of calculating matrix elements and 


# It is easily seen that Vy has zero total spin, corresponding to 
a singlet state 


PE 
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interaction energies, a further decomposition into states 
in which occupancy of two pair states, k and k’, is 


specified is often convenient. Thus we may write: 


h’) exit | (1 hyh’ ono 
+ | (1 A) 1 h’) }}onoo, (2.25) 


Vv=(hh')onutflAl 


where the first index gives the occupancy of k and the 
second of k’. It follows from the detinition of the 
functions that 


by:*by yn i0 YNO! (2.26) 


‘Thus the diagonal matrix element of by-*by is 


(Wy by -*by | Ww) [ay (l hy hye (A hy) |. (2.27) 


Ground-State Energy 


If the wave function (2.24) is used as a variational 
approximation to the true ground-state function, the 
ground-state energy relative to the energy of the Fermi 
sea is given by 
(2.28) 


Wo= (Wo, reaVo), 


where Vo is the N-pair function Wy, for the ground 
state. The Bloch energies, €,, are measured with respect 
to the Fermi energy and 
(—k’), k’¢| H, 

+ (k’f, 


ky, kt) 
k’y /7,| kt, 


Vick 


kJ). 


The decomposition (2.23) leads to the Bloch energy 


( ) )) 


contribution to Wo of the form 


Win=2 d exhyt2 © lex! (1—Ay) (2.30) 


k>kyp kek 


where “KE” stands for kinetic ‘The matrix 
elements of the interaction term in //,,4 are given by 


(2.27) and the interaction energy is 


energy 


W, (2.31) 


pe Viel ye Ny hye (A hye) |, 
kk’ 


and therefore 


W, W xr + W, 2 > €\ My + 2 2. 


kooky kckp 


>, V cul (1 hy hye (A hy:) | (2 $2) 
kk’ 


€x| (1— Ay) 


By minimizing Wo with respect to Ay, we are led to 


an integral equation determining the distribution 


fun tion 


[Au(1—hy) |! > 


ya View [Aue (1 hy:) |} 
2.33) 


| 2hy Jey 


We shall neglect anisotropic effects and assume for 
simplicity that the matrix element Vy, can be replaced 
by a constant average matrix element 


(2.34) 


V (I kk’ / Mw 


for pairs making transitions in the region — hw <e<hw 
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and by zero outside this region, where w is the average 
phonon frequency. This cutoff corresponds to forming 
our wave function from states in the region where the 
interaction is expected to be attractive and not mixing 
in states outside this region. The average is primarily 
one over directions of k and k’ since the interaction is 
insensitive to the excitation energy for those transitions 
of importance in describing the superconducing phase. 
The average may also be viewed as choosing h/ to be a 
function of energy alone, thus neglecting the details of 
band structure. The laws of similarity indicate this to 
be a reasonable assumption and the good agreement of 
our theory with a wide class of superconductors supports 
this view. 

into 


the matrix element 


ica 


hy) | 9 
2,2 + 7)? 


Introduction of average 
(2.33) leads to 


€\ 
(2.35) 
(e,?+ €o")! 


[hy (1 (2.36) 


where 
V Salle hy) |), (2.37) 
the sum extending over states within the range | ex 
hw. If (2.36) and (2.37) are combined, one obtains a 


condition on 


1 1 
ps (2.38) 


k 2(€,? +7)! 


Vy 


Replacing the sum by an integral and recalling that 
V =0 for |e,| >hw, we may replace this condition by 


1 hw 
V(O)V J (2 


+-€,")? 
Solving for €9, we obtain 


1 
€ he / sit 
N(O)I 


where N(0) is the density of Bloch states of one spin 
per unit energy at the Fermi surface. 

The ground state energy is obtained by combining 
the expressions for Ay and ¢€o, (2.35), (2.36), and (2.37), 
with (2.32). We find 


de 
(2.39) 


(2.40) 


hw 


€0" 
Wo wo) f eh(ejde 
0 V 
hw 
2w(0) f | 


where we have used the fact that [1—h(—e) ]=A(o), 
that is, the distribution function is symmetric in elec- 
trons and holes with respect to the Fermi surface. 


€o? 


= (2.41) 


é€ 


i. 
(e+ €°)! 


AND SCHRIEFFER 

Using the relations (2.40), we find that the difference 
in energy between the superconducting and normal 
states at the absolute zero becomes 


s ‘ —2N (0) (hw)? 
) | | el2/NO)V] 4 ; 


(2.42) 


€0 


Wo w(o)(hay'|1-[1+( 


hw 


If there is a net negative interaction on the average, 
no matter how weak, there exists a coherent state which 
is lower in energy than the normal state. Thus our 
criterion for superconductivity is that V>0O, as given 
in (2.6). 

For excitations which are small compared to hw, the 
phonon interaction is essentially independent of isotopic 
mass and therefore the total mass dependence of Wo 
comes from (/w)*, in agreement with the isotope effect. 
Empirically, Wo is of the order of N(0)(Rk7T.)? and in 
general kT, is much less than hw. According to (2.42), 
this will occur if N(0)V <1, that is, the weak coupling 
limit. 

It should be noted that the ground state energy can- 
not be obtained in any finite-order perturbation theory. 
In the strong-coupling limit, (2.42) gives the correct 
result, —N(0)(fAw)*V, for the average interaction 
approximation and it is possible that our solution is 
accurate in the statistical limit over the entire range 
of coupling. (See Appendix A.) 

In the weak-coupling limit, the energy becomes 


2 


Wo 20 (0) (ha) exp} 
N(0)V 


| (2.43) 


which may be expressed in terms of the number of 
electrons, m,, in pairs virtually excited above the Fermi 
surface as 

Wo 


-4n2/N(0), 


(2.44) 


where 


n,=2N(0)hw exo] - (2.45) 


a 
N(O)VI 


In this form, the cooperative nature of the ground 
state is evident. Using the empirical order of magnitude 
relation between Wo and kT, we might estimate 


kT ~~hw exo] (2.46) 


a 
N(O)VI 


In the next chapter we shall see that the explicit 
calculation of kT, from the free energy as a function of 
temperature leads to nearly this result. 


Energy gap at T=0°K 


An important feature of the reduced Hamiltonian is 
that there are no excitations from the ground state, 
analogous to single-particle excitations of the Bloch 
theory, with vanishing excitation energy. This is easily 
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seen by considering a function 


IT (a 


ky~k’,k’’ 


, a = { hy)? t hy*b,* ye k eg 1*Do, (2.47) 


which is orthogonal to the ground state function and 
corresponds to breaking up a pair in k’, the spin-up 
member going to k’’t. The projection of V.x. onto the 
space with N pairs is also orthogonal to Wo. The 
decomposition of Wyexe is the same as that of Vo, except 
that —k’) and k’’4 are definitely known to be occupied 
and k’t and —k’} are unoccupied. ‘This leads to the 
excitation energy 


We, we Qhy:) + ey (1—2hy:) 


Wo 
+2V > [hl hy) {Ae (1 hy:) |? 
k 


ex (1 


+L Aye (1—hye) JY}, (2.48) 
the decrease in interaction energy arising from the fact 
that pairs cannot make transitions into or out of pair 
states k’ and k” in the excited function because these 
states are occupied by single particles. Combining 
(2.35), (2.36), and (2.37) with (2.48), we find 


€xr er 1 1 
We, ue . Wo t t c( t 
Ey Ky as hye 


ky { Ey, (2.49) 


where 


Ex= (€x?+ €0")). (2.50) 


When «0, then Ey—e) and (2.49) shows that the 


minimum excitation energy is 2e9. These single-particle 
like excitations have the new dispersion law (2.50) 
which goes over to the normal law when €,>>e». 

To obtain a complete set of excitations, we must 


include excited state pair functions generated by 


[ (1—Ay) by *— hy! |, (2.51) 


which by construction are orthogonal to the ground 
state pair functions generated by 


[a 


t 


hy) + hy bby | (2.52) 


The decomposition of an excited state with an excited 
pair in k’ and a ground pair in k would be 


Vy [Ay (1 hy) |bou [huh |}ero 


+L (1 


where the functions 
script denotes the occupancy of k’. Taking the expec 
tation value of Hyg with respect to (2.53), we find the 
energy to form an excited pair in state k’ is: 


hy) eo—LA—Awdhw |byoo, (2.53) 


Ay) 


y are normalized and the second 


Wy- Wo " 2ey (1 = 2hy:) 
t4V Deal (d—Andhe 


Again the minimum energy required to form an exci- 
tation is 2e9 and an energy gap of width 2e¢9 appears in 


hy) b= 2Ey. (2.54) 
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the excitation spectrum in a natural way. It follows 
that in general the energy difference between two states, 
1 and 2, is given by the difference in the sums of the 


excited-particle energies, 


Wi-W2=)1 Fr — LD 


hw | 


Ey, (2.55) 
and it is unnecessary to distinguish between single 
particles and two members of an excited pair in calcu 
lating the sums. 

Collective excitations corresponding to long-range 
density fluctuations are suppressed by the subsidiary 
condition on the wave function resulting from the 
collective description of the electron-ion interaction." 
The effect of the terms neglected in the Hamiltonian, 
H—Hyea=H', 
expansion of H’ in eigenfunctions of Hyea. This expan 
sion is carried out to second order in Appendix A and 
it is concluded that ZH’ will contribute little to the 
condensation energy. The shift in the zero-point energy 
of the the transition at the 
absolute zero is estimated in Appendix B and it is 


can be estimated by a_ perturbation 


lattice associated with 
shown that this effect contributes a small correction to 
Wo. ‘The electron self-energy shift has not been calcu 
lated at the present time; however, it is also believed 
that the correction is small. 
Ill], EXCITED STATES 

An excited state of the system will be formed by 
specifying the set of states, 8, which are occupied by 
single partic les and the set of States, (V, occupied by 
excited pairs. The rest of the states, G, will be available 
‘| he 


particle” occupation means that either kf o1 


term “single 


kJ is 


occupied by an electron, but not both. “Excited pair” 


for occupation by ground pairs 


and ‘“‘ground pair” occupation refers to pairs which are 
in functions generated by operators of the form (2.51) 
and (2.52) respectively. Wave functions with different 
and excited 


distributions of single particle pairs are 


orthogonal to each other and the totality of such 
set of excited state 


with the 


functions constitutes a complete 


which are in one-to-one correspondence 
Bloch-type excitations in the normal metal 

The energy of the excited states will be evaluated by 
using the reduced Hamiltonian plus the Bloch energy 


for single parti les 


H,= > 


k>kp,o 


€iNa t 


») V cx Oue*by, (3.1) 


hows 
kk’ 


where the second term gives the Bloch energy of the 


holes and the energies e, are measured relative to the 


lermi energy. Since 4/7 contains only terms for transi 
tions by ground pairs and excited pairs, the single 
particles contribute only to the Bloch energy and hence 
they are treated as in the Bloch scheme 

The equilibrium condition of the system at a specified 
temperature will be determined by minimizing the free 





1184 BARDEEN, 
energy with respect to the distribution function for 
excited particles, /, and ground pairs, h. 

It turns out that Ay is a function of temperature and 
therefore excited and ground pairs are not necessarily 
orthogonal to each other at different temperatures, 
although the excited states form a complete orthonormal 
set at each temperature. The most probable distribution 
of single particles also varies with temperature and 
thus the great majority of states contributing to the 
free energy at different temperatures will be orthogonal 
in any event. The situation is similar to taking the 
lattice constant temperature dependent as a result of 
thermal expansion. ‘This freedom in choosing hy allows 
us to work in that representation which minimizes the 
free energy at the specified temperature 

A typical excited state wave function can be written 
as the projection of 


I] Cha)! +htb*) TT C0 
k(G) k’() 


be?) TI carn *o, 
k’’(S) 


V oxi hy) by* 


(3.2) 


onto the space with NV pairs, where G, @, and & specify 
the states occupied by ground pairs, excited pairs, and 
single particles respectively and ¢q)* denotes either 
k’’t or —k’’y is included in the product. For any speci 
fied k, this function can be decomposed into a portion 
with k occupied and a portion with k unoccupied. The 


decompositions for the three cases in which k is in the 


sets G, W, and § are 
Ground: 


WV hyd oyl ly ) } (1 hy) wo! 


excited: 


W = (1—Ay) boils: Wye) mAb pol: 


Single in kt 

WV Cur gol ‘ Oye ), 
where the y’s are normalized functions with 1, repre 
senting pair state k being occupied and Oy unoccupied. 

‘To determine the distribution functions, we need the 
free energy 

F=W-TS, (3.6) 

where i 
average over the wave functions of the form (3.2) and 


is the energy calculated by an ensemble 


S is the entropy. 

‘To enumerate the systems in the ensemble we divide 
k-space into cells Ak containing I, pair states as before 
Let there be Sy single particles and ?, excited pairs in 
Ak, with the rest of the Ny states being occupied by 
ground pairs. The probability that either kt or —ky 
is occupied by a single particle is 54=S4/I,, while the 
probability for an ex« ited pair in state kK is py=Pu/Mx 
and therefore the probability for a ground pair is 
px). Above the Fermi surface, 4<} 


(1— Sy and 5s 
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and p refer to excited electrons; below the Fermi 
surface, A>4 and s and p refer to holes. 

The diagonal element of ny, follows immediately 
from (3.3), (3.4), and (3.5). Including the factor giving 
fractional number of configurations for which each 
decomposition applies, we have 

(y Nka y) 


hy) 
Piudlx, 


(1 2) St { pul 
+(1—s, e>0; (3.7) 
(yp 1 


Nyo W)= (1/2) Sut pul 


+(1—Su—p)(1—h), «<0. 


Upon using (3.7) and the fact that 1—/y(— 6) =hy(e), 


the Bloch energy contribution to W, 


(y| 2. €xyllka t- > €\ (1 


k>kpo k<kpo 


Nko) |W), (3.8) 


becomes 


D | & [ Sx t2put2(1— sy 


k 


W ke 2pu)Au(\ex|)], (3.9) 
where we have carried out the spin sum. 

To calculate the matrix elements of the pair inter- 
action operator }> Vixby-*by, we assume that Vy 
varies continuously with k and k’ so that Vy, may be 
considered to be the same for all transitions from states 
in Ak to states in Ak’. Let k and k’ 
specified wave vectors in Ak and Ak’. To obtain non 
vanishing matrix elements for b,-*b,, these states must 
) or ground (+) pairs, 


represent two 


be occupied by either excited ( 
giving the four possibilities + +, , ’ | 
for k and k’, respectively. For any one of these cases, 
a typical wave function may be decomposed into com 
ponents in which the pair occupancy of k and k’ is 
specified : 


Ww Hangs Lees lee) 
tarogio(s s+ Less One +) 
tan porls: Ox: ' ‘Ty eed 


(3.10) 


+ croovoo( On: «One + -), 


where the ¢’s are normalized functions. Table I gives 
the values of the a’s for the different cases along with 
the fractional number of configurations for which they 
apply. 

The diagonal elements of by-*b, are given by ayao, 
in each case. If we sum these, weighted according to the 
probability they occur in the ensemble, we obtain 


[h(li—h)h'(1—h’) |'{(1—-s—p)1—s 
t pp'—(1—s—p)p'— p(l—s’—p')} 
[A(1—A)h'(1—h’) |! 
X{(l—s 


/ , 


Pp) 


2p)(1—s’—2p’)}. (3.11) 


Introducing these matrix elements into the ensemble 
average of the interaction Hamiltonian, we find 


Ww, > Viwlha hyde (1 


kk 


hy ) }} 


KC(1— se—2pn)(1— Sy-—2py-)}. (3.12) 
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TABLE I. Coefficients for the decomposition of ¥ according to Eq. (3.10 


Wave function 


k k’ 


Fractional No, of cases 


(l—s—p)(1—s’—p’ [hh’ } 
pp’ [(1—hA)(1—h’) }§ 
(l-s—p)p’ [A(1—h’) }* 


p(1—s’—p’) [(1—A)h’}} 


It should be noted that the Bloch energy (3.9) and 


the interaction energy (3.12) depend on (s+ 2p) or the 


total occupancy probability. The energy does not 
depend upon the relative probability for single-particle 
and excited-pair occupation. Thus one may use a 
distribution function f which gives the over-all prob 
ability of occupancy, where 


S,=2fy(1— fx), (3.13) 


and 


Pu=fr'; (3.14) 


which follows from the fact that sy is the probability 
that either kf is occupied and —kj is empty or the 
reverse and p, is the probability that both kt and —ky 
are occupied, The free energy can be minimized directly 
with respect to Ay, px, and sy, without introducing fx 
and one indeed finds that (3.13) and (3.14) hold. 

Since the excited particles are specified independ- 
ently for each system in the ensemble, the usual 
expression for the entropy in terms of f may be used: 


F A QRT Dol fue In fyet (1 fy) In(l fur)}. (3.15) 


Minimization of the Free Energy 


If the expressions (3.13) and (3.14) are introduced 
into (3.9) and (3.12) 


F=2> lel Ofet+(1 


, 
y V ce L Au (1 hy Aye (A hy) li 
kk’ 


the free energy becomes 


’ 


2fudhul| € )] 


eae 2 fy) (1 2S )} is: (3.16) 


When we minimize F with respect to Ay, we find that 
Qe, > ® View Lhe (1 hy:) hae! 2 fi) 
rw 
(1 2hy) 


/f 
[Ay (1 -hy) | 
or 


[Ay (1 - hy) |! : Viel Ae (1 2 fx’) 


1 2hy Jey 


hy ) (1 
(3.18) 


] 


where the energy e, is measured relative to the Fermi 
energy and e,.<0 for k <ky. Assuming as before that 
the interaction can be replaced by a constant average 
matrix element —V, defined by (2.34) for |e! <hw 
and by zero outside this region, it follows that Ay is again 


«100 


A) 


hh’ \ 


[A(1—h’) }* [ ( [ (1 h') 
[(1—A)h’}* 
[ hh’ } [ ( an [(1 
[(1—A)(1—h’) }® [AC] 


h)h’ }* 
h') |$ 


of the form 


hy=4[1—(e4/Ex) | (3.19) 
and 
(Ay (1—Ay) |} (3.20) 


Sey ky 
The energy /y, a positive definite quantity, is defined as 


Ky + (€y° + €0°)?, (3.21) 


eo=V Delve (1 


It will turn out that 2eo is the magnitude of the energy 
gap in the single-particle density of states and therefore 
the distribution of ground pairs is determined by the 
magnitude of the gap at that temperature. 

When we minimize F with respect to fy, we find that 


2h, ) { 4 re V uk | hye (1 hy hy 
rae 2 fur )t+2kT In( fy (1 hw) =O, 


where 


hy ) Pa 2 fy) ( 3,22) 


Je, (1 hy) |? 


(3.23) 
and using (3.19) through (3.22), we find that 


€0 


€k 
In( fx (1 Iw) p | 
» 


| Bley, (3,24) 
ky 


where B=1/RkT and Ey is a The 


solution for fy is 


positive quantity 


1 


{( ley) (3.25) 


eFE ut | 


Thus the single particles and excited pairs describe a 
set of independent fermions with the modified dispersion 
law (3.21). For k>ky, fx specifies electron occupation 
while for k<kv, fx specifies hole occupation. These 
electrons and holes are identified with the normal 
component of the two-fluid model 

When e,-0", then Fy 
ex 90, then Ly—*eo for the hole or the corresponding 


»¢y for the electron and when 


electron energy—+>— eo. ‘Thus the new density of states 
has an energy gap of magnitude 2e) centered about the 


Fermi energy. ‘The modified density of states is given by 
dN(k) dN(e) de 1D 
N(O) 


dk de dk (I? 


(3.26) 
0°)? 


The 
the 


which is singular at the edges of the gap, L= e 
total number of states is of course unaltered by 
interaction 

If the distribution functions (3.19) and 
introduced, the condition determining the energy gap 


(3.25) are 
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N16, 1. Ratio of the energy gap for single-particle-like 
excitations to the gap at 7 =O°K vs temperature 


(3.22) becomes (dividing by eo) 


1 hw de 
f tanh[ 48(e+- 7)! |, 
V(O)V 0 (&+«°)! 


where we have replaced the sum by an integral and used 


(3.27) 


the fact that the distribution functions are symmetric 
in holes and electrons with respect to the Fermi energy. 
The transition temperature, 7, is defined as the bound 
ary of the region beyond which there is no real, positive 
¢9 which satisfies (3.27). Above 7, therefore, e9=0 and 
{(y) becomes f(e,), so that the metal returns to the 
normal state. Below 7, the solution of (3.27), e090, 
minimizes the free energy and we have the supercon 
ducting phase. Thus (3.26) can be used to determine 
the critical temperature and we find 


1 hw de¢ 
if tanh(}A-«), 
V(O)V 


0 


kT, 1 Mh exo (3,29) 


7 
N(O)V 


which corresponds to the weak 
The 


temperature is proportional to iw, which is consistent 


as long as k7.<hw, 
coupling case discussed in Sec. Il transition 
with the isotope effect. The small magnitude of 7, 
compared to the Debye temperature is presumably due 
to the cancellation of the phonon interaction and the 
screened Coulomb interaction for transitions of im 
portance in describing the superconducting state, and 
the resulting effect of the exponential. 

The transition temperature is a strong function of 
the electron concentration since the density of states 
enters exponentially. It should be possible to make 
estimates of the change in transition temperature with 
pressure, alloying, etc., from (3.29). 

A plot of the energy gap as a function of temperature 
is given in Fig. 1. The ratio of the energy gap at T=0°K 


to kT, is given by combining (2.36) and (3.28): 
2¢0/kT = 3.50. (3.30 


From the law of corresponding states, this ratio is 
predicted to be the same for all superconductors. Near 
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T., the gap may be expressed as 


«o=3.2kT{1—(T/T.) }, (3.31) 


which has the form suggested by Buckingham.* 

It can be seen from the distribution functions that 
our theory goes over into the Bloch scheme above the 
transition temperature. As T->T,, Ey->|e,|, and hy 
vanishes for k>k» and is unity for k< ke. According 
to (3.4) the excited-pair function specifies complete 
electron occupancy for k>k» and complete hole occu- 
pancy for k<ky in this case. Thus, in the normal state, 
the ground pairs vanish above the Fermi surface and 
form the Fermi sea below, while the single particles and 
excited pairs combine to describe excited electrons for 
k>kyp and excited holes for k< kp. 


Critical Field and Specific Heat 


The critical field for a bulk specimen of unit volume 
is given by 


H?/8x=F ,—F,, (3.32) 


where F’,, is the free energy of the normal state: 


Ps wvcover f de log(1+e °°) 


—4r’N(O)(RT)*. (3.33) 


With the aid of (3.25) the entropy in the supercon- 
ducting state, (3.15) may be expressed as 
TS=4kT ¥ [in(1+e-9¥*)4+BEy fy}. (3.34) 
k>kr 


Replacing the sum by an integral and performing a 
partial integration, we find 


x e 
TS vo) f if b |e), 
0 Dp 


where the upper limit has been extended to infinity 
because {(S£) decreases rapidly for Be>1. If (3.34) 
and (3.16) are combined with the distribution functions 
(3.19) and (3.25), the free energy becomes 


F, woo) f deE f(BE) 
. hw é €0° 
+ 20) f id: | . 
0 E é 


which with the aid of (3.27) may be expressed as 


” 22+," 
F, 2N(0) f if [yn 
E 


| € \? , 
~V (0) (Hh)? +( ) -1}. 
1 


%M. J. Buckingham, Phys. Rev. 101, 1431 (1956). 


(3.35) 


(3.36) 
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The critical field is given by combining (3.31), (3.32), 


and (3.37): 


HH? €0 \? y | 
: =N(0)(ha}'||1 +( ) | ~] 
Sr hu 

4 22+ €0° 
x | 1- ef id |jwn) ; (3.38) 
0 E 


A plot of the critical field as a function of (7/T,)? is 
given in Fig. 2. The curve agrees fairly well with the 
1—(T/T,)* law of the Gorter-Casimir two-fluid model," 
the maximum deviation being about four percent. 
There is good experimental support for a similar 
deviation in vanadium, thallium, indium, and tin; how- 
ever, our deviation appears to be somewhat too large to 
fit the experimental results. 

The critical field at 7 


Hy=(44N (0) |'eo(0) 


r 


—~—N(0)(kT)? 
3 


0 is 


1.75[44N (0) 'RT., (3.39) 


where 2eo(0) is the energy gap at T7=0 and the density 
of Bloch states N(O) is taken for a system of unit 
volume. 

A law of corresponding states follows from (3.39) and 
may be expressed as 


yT 2/HP=}al kT. /eo(0) 2=0.170, (3.40) 


where the electronic specific heat in the normal state 
is given by 
Con=YT (ergs/°C cm'), (3.41) 
and 
y= 42 N (O)R. (3.42) 
The Gorter-Casimir model gives the value of 0.159 for 
the ratio (3.40). The scatter of experimental data is 
too great to choose one value over the other at the 
present time. 
Near T=0, the gap is practically independent of 
temperature and large compared to kT, and hence for 


™~, 


ie P 
Ss (T/T) 
Theory me 





(1/7) 


Fic. 2. Ratio of the critical field to its value at T=O0°K vs 
(T/T ,)*. The upper curve is the 1—(7'/7',)* law of the Gorter 
Casimir theory and the lower curve is the law predicted by the 
theory in the weak-coupling limit. Experimental values generally 
lie between the two curves. 
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T/T <1 we have the relation 


H = He 1— 9x (kT/e0)*), (3.43) 


HH 1—1.07(T/T.)* }. (3.44) 


This approximation corresponds to neglecting the free 
energy change of the superconducting state, the total 
effect coming from Fy. 

The electronic specific heat is most readily obtained 
from the entropy, (3.34): 


dS 
pb 


if 


r 
4kp z. BE . 
dp k>kF dp 


(3.45) 
dT 
‘ B de? 
Cu =4h dS fal 


k>kp 


| E24 | (3.46) 


2 dp 


The expression for C,, is simply interpreted as the 
with the 
modified spectrum (3.21) plus the change in conden 


specific heat due to electrons and_ holes 


sation energy with temperature, 


At the transition temperature, the energy gap van 
ishes and the jump in specific heat associated with the 


, 


des 


second order transition is given by 


(ra) 


k vioneel 


de, 


(Coo—Cen) | Te= 2kB? Y funl(I 


k>kp 


en) 
dp 


(3.47) 
dp 


from 


where 


fun=1/(e?*x+1) (3,48) 


can be obtained 


The de? /dp the 
relation between €) and 7’, (3.27). After some calculation 


derivative 


we find 
dey'| 10.2 
| : (3.49) 
dp \T, 6," 


and the jump in specific heat becomes 
(3.50) 


The Gorter-Casimir model gives 2.00 and the Koppe 
theory’ gives 1.71 ior this ratio. The experimental data 
in general range between our value and 2.00 

The initial slope of the critical-field curve at the 
transition temperature is given by the thermodynamic 


7, /@8.\? 
( ) (C.—C,) 
4n\ dT T, ’ 


With use of (3.47) this becomes 


1/dH.\?*| 
(7,8 
¥ dT T¢ 


relation 


(3.51) 
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ric. 3. Ratio of the electronic specific heat to its value in the 
normal state at 7, vs 7/7, for the Gorter-Casimir theory and for 
the present theory. Experimental values for tin are shown for 
comparison. Note added in proof.—The plotted theoretical curve 
is incorrect very near 7;,; the intercept at T, should be 2.52 


or with (3.39), 


dil, 1.821, 


(3.53) 
dT |r, iP 
When feo, 
the form 


the specific heat can be expressed in 


Cos 3 €0 *7TN? 
( ) ( ) [ 3K (Be) + K3(Beo) 
v0. WARTS NT 


~ 8. 5e 1.447, rT 


(3.54) 


where K,, is the modified Bessel function of the second 
kind, 

The ratio C,,/(y7,) is plotted in Fig. 3 from (3.46) 
and compared with the 7* law and the experimental 
values for tin. The agreement is rather good except 
near T, 
The logarithm of the same ratio is plotted in Fig. 4 to 
bring out the experimental deviation from the 7* law. 


where our specific heat is somewhat too small 


The recent work of Goodman et al.” shows that the 


data for tin and vanadium fit the law: 


Coo/(vT e) (3.55) 
with high accuracy for 7,./7T>1.4, where a=9.10 and 
b=1.50. These values are in good agreement with our 
results in this region, (3.54). 

Thus we see that our theory predicts the thermo 
dynamic properties of a superconductor quite accu 
rately and in particular gives an exponential specific 
heat for 7/7.<1 and explicitly exhibits a second-order 
phase transition in the absence of a magnetic field 


IV. CALCULATION OF MATRIX ELEMENTS 


There are many problems for which one would like 
to determine matrix elements of a single-particle scat- 
tering operator of the form U= 0; H;, where H, 
involves only the coordinates of particle 7. In terms of 
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creation and destruction operators, 


U  » H;= -M Byaw'o'Cx' a’ kos 
7 


k,k’,o,0’ 


(4.1) 
where 


Bok’! - [vcettt tear (4.2) 


is the matrix element for scattering of a single electron 
from ko to k’o’. In this section we shall determine 
matrix elements of U/ between two of our many-particle 
excited-state wave functions for a superconductor and 
give tables which should be useful for application to 
perturbation theory and transport problems. We first 
give a brief review of the corresponding problems for 
the normal state. 

The matrix element of cy’*¢y, between two normal 
state configurations is zero unless the occupation num- 
bers differ only in transfer of an electron from ko in the 
initial to k’o’ in the final configuration, in which case it 
is unity. If one wishes to calculate the probability that 
at temperature T an electron be scattered from a state 
of spin o in an element Ak to one of spin o’ in Ak’, one 
must multiply the usual single-particle expression by 
f(1—f'), the probability that ko be occupied and k’o’ 
unoccupied in a typical initial configuration, A similar 
factor occurs in the second-order perturbation theory 
expansion of LU’: 

Buono \?f(1—f’) 


(4.3) 


FF Oe € =e’ 


If #7; is independent of spin, o’ =o and the sum reduces 
to 


2d 


i 4 


y 


tas 
Buy | ) (4.4) 
e—e’ 


Buw({fl—f) 
-¥ 
3 4 








T/T 
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Fic. 4. A logarithmic plot of the ratio of the electronic specific 
heat to its value in the normal state at 7, vs T/T. The simple 
exponential fits the experimental data for tin and vanadium well 
for T./T>1.4. 
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TABLE If. Matrix elements of single-particle scattering operator. 


Wave functions* 
Initial, ¥; Final, ¥, 
(kt, (kf, (kt, (k’f, 

kJ), —k’)) kJ), —k’)) 


Ground (+) 
or excited (—) 


kk’ 


Energy 
difference 


W.-W, 


E-E' 
E’—E 
E+E 


(a) 
X0 
X0 


00 
XX 


X0 
X0 


00 
XX 


® For transitions which change spin, reverse designations of (k’f, 


The factor of two comes from the sum over spins in the 
initial configuration and the second form from the fact 
that | Byy:|? is symmetric in k and k’. 

The calculation of the corresponding factors for the 
superconducting case is complicated by the fact that 
any given state ko may be occupied singly or by either 
ground or excited pairs, and these possibilities must be 
weighted by the probability that they occur in a 
typical initial wave function. First consider matrix 
elements of an operator which does not give a spin 
change: 


(WV, >. , BuyiCyre Cue W,). (4.5) 
Nonvanishing matrix elements of cyt*cyt are obtained 
only when the single and excited-pair occupancy of ¥, 
and Wy, is the same except for those designated by wave 
vectors k and k’. Further, ¥; must contain a configura- 
tion in which kf is occupied and k’t unoccupied and 
WV, one in which k’¢ is occupied and kf unoccupied. 
The various possible transitions along with the matrix 
elements are listed in Table II. While the individual 
matrix elements are complicated, fairly simple results 
are obtained when a sum is made over all transitions in 
which k is in a volume element Ak and k’ in Ak’, it 
being assumed that By, is a continuous function of k 
and k’. 

The first type of transition, (a), listed in Table I] 
corresponds to single occupancy of kf in the initial and 
of k’f in the final state. Pair occupancy of k’ (i.e., the 
pair k’t, —k’J) in W, and of k in Wy may be either 
excited or ground, giving the four possible combinations 
listed in the second column. These have components in 


Matrix elements 
wy * k’§ OF 
kb *Curt 


Probability of 
initial state 


Cet Cet O1 ‘ 
c kb Cut « 


h)(1—h’) } (hh')* 
[a 
[Al 


[a 


4s(1—s’ 
jsp! 
jsp’ 
is(1—s’ 


ca 
(hh’)* 
ca 
[ACA 


p’) 
A) 

h')} 
h)h' |) 


h’')} 
h)h' } 
p’) h’)} 
(hh’)4 
[a 
[AC 
{a 


4s'(1—s A)(1 
hs'p 
ts’(1—s 
}s’p 


[a 

(hh')* 
[A'(1—h) }? 
[A(1—h’) }* 


p) h’)} 
A)(l 

h')} 
h)h'} 


h') 
p 


[(1—A)h' } 
[A(1—h’) } 
[(1—A)(1—h') 8 
(hh')4 


[ACA 
LA’ 1 
(hh')§ 

[(1—A) (1 


h’)} 
h) }* 


h’)\ 


(1 
pp’ 
(1 
pil 


[AC 
La 
(hh’)§ 

[—A)(1 


h’) 
hjh' } 


[(1—A)h’ } 
[A(1—h’) } 
[(1—A) h')\ 
h') }* (hh')# 


k’}) in the initial and in the final states 


which the pair states k’ in W,; and k in Wy are unoccupied, 
designated by XY0O00 for ¥; and 00 XO for W,. There 
is a nonvanishing matrix element of cy1*cyt between 
these components. Other components of the same wave 
functions have the pair states k’ in ¥, and k in W, 
occupied, as is indicated by the designations XO XX 
and XX XO, respectively. While the matrix element of 
cyt *cxt between these latter vanishes, that of c_.y*c_ 4-4 
does not. Since both cyt*eyt and ¢c_yy*e_y-y are included 
in the sum in (4.5), they will give coherent contributions 
and must be Matrix 
between these states of all other terms in the’sum are 


considered together. elements 
ZeTO, 

Matrix elements of type (b) are for single-particle 
occupancy of —k’) in ¥; and of —ky in Wy, while k in 
WV, and k’ in Wy may be occupied by either excited or 
ground pairs. With interchange of spin and of k and k’, 
they are similar to type (a). Type (c) represents single 
occupancy of kt and —k’y in W, and either excited or 
ground pair occupancy of both k and k’ in Wy. Transi 
tions of cys*cyt are allowed for the component 00 XX 
of Wy and of cxy*c_uy for the component XX 00, 
Again, these are coherent. Finally, type (d) represents 
excited or ground pair occupancy of W, and single 
particle occupancy of —kj, k’t in Vv, 

The energy differences W,—Wy listed in the third 
column are obtained by taking an energy 2F for an 
excited pair, F for single occupancy, and zero for a 
ground pair. We have used the notation L= K(k); 
E' = E(k’), etc. 

In column 4 are given the probabilities of the initial 
state designations, based on taking 45 for a specified 
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single occupancy, p for an excited pair, and (1—s—p) 
for a ground pair. For example, ¥, in the top row 
corresponds to kt occupied and a ground pair in k’, 
and the fraction of the states k in the volume element 
Ak and k’ in Ak’ which have this designation is 
4 s(k)[ 1—s(k’)— p(k’) | 

To calculate the matrix elements, it is convenient to 
decompose the wave functions into components corre- 
sponding to definite occupancy of excited and ground 
pairs as in (3.10). Thus, for the top row in which k’ 
in W, and k in Wy are both ground pairs, 


VY, cut*| WY po (Ou, 1 ye) | (1 h’)§ oo(Oy Ox) ly (4.6a) 


V, cyt*| Wh gyo(1y Oye) + (1 h)* poo(Oy Ou?) a (4.6b) 


where 
$10 by* by gor. 
The 


matrix element of cy/t*cyt is 


[(i—Av)(1 h’) ]*(curt™® goo Cut * goo) 
[(1—A)(1—W’) }}. (4.7) 


(Wy | cut * cut |W) 


The 


matrix element of c_yy*c_xy is given by 


(Wy \¢ na wa |W) 


(hh’)* (cyt * by * by: poy c ng" x’ 4 xt G01). 


(4.8) 


Since 
(4.9) 


a" t*hy* by gor Cw pba* gor, 


Cana *C_ rg cut® gor = Cw ou* G01, (4.10) 


the matrix element is (hh’)'. The other matrix 
elements of types (a) and (b) may be calculated in a 
similar manner. 

For types (c) and (d) we make use of the decompo 


sition (3.10). For example, for type (d), 


VY, anguilla) t+ ajo¢i0(1y, 0x.) 


} ang 1 (Oy, 1 kw’) + ayo ¢oo(Oy Ox), (4.11) 


where the a’s are as listed in Table I. The final wave 
function is 


V, Cut Cut Pro. (4.12) 


Thus the matrix element of cyt*cyt is just ayo. The 
matrix element of c_y4*c_x-4 is found from 

c rhe ae oa) na*c «Du * Dx Gro 
=Cut *Cut Pr0, (4.13) 
so that we find 


(Wy | cong *cey | Va) =a001. (4.14) 
Those for type (c) can be obtained by interchanging 
initial and final states and spin up and spin down. 

We have so far assumed a spin-independent inter- 
action, One involving a spin flip may be treated by exactly 
similar methods. Initial and final states differ from the 
parallel spin case by interchange of spin designation of 
k’ in the initial and in the final state. There is a coher- 
ence between the matrix elements for c_y-4*cyt and 
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c_x4*cyt. They are the same as the corresponding 
matrix elements for parallel spin, except for a reversal 
of sign of the reverse spin transitions. For example, 
for the type (a) transition of the top row, the final 
state is now 


Vv, ( «Th gy0(1 4,00) 4 (1—h) poo(Ox,Ox-) J. (4.15) 


The matrix element of c_y-4*cut is [(1—A)(1—A’) |! as 
before. To obtain matrix element of c_yy*cy-t, we now 
have, corresponding to (4.9) and (4.10), 


* — 
Cox's bubu* gor = Cu thy* Goi, 
€ ub Ci tCut® Gor = Cu thy* gor, 


giving +(hh’)'. We have indicated the change in sign 
in the table by listing —c_y4*cy-t at the top of column 6. 

In a second-order perturbation theory calculation, 
one is interested in determining 


|(W,| z ByCue*Cue| WV) |? 
3 «a 

- — (4.16) 

j W.-W, 


where the sum is over all intermediate states, f. The 
initial state should be a typical one for a given temper- 


ature 7. In general, one might have either 
Byy (case I) 


+- Bx, 1, (4.17) 


ae (4.18) 


(case II) 


The latter applies to the magnetic interaction. To take 
the coherence into account, one may take the spin- 
independent sum over k and k’, which designate initial 
and intermediate states: 


: | Bae 12] (Wy! curt * cuts Cc “eC k's Vi) | ay 
+ , 
kk’ W;—W, 


(4.19) 


where the average is taken over volume elements Ak 
and Ak’ for the initial state. 
For terms with an energy denominator W,—W, 
E—E’, we have 
{L(1—h) (1 —A’) A (hh') YEA s(1—s’— p’) 
thps’+4ss’+ p(1—s’—p’)} 


}- 9 
€€ F €y" 


sf 


fa ~f’). (4.20) 


EE 


Table III lists the average matrix elements for the 
various values of W,—Wy,. 

The second-order perturbation theory sum may be 
written 


— > | Bux |?L(e,€’), 


kk’ 


(4.21) 
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TABLE III. Mean square matrix elements for possible 
values of W,—Wy. 


(! (Wy) Cure cu gceo—uy *c—1 4 | Va) |2aw 
‘= 7 
€€ ys f’) 
EE 
ee F & 


EE’ 


2 


fl f) 


(E+ E’) 


E+E’ 


where 


1 ce F €°° 
L(e,e’) =-( 1+ - ) 
2 EE’ 


1 ce Fe" 1 f - f' 
+-(1- )( | 
2 EE' E+E 


1/(1—2f)E —) 
2 e—¢”? 


1 sec’ Fee? (1—2f)E’—(1—2f)E 
Aeeeeyy ) 
aN £2 k 2__ ,/2 


hee 
(4.22) 
The upper signs correspond to case I, the lower to 
case IT. 
To determine the probability of a transition in which 
an energy quantum hy is absorbed, we have a sum of 
the form 


2r 
P » | Bu? (| (Wy | curt * cut £646 wa | Vi) aT 
h ok, k’ 

x6(W,—W, 


hv). (4.23) 


For the matrix elements for which W;—-W,=E—E’, 
we may interchange k and k’ in the sum and combine 
them with those for which W;—W,=£’—E. This just 
gives either one multiplied by a factor of two: 


2x ce F €¢? 
— 2) 2| Bure |73 1+- 
hk,’ EE’ 

«x f1—f')6(Wy—Wi—hv). (4.24) 
One may interpret the factor of two as accounting for 
the sum over the two spin possibilities of the initial 
state. If | Byy|* is symmetric with respect to the Fermi 
surface, so that we may sum over + and 
« and é’, terms odd in ¢ and ¢’ drop out, and we find 


2x . €¢° 
- > 4| Bue |*(1 F- ) 
h kk’ >kp EE’ 
x fA— f’)6(E’— E—hy). 


- values of 


(4.25) 
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E+ EF’ and 


The corresponding expressions for W,;—W, 
—(E+E’) are: 


oe €0° 
> 2| Bux |?f 14 oe. 
hh kk’ >ke Lk 


KX (1— fy 1— f)6(E+ bh’ —hv), (4.26) 


dr ; €0" 
> 2 Buy 4 1 t 
h kk’ >ke 


(4.27) 


Jaro + be’ +-hyv), 
EK’ 


respectively, where again we have dropped terms odd 
in eand €. 

Hebel and Slichter* have used (4.25) to estimate the 
temperature dependence of the relaxation time for 
nuclear spin resonance in the superconducting state 
from the corresponding value in the normal state. ‘They 
are able to account for an observed initial decrease in 
relaxation time in Al as the temperature is lowered 
below T,. The increased density of states in energy in 
the superconducting phase more than makes up for the 
decrease in number of excited electrons at temperatures 
not too far below 7’. For this problem, the lower sign 
(+) is appropriate. 

These expressions may also be used to determine 
transport properties, such as electrical conductivity in 
the microwave region and thermal conductivity 


Note added in proof.—The marked effect of coherence on the 
matrix elements is verified experimentally by comparing absorp 
tion of ultrasonic waves, which follows case I, with nuclear spin 
relaxation or electromagnetic absorption, both of 


For frequencies such that hv<kT,, 


which follow 
case II 
II an initial increase in 
decrease to values below that of the normal state as the tempera 


one expects for Case 


absorption just below ra followed by a 


ture is lowered, as is observed experimentally. On the other hand 
for case I one expects the absorption to drop with an infinite 
slope at 7, such as is found for ultrasonic waves 

The expressions for the transition probabilities are simplified 
if we change our convention for the moment to give / the same 
sign as ¢, so that = — (e*+ 7) below the One 
may then write (4.26) and (4.27) in the same form as (4.25), with 
FE and F’ now taking on both positive and negative values 


Fermi surface 


Considering both direct absorption and induced emission, the net 
rate of absorption of energy in the superconducting state is 
proportional to 

2 

) 


¥ €& r , ’ ’ ' 
ae {(1 t i, fai—f’) f (l—/f) p(L)p UV dk, (4.28) 


where /’ = E+-hy and p(/) = 
states in energy. 
With the upper sign (case I) and with Av@<kT, the density of 


V(OE/ U2 


eo')* is the density of 


states terms are cancelled by the first factor, and the expression 
reduces to 
a, « 2N (0) rf (f—f’)dEX2(.N (0) Phy f(e0), 
J 
The factor 2 comes from adding contributions above and below 


the Fermi surface. The corresponding expression for the normal 


“1. C. Hebel and C. P. Slichter, Phys. Rev. 107, 901 (1957) 
We are indebted to these authors for considerable help in working 
out the details of the calculation of matrix elements, particularly 
in regard to taking into account the coherence of matrix elements 
ol opposite spin. 
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state is similar, except that ¢¢=0, We thus find 
4/2 f(€) (4.29) 


Kk. W. Morse and H. V. Bohm (to be published) have used (4.29) 
for analysis of data on ultrasonic attenuation in an indium 
specimen for which the electronic mean free path is large compared 
with the wavelength of the ultrasonic wave, so that one might 
expect the theory to apply. Values of ¢9(7') estimated from the 
data by use of (4.29) are in excellent agreement with our theo 


retical values (Fig. 1). 
For case II, the integral may be expressed in the form: 
a, 1 f (EE' +- 6?) (f—f)dE 
an hn ((2 


( 
e*) | (E+ hv)? ef |}! 4.30) 
The integral diverges at E= eo if hv is set equal to zero in the 
denominator. Numerical evaluation of the integral indicates that 
for hv~4kT, or less, (4.30) gives an increase in absorption just 
below 7, as observed by Hebel and Slichter in nuclear magnetic 
resonance and by Tinkham and co-workers (private communi 
cation) for microwave absorption in thin superconducting films 
In order to have absorption at T7=0, hy must be greater than 
the energy gap, 2eo. We take FE negative and £’ positive, and find 
for this case 


a, 1 f % [E(E+hv) + ey dE 
ain hed eg-hy { (12 — eo) (E+ hy)? — eg? }}* 


The integral may be evaluated in terms of the complete elliptic 
integrals, H(y~) and K (+7) as follows 


Os Jeo . Je 
={1 hk 2f )a (y), 
On ( ' z=) 7” hy 


2eo)/ (hv +2) 


(4.31) 


(4.32) 


where 


(4.33) 


y= (hy 
This expression is in excellent agreement with data of Glover and 
Tinkham (reference 20, Fig. 6) on infrared absorption in thin 
films. 


V. ELECTRODYNAMIC PROPERTIES 


The electrodynamic properties of our model are 
determined using a perturbation treatment in which the 
first order change in the wave function is used to 
calculate the current as a functional of the field. For 
such properties as the Meissner effect this approach is 
quite rigorous since we are interested in the limit as 
A(r) approaches zero. It is assumed that the medium 
is infinite and that the sources of the freld may be 
introduced by inserting current sheets in the interior. 
This method has been applied previously to the calcu- 
lation of the diamagnetic properties of an electron gas.*° 

We first derive an expression, valid for arbitrary 
temperatures, relating the current density to the total 
field (the field due to the sources and to the induced 
currents). The fact that the system displays a Meissner 
effect is established by investigating the Fourier trans- 
form of the current density in the limit that g-0. In 
this limit we obtain the equation, 


1 


a(q), (5.1) 


limj(q) 


or cAr 


* This method was first applied to the calculation of the 
diamagnetic properties of an electron gas by O. Klein, Arkiv Mat. 
Astron Fysik, A31, No. 12 (1944). Our treatment follows that of 
one of the authors as given in reference 7, pp. 303-321, where 
further references to the literature may be found 
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where Az is a function of temperature, increasing, in the 
free-electron approximation, from the London value 
A=m/ne’ at T=0 to infinity at the transition temper- 
ature. 

The limiting expression (5.1) is valid only for values 
of g smaller than those important for most penetration 
phenomena. In general we find the current density is a 
functional of the vector potential A which, with div A 

(0), may be expressed in a form similar to that proposed 
by Pippard (1.3): 


(5.2) 


: 3 RU R-A(r’) JJ (R,T)dr’ 
j(r) f , 


4acA rto R* 
The kernel, J(R,7), is a relatively slowly varying 
function of temperature, and at 7=0°K is not far 
different from Pippard’s exp(— R/€). 

To calculate penetration depths, it is more convenient 
to use the Fourier transform of (5.2), which may be 
expressed in the form 


3(q) = — (c/4r) K (q)a(q), 


where K(q) is a scalar which approaches the constant 
value 4m/(Arc*) in the limit g-0. One may determine 
K(q) directly from the perturbation expansion of the 
wave function, or one may first calculate J(R,7) and 
then find the transform of (5.2). The latter procedure 
is followed in Appendix C, where an explicit expression 
for K(qg) valid for g not too small is derived. In this 
section we shall give a direct derivation of the transform 
which can be used to investigate the limit g-—0, and 
then give the derivation of (5.2). A comparison of 
calculated and observed values of penetration depths is 
given at the end of the section. 

In the absence of the electromagnetic field, the 
system at a given temperature is characterized by the 
complete orthonormal set of wave functions which we 
denote by 


Wo(T), Vi(T), «> -WalT), «°° 


with corresponding energies 
Wo(T), WiA(T)-+-W,(T)--- (5.4) 
We choose for Wo(7) a typical wave function of the 
type described in the previous sections, where the 
occupation of “single particles” and ‘excited pairs”’ is 
given by the s and p distributions, respectively, 
appropriate to the temperature 7’; the rest of the phase 
space is available for ‘ground pairs’’ whose distribution 
is specified by A which is also a function of 7, The set 
of orthogonal states is obtained by varying s and p (in 
analogy with the normal metal) and not changing A. 
We thus are choosing a representative configuration of 
the most probable distribution and taking system 
averages with respect to this representative configur- 
ation. 
The electromagnetic interaction term for an electron 


of charge g= —e, e>0, is, in second quantized form, 
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—ieh 
i= fang) (A-v+0-A) 
2m 
t A?(r) WW(r). 
2mc* 
We choose a gauge in which ¥-A=0 and in which A=0 
if the magnetic field is zero. 
We expand y and ¥* in creation and annihilation 
operators” ; 


y(r) 


y*(r) 


> Cw, o Heo ®*, 
(4 k’ 0’ 
where the c’s satisfy the usual fermion anticommutation 
relations, (2.1) and (2.2), u, is a two-component spinor, 
and Q is the volume of the container. The interaction 
Hamiltonian becomes, when one neglects the term of 
higher order in A, 


eh (dn)? __ 
Cerqe't x, o(q)-k, 
mc @ k.qe 


where 


i 


3 
fae A(r)e ‘4! 


The current operator ¥(r) is 


a(q) 


Qn 


1€ 


h ¢ 
(y* vy — Herm. conj.) y* Ay 


Jr) 


mu 


Sp(r)+3v(r). 


2m 


Expanding y and y* as in (5.6), we get 
eh 
iq r(2k { q), 


. * ; 
> Ck+q,a ©k, of 


2mQ k,4.0 


* — 
Cytqa ©, of at A(r) 


Sp(r) ss 


me l k.q.e 


In the presence of the electromagnetic field the 
function for the system may be written 


(A) =%o+,+ (terms of order A*---), (5.10) 


where the usual perturbation expression for ®, is 
Re Hy Wo) 
, , Vi). 
Wo-W, 


36 At this point we insert plane waves for the Bloch functions 
It would be possible to carry through an analogous procedure 
formally with Bloch functions. The average matrix elements 
which enter cannot be evaluated explicitly, but can be expressed 
in terms of empirically determined parameters. The appropriate 
modifications of the free-electron expressions are as indicated in 
the introduction 


PD, (5.11) 


ru 
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To the lowest order in A(r), the expectation value of 
the current operator is then 


(| ¥(r)|%)= (1 Yr(r) | 0) 
t (dy V(r) ?,) { (do Vp(r) Po), 


j(r) 


(5.12) 


where the last equality follows if the current in the 
field free state, Jo(r) = (Po! J(r) 0), vanishes.* 

If (5.7), (5.9), and (5.11) are combined with (5.12) 
and the condition q:a(q) 
paramagnetic part of the current density, 


0 is used, we obtain for the 


eh (2)! ; ; 
jp(r) > d>& > (2k+q)k’ 
2m*E io qe ke’. q’.o! 


A(q’ ewe (Wo(T) | Cary q' 0 Cure |Vi(T)) 


K (Y,( 7) Cut+aq ave k,@ WV of T')) 
W, 


t complex conjugate (5 13) 


while for the diamagnetic part we have 


jp(r) (ne?/mc) A(r), (5.14) 


where m is the number of conduction electrons, of both 
spin directions, per unit volume 
The spin sums and the calculation of the average 


matrix elements can be carried out as indicated in 
Sec. IV, (4.16) to (4.22). We then obtain 


eh? (lr)! : 
jr(r) > (2k+q)k 
2m*c (ka 


-A(—qye'*'"L(ex,exye), (5.15) 


where L(e€x,€x;q) 18 given by (4.22) with the lower 


signs, corresponding to case II. Setting e,=€ and é€x4q 


e’, the explicit expression for L is 


1 ] / -) ee T €¢ 
: ' ) 
k+k’ kh 
1 f’ J ee + €," 
) 1+ ) (5.16) 
2NE—E EE’ 


46% Note added in proo We neglect the effects of the momentum 
dependent cutoff on the expression for the current density; as 
shown explicitly by P. W. Anderson (private communication 
errors introduced are negligible in the weak coupling limit. In a 
general gauge, A=Ay-+grady, with div Ag=90, it would be neces 
sary to include in the perturbation expansion collective excitations 
of the electrons, the simplest of which corresponds to a uniform 
displacement of all of the electrons in momentum space Energies 


Lee) 


and matrix elements of collective excitations are nearly the same 
in normal and superconducting phases. We assume the collective 
excitations make a negligible contribution to the current form Ay» 
(see J. Bardeen, Nuovo Cimento 5, 1766 (1957) 
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To show how (5.16) reduces to the usual expression 
for a free-electron gas in the limit eg—0, we note that 
: is defined so that it is intrinsically positive, while the 
Bloch energy « may be either positive or negative. As 
es), E->\ |. If € is negative, 


fle) = f(— lel) =1-—f( e|)=1 — f{(E), 


‘To get a nonvanishing contribution from the first line, 
« and ¢’ must have opposite signs, while for the second 
line they must have the same signs. We thus find that 
L(ee)—>(f'— f)/(e—), as it should [see (4.4) }. 


The Meissner Effect 


(5.17) 


To establish the existence of the Meissner effect, 
we investigate the Fourier transform of j(r) in the 
limit q—0. If j(q) does not go to zero in this limit, 
and is opposite in sign to a(q), then the system will 
expel the field from its interior and behave like a 
perfect diamagnet. 

The Fourier transform of the paramagnetic part of 
the current density, jp(r), is given by 


1\! 
jr(q) ( ) fa jp(nje "*s 
Qn 


Referring to (5.15), this can be written as 


(5.18) 


jr(q) 


eh 1 4 
( ) fe (2+ ak @(a)Lexe049), 5.19) 
mc \ 2x 


tiyqg ANd L(€x,€n49) 


where in the limit that q-0, 


becomes 
Bebt 


limL (€x,€x44) (5.20) 


q 


(1 } gb)? 


Thus we want to evaluate 


eh’? s71\3 eF! 
( ) 26 f ak khkeacg . 
m’c\2n (1+)? 


Choosing a(q) as the polar axis, the angular integration 
can be done; then, using the relations n=k,’*/3n* and 


h*k »*/2m, we get 
ne’ 
1 
my 


f kdke®® (1+-e8*)-. (5.23) 


A T pp? 0 


limj p(q) (5.21) 
— 


by 
limy p(q) 
q 


where 


A 2p & Fr 


Letting y= «/k7, and using the sharp maximum of the 
integrand at «=, we find 


exp(y’?+-f'e0")! 


A ‘ 
: -2f dy- . (5.24) 
Ar 0 [1+ exp(y’ +Bre?)' P 
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The London constant Ar can also be expressed in terms 


of derivatives of €o, as is done in Appendix C where the 
following result is derived 


B de 
Ar= a(i + ) 
€, dp 


The total induced current thus becomes: 


(5.25) 


ate : ; A ne’ 1 
limy(q)=Jrt+y)p » lq) 
“ Ar mec Arc 


a(q). (5.26) 


In the two limiting situations 7-0 and 7->7,, A/Ar 
can very easily be evaluated. As 7-0, 6 becomes 
infinite, so that Ar becomes equal to A, the London 
value 


x 


lim (A ‘Ar)=1— of dy exp[ — (y*+-6%e0?)4 J=1. (5.27) 


0 


This could have been seen immediately from (5.19) 
since in the T— 0 limit L(ex,¢x;q)=0 and the para- 
magnetic part of the current density is zero. This limit 
just gives the equation obtained by London assuming 
complete rigidity of the unperturbed system wave 
function in the presence of an electromagnetic field. 
When 7->T., e068 goes to zero and A/Ar also goes to 


zero, since 
A * evdy 
lim ( )-1-2f aon aan), 
TTe\ Ap » (+e)? 


The small Landau diamagnetism would appear only in 
a higher order. We thus find that when the system is in 
the superconducting phase, the current density in the 
London limit has the form (5.1), with Ar varying from 
A to © as T goes from 0 to 7,. 

It is interesting to note that the Meissner effect 
occurs for any value of «940. If es=0 (for example if 
we let V=0), then, for T7>0, Beg=0 and from (5.27b) 
we see that A/Ar=0. The paramagnetic part of the 
current density is then 


(5.27b) 


_ ne* 
limyp(q)=—a(q), 
“7 mc 


(5.28) 


and the total current in the q—0 limit becomes 


limj(q) =0. (5.29) 
q-70 

This is also true when 7'=0, though in this case one 
must be careful of the order in which the various 
limits are taken. 


Current Density 


We now evaluate the spacial distribution of the 
current density and exhibit it in a form similar to that 
proposed by Pippard. The method we use follows that 
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of one of the authors’ who carried out a similar calcu- 
lation for an energy-gap model. 

Beginning with (5.15), setting q=k’—k, and using 
the fact that q-a(q)=0 and that we can write terms 
like ke**** as 

ke'* r 


‘Vere, (5.30) 


we can reduce all of the angular integrations to integrals 
of the form 


.7 2 
J sindd6e***\"* sinkR, 
( kR 


where R= |r 
sinkR 
Ee) 
kR 


we finally obtain 


-r’|. Then, using the relation 
RR coskR—sinkR 
kR 


VR, 


: en 
jp(r)= 
2m*cr' 


’ 


(A(r’)- 9'R)VRG,(R) 
f r’ R 
where 
G,(R) f at f dk’ kk’ f(k,R) f(k’,R)L(6,€) 


and 


S(Rk,R) =kR coskR—sinkR (5.35) 
These equations correspond to (21.4)-(21.6) of reference 


7. The entire current density j(r) can now be written 


ne 
pit) A(r). 
me 


j(r) (5.36) 


It is convenient to subtract and add G,(R) inside the 
integral (5.33), where G,(R) isG,(R) evaluated at e9=0. 
The integral evaluated with G,(R) gives the para- 
magnetic current contribution of a free electron gas and 
just cancels the term — (ne*/mc)A(r), leaving the small 
Landau diamagnetic term in which we are not inter- 
ested. We have left the interesting part of the current 
density: 


j(r) (5.37) 


eh f [G,(R)—G,(R) |REA(r’)- R] 
- dr’ 7 ° 


2m’*cr'* R* 

An inspection of G,(R), (5.34), reveals that the 
major contribution to the integral comes from the 
region k, k’~ky» (i.e., very close to the Fermi surface). 
Since we are interested in values of R2 penetration 
depth which is ~10~° cm, in the region of the major 
contribution, kRR~k’R>1. With this in mind, the 
product f(k,R) f(k’R) becomes 


f(R,R) f(k’,R)~RR'R® coskR cosk’R 
= 4kk’ R*(_cos(k+ k’)R+cos(k—k’)R | 


~hRR'R® cos(k—k')R, (5.38) 
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as cos(k+k’)R is very rapidly oscillating in the region 
of interest. 

Now, making the change of variable dk= (dk/d&)de, 
approximating the slowly varying terms k+k’~2kp 
and dk/d&~1/hvo, where v9 is the velocity of an electron 
at the Fermi surface, and using the rapid convergence 
of the integral to extend large finite limits to infinite 
ones, we obtain 

G,,(R) 


dk \? A 
bette ( ) re)(0)—J(R,T), 
dé& F Ar 


G,(R) 


(5,39) 


where 


1(R,T) =1(R,0O) —1(R,€0) (5.40) 


and 


+®@ 


Ar 
[fe de’ L(e,e’) 
Am eo(0) 


R 
x cos ( -¢') | 
hvo 


T( R ,€o) 


The current density then becomes 


’ 


3 we(O) e J(R,T)REA(r’)-R] 
j(r) fae 
drchr hy R‘ 
where Av has been given by (5.25 

The current density has now been written in a form 
in which it is easily comparable to Eq. (1.3), proposed 
by Pippard for a pure superconductor, where we 
identify 1/£ with the microscopic quantities: 

1 weo(Q) 

(5.43) 


’ 


fo hvy 


and where J(R,7') is to be compared with the expo 
nential function, exp[.— R/&o |. We have defined J(R,7) 
so that it has the same integral as exp[ — R/£ |: 


4 


f seanar £. 


As evaluated in Appendix C, /(R,7) is given by 
Ar e((T) eo(T) 
J(R,T) tanh 


A €9(0) 2kT 


2eo(T') ” 2R 1 
f de sin( “) 
T 0 hv 


from which (5.44) can be established. In the London 
limit, where A(r) varies so slowly compared to the 
coherence distance &) that it may be taken out of the 


2f(k’) 
(5.45) 
él’ 


integral sign, we obtain 


(5.46) 


A(r), 


cAr 


j(r) 


as has been shown previously. 
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hic. 5. The kernel J(R,0) for the current density at 7=O°K vs 
R/to, compared with the Pippard kernel, exp(— R/£o) 


With this normalization of J(R,7) it turns out that 
most of the temperature variation of the current density 
is contained in Ay, and that the integral does not 
produce effects that vary very much with the tempera- 
ture, This will be made clear later in the calculation of 
the penetration depth as a function of the temperature. 

At T=0, J(R,0) has the simple form 


2 £ 
J Ko(y)dy, 
TH 20/0) R/hvo 


1(0,0) =1. 


(RO) 


and when R=0 
(5.48) 


Thus J(R,0) not only has the same integral as the 
exponential but also the same value at R=0. A com 
parison of the two given in Fig. 5 shows that they are 
quite similar. 

We may express £ in a form similar to that suggested 
by Faber and Pippard*®: 


ko a(hvo RZ «). (5.49) 


where a was adjusted empirically from observed pene 
tration depths. From (5.43), we find 
ho 


0.18 
kT, 


hv 1 kT. hyo 


(5.50) 


mey(O) mw eo(O) RT, 


Our theoretical value of 0.18 is between the empirical 
estimates of 0.15 by Faber and Pippard*®® and of 0.27 
by Glover and Tinkham.”’ Thus at the absolute zero 
our theory gives a current density very much like that 
proposed by Pippard. Since J(R,7) varies slowly with 
7, most of the temperature variation is contained in 


the constant Ar. 


Penetration Depths 


A most important application of the equations we 
have derived for the current density is to the calculation 
of field penetratign at a plane surface. The results 
depend to some extent on the boundary conditions for 
scattering of electrons at the surface. Pippard®* has 
given general solutions for the limiting cases for specular 
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reflection and for random scattering, based on corre- 
sponding expressions derived by Reuter and Sond- 
heimer*’ for the anomalous skin effect. The penetration 
depth, defined by 


gw 


1 D 
A= f H (x)dx, 
H(0) J, 


-[ dq 
rJ, g@+K(q) 


for specular reflection and by 


(5.51) 


is given by 


us 


i) Inf 1+q?K (q) | 
0 


for random scattering, where K (q) is defined by (5.3). 
Limiting expressions have been given for £/A large 
or small compared with unity. The London limit 
corresponds to «A, in which case K (q) is a constant 
4n/Arc over the important range of integration. The 
penetration depth is then 


’ 


AL(T) = (4r/Aryc*)'. (5.54) 


For a free-electron gas, this reduces to the London 
value (mc*/4ane*®) at T=O0°K. Since, for most metals, 
fyo~ 10 cm and A~5X10~* cm, it is the opposite 
limit, &)>>A, which is more applicable (except possibly 
near 7). In this limit J(R,7) does not vary much over 
the penetration depth, so that it is only the value at 
R=0, J(0,T), which enters. Pippard* has given expres- 
sions for \ in this limit, called \,,. For random scattering, 


3s EAL? ' 
( ) : (5.55) 
(2r)*\ J (0,7) 


while the value for specular reflection is smaller by a 
factor 8/9. 


Q6, 


8 r 
04, Agdo}) | £2!) tanh 
o(T)} ” [€.(0) 2 


02+ 


Fic. 6. The temperature variation of the penetration depth 
A,, in the infinite coherence distance limit, (go/A)-+ » , compared 
with the empirical law, [A(O)/A(T) P=1-—¢ 

37G. E. H. Reuter and E. H. Sondheimer, Proc. Roy. Soc 
(London) A195, 336 (1948). 
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TABLE IV. Penetration depth, A, at T=0°K.* 


(2) (3) (4) 


10*hve/kTe 
Metal cm fo/AL 


Tin 3.4 1.4 7.3 
Aluminum 8.2 , 93 


* Values of Ax and vo are those estimated by Faber and Pippard*® from high-frequency skin resistance and normal electronic 
Ratios in columns 5 and 7 are taken from Fig. 6, Observed values 


of £0 is O.18hv0/kT-, as in (5.43 


The temperature dependence of A,, can be obtained 
directly from (5.45). The second term vanishes when 
R=0, so that we have 
hu?(0) feo(7) tanh[}Beo(7) } 1! 
ica eaall 4 (9.56) 


ha?(T) ; €o(0) 


A plot of this quantity on a reduced temperature scale 
is given in Fig. 6. It is plotted in this way so that a 
comparison can be made with the empirical law: 


(5.57) 


d?(0)/A2 (1) = 1-4, 


based on the Gorter-Casimir two-fluid model. It is seen 
that our theory is very close to the empirical law except 
for temperatures very close to 7. It is in this region 
that the approximation £>>A becomes invalid as a 
result of A increasing with 7. The corrections are such 
as to reduce the theoretical values so as to bring them 
closer to the experimental values. 

To determine \(7) for intermediate cases, we plot in 
Fig. 7 the quantity A(7)/A,(T) as a function of & 
A(T). The calculations are based on use of the asym 
totic forms for K(q) near T=0° and T=T, given in 
Appendix C, and numerical integrations of (5.52) and 
(5.53). The curves for the two limiting temperatures 
are quite close together, indicating that the effect of 
the variation of J(R,7) with temperature is rather 
small. This procedure is analogous to that of Pippard® 
who gave a plot by means of which one can determine 
\ from known values of &) and A, for the case J(R,0) 

exp(— R/£). 

Using our theoretical expression (5.50) for & and 
empirically estimated values of vo and A,,(0) for tin and 
aluminum,” we have obtained £9/A,(0), and, using 
Fig. 7, have determined A(0)/A,,(0) for these two metals 
(Table IV). The agreement between theory and experi 
ment is reasonably good, the experimental values falling 
between the theoretical values calculated for random 
scattering and specular reflection. 

The theory we have presented applies to a pure 
metal. Pippard® has shown experimentally that the 
existence of a finite mean free path, /, due to impurity 
scattering, has the effect of increasing the penetration 
depth, and has suggested that it may be taken into 
account by introducing an extra factor, exp(— R/U), 
into the kernel for the current density. One of the 
authors’ has shown why such a factor may be expected 
from a theory of the diamagnetic properties based on 


(S) (6 (7) (8) 


Random scattering 
A/AL 10° 


Specular reflection 
A/AL 10% 


1.4 4.8 1.6 5.1 
2.8 4.4 $.2 : 1.9 


specific heat. The value 


are from reterence 25 


an energy-gap model. Similar considerations apply to 
the theory developed in this section; however, effects 
of coherence on the scattering matrix elements intro 
duce complications and the proper correction factor has 
not yet been worked out. 

To complete the electrodynamics we should give a 
relation corresponding to the second London equation, 
the one which gives the time-rate of change of current 
when an electric field is present. Such a theory would 
require a calculation, not yet completed, of transport 
properties with our excited-state wave functions. We 
expect to find something similar to a two-fluid model, 
in which thermally excited electrons correspond to the 
normal component of the fluid. For frequencies such 
that Aveo, one may determine 0j/0t for the super 
conducting component by taking the time derivative 
of the integral relation (5.2) and then setting 0A/01 

cE in the result (see reference 7) 


Random 


Sc attering 


Specular 
Reflection 


ic. 7. The ratio A(7)/AL(T) os &/A,(T) for the boundary 
conditions of random scattering and specular reflection and for 
temperatures near 7'=O0°K and near 7 =7,. The temperature 
variation of A,(7°)) is given by Ax(7) = (Aqc?/4m) 
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VI. CONCLUSION 


Although our calculations are based on a rather 
idealized model, they give a reasonably good account 
of the equilibrium properties of superconductors. When 
the parameters of the theory are determined empirically, 
we find that we get agreement with observed specific 
heats and penetration depths to within the order of 
10%,. Only the critical temperature involves the super- 
conducting phase; the other two parameters required 
(density of states and average velocity at the Fermi 
surface) are determined from the normal phase. This 
quantitative agreement, as well as the fact that we can 
account for the main features of superconductivity is 
convincing evidence that our model is essentially 
correct. 

The basis for the theory is a net attractive interaction 
between electrons for transitions in which the energy 
difference between the electron states involved is less 
than the phonon energy, tw. For simplicity we have 
assumed a constant matrix element, — V, for transitions 
within an average energy hw of the Fermi surface and 
have neglected the repulsive interaction outside this 
region. In more accurate calculations one should take 
an interaction region dependent on the initial states of 
the electron and the transition involved, and also take 
into account any anisotropy in the Fermi surface and 
in the matrix elements. The fact that there is a law of 
corresponding states is empirical evidence that such 
effects are not of great importance. Neglect of the 
repulsive part of the interaction is in the spirit of the 
Bloch approximation for normal metals, and appears to 
be well justified in first approximation. Our theory may 
be regarded as an extension of the Bloch theory to 
superconductors in which we introduce only those 
interactions responsible for the transition. 

An improvement in the general formulation of the 
theory is desirable. We have used that of Bardeen and 
Pines in which screening of the Coulomb field is taken 
into account by the Bohm-Pines collective model, and 


the phonon interaction between electrons is determined 


only to second order. Diagonal or self-energy terms in 
the net interaction have been omitted with the assump 
tion that they are included in the Bloch energies of the 
normal state. When the phonon interaction is so large 
as to give superconductivity, higher order terms than 
the second may well be important. One should really 
have used a renormalized interaction in which such 
higher order terms are taken into account as well as 
possible. Very likely the assumption of two-particle 
interactions is a reasonably good one, so that the only 
effect would be a redefinition of the interaction constant 
V in terms of microscopic quantities. 

The discussion of the matrix elements in Sec. IV 
should be a good starting point for calculation of 
transport properties in the superconducting phase. Our 
excited state many-particle wave functions are not 
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much more difficult to use in such calculations than the 
determinantal wave functions of the Bloch theory. 

For calculation of boundary energies and related 
problems, one would like to introduce an order param- 
eter which can decrease continuously from an equi- 
librium value for the superconducting phase to zero in 
the normal phase as the boundary is crossed. The 
Ginsburg-Landau theory and its extensions’ appear to 
give a good phenomenological description of such effects. 
Perhaps the energy gap, 2¢9, or, what is equivalent, 
the coherence distance, £, could be used for such a 
parameter. 

Another problem, not yet solved, is the calculation 
of the paramagnetic susceptibility of the electrons in a 
superconductor, such as is required to account for 
Reif’s data** on the Knight shift in the nuclear para- 
magnetic resonance of colloidal mercury. Our ground 
state is for total spin S=0. It is possible that there is 
no energy gap between this state and those for S50. 
While a finite energy is required to turn over an 
individual spin, it might be possible to construct states 
analogous to those used in spin-wave theory in which 
each virtual pair has a small net spin, and for which 
the energy varies continuously with S. The explanation 
of the observed electronic paramagnetism (about two- 
thirds that of the normal metal) would then be similar 
to that suggested by Reif himself. 

In view of its success with equilibrium properties, 
it may be hoped that our theory will be able to account 
for these and for other so far unsolved problems. 

The authors are indebted to many of their associates 
for discussions which have helped to clarify the prob- 
lems involved. We should like to mention particularly 
discussions with C, P. Slickter and L. C. Hebel on 
calculation of matrix elements, with D. Pines on the 
criterion for superconductivity, and with K. A. - 
Brueckner on the exactness of the solution for the 
ground state. 


APPENDIX A. CORRECTIONS TO GROUND 
STATE ENERGY 


We may estimate the accuracy of our superconducting 
ground state energy, Wo, measured relative to that of 
the normal state, by making a perturbation theory 
expansion, using the complete set of excited state 
superconducting wave functions as the basis functions 
of the expansion. We first consider the reduced, Hea, 
which includes only pair transitions for pair momentum 
qg=0, and then the effect of the neglected portion of 
the Hamiltonian, H’= H — H yea. 

To the second order, the ground state energy of Hrea 
is: 

(W,| Hoa | Wo) |? 


W o= (Wo| Hrea\ Vo) + ws — t 205-5 
ald Wo- W, 


= Wo +-V 9? + So ages 


* F. Reif, Phys. Rev. 106, 208 (1957) 


(Al) 
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Since the smallest excitation energy is 2¢, the second 
order energy is overestimated by setting | Wo—W,| 
=2e) and performing a closure sum. We obtain the 
inequality 


Wo <L(Wo| Hrea?| Vo) — (Wo| Hrea| Vo)? |/(— 280) 


Wa + Wb t+ We 
on ; (A2) 
2€0 


where 
Wa= (Vo H?| Vo) — (Wo! Ho| Vo)’, 


Wy= (Wo| HH, + H,Ho| Vo) 


2(Vo Ho Wo) (Vo 1, Vo), (A4) 


We= (Wo| H,?| Vo) (Wo H, Vo)’, (AS) 


and 


Hy €% bby", 


ps €xby by t > 


k>kF k<kF 

H,=—V dX by*by, 
ke, k’ 

the sum in (A7) being carried out over the region | e,| 
and |e, | <fw. If terms in Wo linear in the volume 
of the system are evaluated, the following expressions 
may be derived with the aid of the decomposition 
(2.0) 
(A8) 


hw 
Wa vio) f deh(e)[1 h(e) |e, 


hw hw 
Wo —r6vov f def deo{ h(e:)[1—Ales) | 
0 0 


h(€2) yf 1 


«Kh(e2)[1 2h(e:) lex, (A9) 


hw 2 
af desh(e:)[1—h(e1) | 


vhw 
4 / deol 1 — 2h( es) P. (A10) 


0 


8 .V(O)I 


We 


With the use of the relations (2.35), (2.36), and (2.37), 
terms linear in the volume in (A2) become 


hw 
— QeyW 9? <&N of de e| h(e){1 h(e) | 


€0" 
} | 0, (All) 
1] 


“fl 

2 
and therefore W'?)/Wy) vanishes in the limit of a large 
system. 

It is likely that (Wo|Z/,64"|Wo)— (Wo! rea! Vo)” also 
vanishes in this limit for m small compared with the 
total number of valance electrons in the system. For 
Vo to be an exact eigenfunction of /,ea, in the statistical 
limit, it is required that the above condition hold for 
all m. Since this requirement can be shown to hold in 
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the strong coupling limit, it is possible that Wo is exact 
in the statistical limit for all values of the coupling 
constant, although no proof has been found at this time. 

We may estimate the effect of the neglected portion 
of the Hamiltonian, H/’=//—H,.4 by a similar pertur- 
bation calculation. To second order in //’ the correction 
to the superconducting ground state energy Wo (meas 
ured relative to the normal ground state) is 


(i| H’|0)|? 


Wo-W, 


where 


(i|H'\0) Vit hr(koQ 


[h(ko)Q h( ko) )A(kQ1 


The first term in (i/H’\0) may identified with 
breaking up a pair in ko, the spin-down member going 
to —Ko’} and breaking up a pair in k, the spin-up 
member going into k’t. The second term arises from 
ky’ and k’ being occupied in the ground state and 
arriving at the same intermediate state by ko't-—>kot 
and —k’j>—kj. The transitions involving particles 
with parallel spin have been neglected since their 
contribution is reduced by exchange. 

Since the distribution of particle changes differs only 
over an energy region several €9 wide, it is to be expected 
that most of W’ will cancel between the normal and 
superconducting phases. ‘To estimate the energy differ- 


h(ko’))h(k)(1 —h(k’)) |! 


h(k)) }*}. (A113) 


be 


ence, we shall carry out the sums over a region 6¢9 wide. 
Inserting typical values in (A12), we find 


Vt 3N(O)eo |? 
( )- 10-*Wo, (A114) 
Je, 


. ) 
where the factor (3¢9//y) comes from the average 


$€, 
W'~ 
lop 


reduction in phase space as a result of conservation of 
momentum of the pairs making transitions. 

These estimates indicate that although the total 
energy associated with //’ may be significant, the effect 
of 1’ on the condensation energy is very small. It should 
be possible to obtain any required quantitative cor 
rections to Wo by use of perturbation theory. 


APPENDIX B. CHANGE IN ZERO-POINT ENERGY 
OF LATTICE VIBRATIONS 


The contribution to the condensation energy from 
the change in zero-point energy of the lattice can be 
estimated the of the Bardeen and Pines 
collective ion-electron treatment.'® Their theory gives 


on basis 


W zp 5 


W zp" 


Ny Fol (Miya ” 


M, 2{(n,"* Neyn ”’) 
. } 


— ’ 


k.% €k Chie hu 


(1) 


" is the average occupation number in the 
that for the norma] 


where n,' 
superconducting state and ny" 
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state. The sum over « ranges over the first zone and 
k-+™ is to be interpreted as the corresponding reduced 
wave vector so that Umklapp processes may be taken 
into account. If k+-« is replaced by k and «x by —« in 
the terms containing ny4,., (B1) reduces to 


Wap” 


W ap” 


2 M |? (€x— enya) (my ny'™) 


(B2) 


k.% (€x— €u4u)’— (hiw,)? 

If the sum over « is carried out, it is seen that the 
quantity multiplying the difference in occupation num- 
bers is almost independent of k. Since ny‘ —n,'” is 
antisymmetric with respect to the Fermi surface and 
differs from zero only in a range of the order of several 
€o, it follows that the change in zero-point energy will 
be small compared to W. 

A rough estimate of the sum gives 


Wap" 


Aw 
Wap” 2(| M,|*) f N(O)h(e)de 


0 


OZ e—e’ € + é 
vie) + dé 
, (e—e')?—(hw)? (e+e¢')?— (hw)? 


hw 
of N(O)h(ejde- 2 N(&z)/8&z | 


[N (0) Pee™(hw/&z)Wo~10-*Wo, (B3) 


where & is the energy at the zone boundary and typical 
values have been inserted for the parameters. Thus, it 
appears that the lattice zero-point energy should have 
little effect on the condensation energy. 


APPENDIX C. EVALUATION OF THE KERNEL 
IN THE PIPPARD INTEGRAL 


According to (5.41), the kernel of the Pippard integral 
expression for the current density at any temperature 
T may be written 


J(R,T) 


4+@ 
Ar f{(e)— fle) 
ffi Lee) } cosale—e')dede’, 
re (OA e—e’ 


(C1) 


I( RO) T( Rye) 


where a= R/hvo. The limits should really be +hw, but 
the convergence is sufficiently rapid in the weak 
coupling limit so that we may replace hw by © without 
appreciable error. One integration can be performed if 
use is made of the symmetry of the integrand in ¢ and 
«’. We shall use the second form given for L(e,e’) in 
(4.22), with the lower (+) signs. From the symmetry 
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for positive and negative values of ¢ and e’, the integral 
may be written as the sum of two integrals with limits 
Oand »: 


J(R,T) =[Ar/we9(O)A |, +]2), (C2) 


where 


* nw” [F(e)—F(eé) | cosae cosae’ 
I; 2of f dede’, 
0 0 é fs 


eg 


* 7” [G(e)—G(e) Jee’ sinae sinae’dede’ 
I, of f ; p ’ 
0 0 


72" 


and 
F(e)=(1—2f(6) Je—[1—2f(4) (E+ PE”), 
G(e)=(1—2f(6) Je?’—[1—2f(£) JE". 


Unless the argument is given explicitly, ¢9 = «0(7). 

If integration over the region about «=e is made by 
principal parts, each of the two terms in J, (and each 
of the two terms in J») will give equal contributions. 
Care must be taken to take the same limits for ¢ and ¢’. 
Thus we may write 


b n> F(¢€) cosae cosac’dedeé 
1,=40’ lim : 
a +) b+ * a é é”? 


Here & indicates the principal part of the integral of 
e’ past «= « is to be taken. Since F(€)—>0 as e>~, the 
value of the integral does not depend on how the upper 
limits of the integrals over « and ¢’ are approached. 
Thus we may set b= for both, and integrate over ¢’ 
first. This would not have been true if we had not 
included /(R,0), the normal state contribution, which 
is equivalent to the term proportional to A in the 
expression for the current density. The lower limit is 
more critical; we must take a the same for both e and 
e’ and approach the limit a=0 only in the final result. 
The integral over e may be obtained from 


, / / / / 

f cosae’de f cosae’de f de 
‘ I ‘ 19 2 ” 
Rana a engi 


a 


(C7) 


(C8) 


In the second integral on the right we have assumed 
that a is sufficiently small so that cosae’ may be replaced 
by unity. The first integral on the right may be evalu- 
ated by contour integration and the second directly to 
give 

“ 


cosae’de’ sinae 1 et+a 
wf =her - —In . (C9) 
e—e¢? € Je e—a 


a 
Similarly, to evaluate /;, we have 
* ¢' sinae'de’ 
Pe J (C10) 
0 e— 2 


— hm cosae. 
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In this integral we may take a=0, since the integrand 
is not singular at the origin. Combining /; and J», we 


find 
“2 e+a\ de 
I,+T, —2f Fe Inf ) 
e—a/l «¢ 
xe sin2ae 
nf [F(e)—&eG(e) | de. 


a 
(C11) 
€ 
In the limit a— 0, the first integral gives a contribution 
only near e=0. We may therefore replace F(¢€) by F(0). 
The logarithmic integral may then be evaluated, and 
we find 


I +12=ef 1 —2f(e)] 


* 1—2f(E) sin2ae 
7 dred f de. 
0 E € 


Note that this expression vanishes in the two limits 
eo 0 and a (or R)—>~, as it should. The second term 
vanishes as R-0. 

From (C2) and (C12), we may write 


2A re” ft 2 fle) 
me (OQ)A 0 €9 


1 2f(E) | sin2ae 


(C12) 


J(R,T)= 
de, 
“a 


which is equivalent to (5.45) of the text. 
Since f=0 when 7'=0, we can write 


T * sin2ae 
2 
2€0(0) 0 ek. 


This can be put into a form convenient for evaluation 
0 a 
Jay > 


where Ko is a modified Bessel function® which falls off 
exponentially for large values of its argument. If we 
now observe that $o”Ko(y)dy we obtain 


2 ZL 
f Ko(y)dy. 
WH 2R/ xt 


We next consider the integral of J/(R,7) with respect 
to R. If we introduce a convergence factor, we may 


2e9(0) 


J(R,O) (C14) 


Tv 


by using 
” cos2ae 


I= 


2K o(2aeo), 


sin2ae 
de 
ek 


de (C15) 


n/2, 


J(R,O) (C16) 


*® See Erdelyi, Magnus, Oberhettinger, and Tricomi, Higher 
Transcendental Functions (McGraw Hill Book Company, Inc., 
New York, 1953), Vol. 2, pp. 5 and 19 
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integrate under the sign in (C13): 


x 


jim f e 7 sin(2eR/hvy)dR= hhro/e. (C17) 
0 


y 0 


Thus, remembering that = /9/[eo(0) |, we find 


wn 


1 
f s@nar 
fo 0 
aad 2fleo) 1 | 
A 0 €0 E é 


According to (5.44) of the text, Ar is defined so that the 
expression on the left is equal to unity. If we integrate 
the right hand side by parts, we find that 

ed 2f(k) 


A | de 
af ( ) ‘ 
Ar 0 dE iD E 


This integral may be expressed in terms of €9 and its 
temperature derivative by differentiating the defining 
integral for €9 with respect to B=1/kT. By a change 
y, we may write 


(C18) 


(C19) 


v, Bee 


of variable, Be 


1 ne} f(E) 
f de 
N(O)V vo E 


2 f(x? + y")') 


da (C20) 


fr ! 


0 


(x*+4-y")! 


We now differentiate with respect to 6, remembering 
that y depends on @. In the weak-coupling limit 


[ ex<hw, f(Bhw)~0 |, we find: 
( _—) 
hi E 


1 d(Beo) €0 hu d 
o=-+——— f 
B dp Be dk 
converges sufficiently rapidly so that we 


0 
Comparing (C19) 


(C21) 


The integral 
may replace the upper limit by @. 
and (C21), we find that 


Aq 1 d (feo) 


A «, dp 


as stated in (5,25). 

Finally, we shall derive an approximate expression 
for the transform K(q) valid when ghvo> eo(O). First 
we express K (q) as an integral of J(R,7). The transform 
of j(r) may be written 


cf 
K(q)a(q) 


tar 


3 f 
4rcArt, 


j(q) 


RR a(q) je*® 


J(R,T)dr. (C23) 
R‘ 
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To carry out the integration over angles, we take the 
polar axis in the direction of q and set u=cos6. This 


an t +1 
ff (1—u*)e”J(R,T)dudR. (C24) 
Arts 0 1 


When (C13) is substituted for J(R,T), we require the 
following integral: 


s +1 
g(b) ff e'"au(1 —u?) sin(eRg/e;)dudR 
0 1 
(1— 6?) in 


syhvo and b= 


Ome,’ she 2 fle) ] 2f(k) de 
f He) , 
qoAhv 0 | € i € 


gives 


where € e/e,. We thus find 


K (q) (C26) 


Expansions of g(b) for b small and 6 large are 


1 1 
b<1: gb) i(s b? me), (C27) 
3 15 


1 
b>1: g(b) i( 
3b 


(C28) 


Further, 


¥ db 
J g(b)—=4r’. (C29) 
0 b 
We may change the variable of integration in (C26) 
from ¢ to 6, and then use different expansions for b<1 
and b>1. One of the integrals required is 


11—2f( Kr) 1 1 db 
if b 53 bo—.--. | 
ee b 


0 


In terms of b, 
E= 6,(b?+ be?)4, 


where 
bo = €0/ €1. 


An approximate expression valid in the limit do1 
may be obtained by neglecting bo in the integral for 
b> 1, and also in terms in } and higher in the integral 
for b<1, The only integral in which b¢? is not neglected 
in comparison with 0? is the first term, 


'1—2/f(£) 4 e%1—2f(£) 
sf db f de, (C33) 
i €i“o i 
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which can be determined from (C20), the defining 
integral for eo. For «>«, we may take f(£)=0. Thus 
we find 


4 7% 1-—2f(E) 4 1 hw 
-{ de ~ ( - —In ) 
€\Y 9 E e\N(O)V é1 


4 ghvo 
=— In . (C34) 
€\ €o(0) 


The latter form follows from the expression for €0(0) 


in the weak-coupling limit. The remaining terms cancel 
when bp? is neglected: 


fl b? 6b |< 
0 3 15 b 


ms j 1 | db 
+f | a ore =(), 
3b 150? | 


(C35) 


Thus we find that for ghvo/eo(0) = rgéo>>1, 


16€, 


3r € 


K(q)= 1 2f(€)- In(wgko)?. (C36) 


geA hvy 


r’ghvo 
For q very small, K(q) approaches the constant value, 


K (q)=Au*(T)=4n/(Are*?), (gO) = (C37) 
where A,r is the temperature-dependent London con- 
stant defined by (C22). For intermediate values of q, 
one may interpolate between this constant value for 
agéo<1 and the asymptotic form (C36) for large q. 
The two limiting cases are 7=0°K and T close to T.. 
At T=0°K, eg—e0(0) and f(€o)— 0, and we find 
K (q)=4m/(Ac*?)=1/d17(0), (q-0); (C38) 
3r 16 | 
K(q) i- In(wgéo){, (large q). (C39) 
4qX 17(0) Eo m® gto | 


Near 7, one may determine Ar from (C22) and (3.49): 
A/Ar=0.23820(T) =2(1—2), (C40) 

where 6.=1/kT, and t=7T/T,. When €o(7) is small, 
1—2f(€o) = tanh(4Be0)—>48-€0(T). (C41) 

Thus the limiting expressions for K(q) as T->T, are 


1 2(1—2) 


, (C42) 
A(T) A170) 


K(q) (q-0) ; 


18.3 
1- In(xgéo) |, (large g). (C43) * 


mr gto 


3.759 
4g\ 13(T) &o 


The close similarity of the expressions for the two 
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limiting cases is evident. The reason for the similarity 
is that J(R,T) varies slowly with 7. 

At temperatures very close to 7., \ becomes larger 
than £, so that A(T) approaches A,,(7°). A comparison 
of penetration depths measured near 7, to those meas- 
ured at low temperatures would then be expected to 
give 

A(O) A(O) AL(O) = ACO) 
—=— v2(1 


elie ini t)), 
MT) Ax(0) A(T) Az (0) 


(C44) 


This is to be compared with the ratio 2(1—¢)! which the 
empirical law, (1—¢*)!, gives as (1. 


APPENDIX D. CORRELATION OF ELECTRONS 
OF OPPOSITE SPIN 


Insight into the coherent structure of our ground 
state wave function may be obtained by an investiga 
tion of the correlation function for electrons of opposite 
spin. For the normal metal (in the Bloch approxima- 
tion), electrons of antiparallel spin are entirely uncorre- 
lated while for electrons of parallel spin there is the 
exchange correlation. 

The correlation function py’.(r’,r’) for an n-electron 
system is defined as 


Poo (Fr) pS f- far : ‘dr ,W* (13: es 
i,jul 


4\¢ 4; 


XW (rie nde (ti— be (r;—r’). (D1) 


This can be written in second quantized form, following 
the notation of Sec. V, as 


(Vo Wor (re War * (two (0 or (0) Vo) 
(Vo! c*¥ (Kyo )c* (ko,0")c(K3,0)c(K4,0’") | Vo) 


at al 
Poo (i Jr ’) 
ky, ko, kg,k4 
Kellie ky) or’ +i( keg kg) -e’ (D2) 
’ 
where Wo is our ground-state wave function. 
Of particular interest is the correlation function for 
electrons of opposite spin. If we define 


pa=ptitpsr, (D3) 


use the matrix elements obtained in Sec. IV, and set 
r=r'—r’, we get at the absolute zero of temperature 


pa(r) =n[4n+Pa(r) |, 
where 


isi 
P(r) ( ) ff eae ee k)+r 
2n\2xr 
R 


The integration is over ®, the region of interaction 
({e|<*w), and m is the number of electrons of both 
spin directions per unit volume. The terms in the 
bracket give the number of electrons of opposite spin 
per unit volume one would find a distance r away from 


€9°(0) 
} (D4) 
EEF’ 
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an electron of given spin direction. The first term is 
just the average density, while the second gives the 
effects of correlation, 

The integral of P4(r) gives the number of electrons 
of opposite spin correlated with a given electron. This is 


1 l 
fesina ( ) fa 
ar gn et €9°(O) 
e°(O) 1 dk 
e 3 


hw de 
~ | ke f 
FP 0 é { €o° (0) 


} krko 2 nl 


€°(O) 8 


2n 


(D5) 


) 


én r d & 


WN, 


where we have given slowly varying functions their 
value at the Fermi surface, and have used (5.43) and 
n-=N(O)eo(O). Thus the number of electrons of given 
spin correlated to one of opposite spin is of the order of 
the ratio of the number of electrons in coherent pairs 
to the total number of electrons in the system. 

The range of the spacial correlation may be deter 
mined by investigating P(r). We must then evaluate 


hh he e*kr 1 ket) b sinkrdk 
I ( ) [ak f . 
dr] JE k 2r' ries [e+ e?(O) |! 


To evaluate this, we make use of the sharp maximum 
of the integral near e=0 and the fact that 
function is rapidly oscillating in this region for values 
of r of interest, Ryr>>1. We set (as in Sec. V) 


(D6) 
the sine 


dk 
k~ kp { 
dé& 


€ € 
sin { sinter cos( '), 
hv hvo 


give slowly varying functions their value at the Fermi 
Then, 


| é ke + € (Avo), 
K 


and 


(D8) 


surface, and drop terms antisymmetric in €. 


setting x= e/eo, we get 


k FR 1 


“COS(TX wky)da 


sinker f 
0 (x?+4-1)! 


hw /eo>>1. The integral may be expressed as 


(D9) 
r’r hvy 


where a 


* cos(r/mko)x r 
; dx kof ) 
0 ( ad + 1)! why 
f cos(rx/mko) 
a (x?-+1)! 


where Ko is a modified Bessel function.™ Since a1 
except for very small values of 1, (x*+41)'~x in the 


dx, (D10) 
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last integral. Then, setting /=1rx/(mko), we have 
kp 1 r ” cost 
sink K,f- ) f a} 
rr hv» wko ar/nte t 


Asymptotically 
” cost sinx 
f dl~ ' 
l , 


z 


(D12) 


x »I1 ’ 


while K o(x) falls off exponentially. Thus the asymptotic 


PHYSICAL REVIEW VOLUME 


COOPER, 


108, 


AND SCHRIEFFER 
behavior of P4(r) is given by 


° £0 
sin*k pr sin? 
One? (0) hw rko 


(kpr)* 


Pal(r)~ 


Since 4=hw/eo>1, the range of correlation is deter- 
mined by the Ko function which drops off rapidly when 
r/(wto)21. Thus correlation distance is the order of 
mtg~10~ cm. 
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Residual Resistivity of Gold Alloys: Dependence on Periodic Table* 


KF. J. Bratt 
Department of Physics and Astronomy, Michigan State University, East Lansing, Michigan 
(Received August 12, 1957) 


The residual resistivities of dilute alloys of gold are calculated by the same method which was employed 
in a similar study of the residual resistivities of copper and silver alloys. As in the earlier work, the calculated 
results agree well with experiment with the exception of the alloys gold-copper and gold-silver. The 
application of the modification of the Friedel sum condition to other problems is suggested. 


I. INTRODUCTION 


[\ a previous paper' attention was directed to the 
fact that the residual resistivities of dilute noble 
metal alloys exhibited a very systematic dependence on 
the position which the solute occupies in the periodic 
table of the elements. The most pronounced dependence 
is on the valence of the solute: Ap, the residual resistiv- 
ity per atomic percent solute, increases approximately 
as the square of the valence difference Z. Since we are 
concerned here with monovalent solvent metals, 
we have Z=Z’—1 where Z’ is the valence of the solute. 
In addition to this well-known Z? dependence, for which 
Mott? and Friedel* have provided satisfactory explana 
tions, Ap, for a given Z, also depends systematically 
on the row, or period, of the periodic table to which 
the solute belongs. Solutes which occupy the silver row 
of the periodic table invariably give rise to smaller 
values of Ap in every one of the noble metals than do 
solutes which belong to the copper row. In the notation 
of I, we can express this experimental observation by 


the following inequalities 
Cu(Cu) Ag(Cu) 
> 1 » 1 . 


Ag(Ag) 


Au(Cu) 
; =i 
Cu(Ag) Au(Ag) 

* Supported in part by the Air Force Office of Scientific Research, 
Air Research and Development Command 

‘KF, J. Blatt, Phys. Rev. 108, 285 (1957). Hereafter, we shall 
refer to this paper as I 

*N. F. Mott, Proc. Cambridge Phil. Soc. 32, 281 (1936) 

3 J. Friedel, Advances in Physics (Taylor and Francis, Ltd., 
London, 1954), Vol. 3, p. 446 


Calculations of Ap based on a free electron model, 
such as those of Mott, Friedel and others*® differ in 
their numerical results but do all lead to the conclusion 


Cu(Cu) Ag(Cu) Au(Cu) 
=1. 
Cu(Ag) Ag(Ag) Au(Ag) 

Calculations of the residual resistivities of dilute 
alloys of copper and silver where found to be in good 
agreement with experimental results if the expansion of 
the lattice in the neighborhood of a solute atom was 
taken into account in a manner suggested by Harrison.® 
In the present article we report results of similar 
calculations on dilute alloys of gold. 


II. CALCULATION AND RESULTS 


It was shown in I that the discrepancy between 
the observed values of the ratios Cu(Cu)/Cu(Ag) 
and Ag(Cu)/Ag(Ag) and those calculated in a free 
electron approximation could be obviated by a suitable 
modification of the Friedel sum condition.’ The Friedel 
sum rule states that 


(2/r)>-1(214+-1)d,=N, (1) 


where 6, are the phase shifts evaluated for electrons 
at the Fermi surface and JN is the excess charge, 


‘F. J. Blatt, Phys. Rev. 99, 1708 (1955) 

5 P. de Faget de Casteljau and J. Friedel, J. phys. radium 17, 
27 (1956). 

®W. A. Harrison (to be published). 





RESIDUAL 


introduced into the lattice by the solute, which must be 
screened by a readjustment of the free electrons. As 
in I, we shall set 

N=Z—6V/Q, (2) 
where 6V/{ is the fractional change in size of the cell 
occupied by the solute atom. This choice of N reflects 
formally the partial screening accomplished by displace- 
ment of the lattice ions in the immediate neighborhood 
of the solute. The quantity 6V/Q may be determined 
from experimental results on the change in average 
lattice parameter due to alloying. The relation is 


6V 3/é6a 
Q ya 
TABLE I. Lattice expansion of gold due to alloying.* 


Solute ba/a 6V/Q N 


0.2082 
1.098 
2.0441 
2.951 
3.865 


0.2082 

0.098 

0.0441 
+-0.049 
+0.135" 


0.085 

0.04 

0.018 
+-0.02 


Cu 
Zn 
Ga 
Ge 
As 


RESISTIVITY 


*Values of ba/a 


Phy 


Ag 
Cd 
In 

Sn 
Sb 


(Interscience Publishers, Inc 


0.002 
+-0.04 
+-0.068 
+01 
+0.125 


are taken from G 


> extrapolated result 


V 


New -York 


0.005 
0.098 
0.1665 
0.245 
0.306 


Raynor, 


1949), Vol. 1, p 


in Progress in 
1 


Metal 


TABLE II. Phase shifts and the Friedel sum for impurities in gold 


Solu 


te 


Cu 
Zn 
Gra 
Ge 


As 


\g 
Cd 


1.9168 
1.9807 


50 bi 


0.1695 
0.6931 
0.9844 
1.115 
1.221 


0.0039 
0.5379 


0.0449 
0.2913 
0.6428 
1,001 
1.341 


0.0012 
0.2430 


) 
is 
“~ 


b2 ba 
0.0043 


0.0002 0.2082 


0.0271 
0.0568 
0.0974 
0.1612 


0.0001 
0.0277 


0.0015 
0.0029 
0.0050 
0.0079 


1.091 
2.048 
2.954 
3.887 


0,005 


0.0017) 0.9023 


, 
X(21+1)51 N 


0.2082 
1.098 
2.0441 
2.951 
3.465 


0,005 
0,902 


1.8335 
2.755 
3.694 


0.0635 
0.1097 
0.1777 


0.0039 
0.0065 
0.0098 


1.4364 
2.745 
4.693 


0.5669 
0.9061 
1.239 


In 2.0211 
Sn 2.0655 
Sb 2.0988 


0.8391 
0.999% 
1.130 


in lattice param- 
of solute, and 


where (6a/a) is the relative change 
eter in percent per atomic percent 
y=3(1 

The potentials which were used in this calculation 


—g)/(1+ <0), o being Poisson’s ratio. 


were square wells whose radii are given by 


rf =r[1+6V/2}), (4) 


where 7, is the radius of the equivalent sphere, 
r,=(3/4r)Q'. The depths of the potential wells were 
adjusted until the phase shifts satisfied Eq. (1), with 
N given by Eq. (2). The pertinent information for 
the gold alloys is given in Table I. The calculated 
phase shifts are listed in Table IL. The calculated and 


experimental results are shown in Table III. 
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III Numerical 


values are in wohm-cm/atomic percent solute 


PABLI Residual resistivities of dilute gold alloys 


Other calculated results 


Kxp.* eu ku ku 
result b t I\ B Fa 


Present 
Solute cak 


0.080 0.48 
1,239 0.96 
3.117 2.2 
5.415 §.2 
7.633 


0.000 
0.756 
2.333 
4.521 

6.890 


$09 0.75 1.45 


Physik 15, 219 (1932) 
Japan 11, 376 


* J. O. Linde, Ann 
>» H. Fujiwara, J. Phys. Soc 
© See reference 4 

4 See reference 3 

* See reference 5 

t See reference 


1956 


DISCUSSION 


In lig. 1 we show the experimental and calculated 
values of Ap plotted against Z*. With the exception of 
the calculated resistivities for gold-copper and gold 
silver alloys, the results agree reasonably well with 
the observed residual resistivities. It is obvious from 
Fig. 1 that the numerical results differ from the observed 
resistivities by significant amounts, especially for 
Z=2., 
previous calculations? © as can be seen by examination 
of ‘Table III 
Ap on the row of the periodic table which the solute 
‘| he 
table is ex 

the 
If the influence of lattice 


Sull, the discrepancies are no more than in 
At the same time, the dependence ol 


occupies is reflected in the calculated values 
dependence on the row of the periodi 

hibited most effectively in Fig. 2 where ratios 
Au(Cu)/Au(Ag) are shown 
strain had been neglected, the calculated values of these 


ratios would all be unity 


mT 








1 
16 


alloys 
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atoms 
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square of the 
The dotted 
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functions ol 


olvent 


idual tivities of 


‘ /, solute a 


hic ] The ré 


pohm cm/atomic 


resi 
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lines connect experimental (0 (@ 
the Au(Cu ; the dot-dash lines connect experimental (0 ) 
and calculated ( @) points of the Au(Ag 


and calculated 
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L a Ce: a ae 
PS ae 
Zz 


Fic. 2 residual resistivities of the Au(Cu) 
series of alloys to the residual resistivities of the Au(Ag) series 
of alloys plotted against Z, the valence difference between solute 
and solvent atoms. The experimental and calculated points are 
indicated by circles (0) and dots ( @), respectively. The crosses 
(+) show the ratios (unity) that would have been obtained if 
the Friedel condition had not modified to for 
lattice strain about the solute atoms 


The ratios of the 


been account 


Avery the 
calculated and experimental values of Ap for Z=0. 


serious discrepancy exists between 


The present calculation, of course, takes account only 


of valence difference and lattice strain. Perturbations 
which arise as a result of differences in the core poten 
tials of the solvent and solute ions are completely 
neglec ted. In the work of Roth’ these differences are 
taken into account specifically and in these alloys 
make the to Ap. Roth 
calculated the effect of the strain field about a copper 


dominant contribution also 


ion in solid solution in gold. The result, Ap (strain field) 


‘L. M. Roth, thesis, Harvard University, 1956 (unpublished) 


BLATT 


=().07 pohm-cm/atomic %, obtained by a method 
quite different from that presented here is in surprisingly 
good agreement with the value 0.08 pwohm-cm/atomic 
percent of Table ILI. In the case of alloys of copper with 
silver and silver with copper, the results of Roth, 
uncorrected for strain scattering, are very much too 
small. Here the results of I are in good agreement with 
the experimental data, indicating that for these alloys 
scattering by the strain field is most important. 

It would appear, then, that the influence of valence 
difference between solute and solvent and of lattice 
strain due to the solute can be taken into account by 
the modification of the Friedel condition employed in 
the present calculation and in 1. In those cases where 
differences in the core potential are important the 
present method is, of course, completely inadequate. 
Such situations are most likely to arise when Z=0, 
because when Z0 scattering by the screened Coulomb 
field is probably the most important effect. 

As was remarked in I, the influence of lattice strain 
which gives rise to a dependence of Ap on the row of 
the periodic table occupied by the solute should also 
influence other properties of dilute alloy systems. The 
thermoelectric power of the noble metal alloys is now 
Moreover, the modification of 
the Friedel rule may be important also in the interpreta- 
tion of a variety of properties of dilute alloys other than 
those of charge transport, such as solute diffusion,’ 


under investigation. 


magnetic susceptibility,’ electronic specific heat,’ and 
the Knight shift." The influence of lattice strain on 
these phenomena is currently being studied by using 
the model employed in this and the previous article.! 


* Sonder, Slifkin, and Tomizuka, Phys. Rev. 93, 970 (1954); 
C. T. Tomizuka and L. Slifkin, Phys. Rev. 96, 610 (1954); 
LD). Lazarus, Phys. Rev. 93, 973 (1954); F. J. Blatt, Phys. Rev. 
99, 600 (1955); L. C. R. Alfred and N. H. March, Phys. Rev. 
103, 877 (1956). 

*W. G. Henry and J. L. Rogers, Phil. Mag. 1, 237 (1956). 

1 J. A. Rayne, Australian J. Phys. 9, 189 (1956); J. A. Rayne 
and W. R. G. Kemp, Australian J. Phys. 9, 569 (1956). 

"“W. D. Knight, in Solid State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1956) 





PHYSICAL REVIEW VOLUME 


108, 


NUMBER 5 DECEMBER 1, 1957 


Investigation of a Shock-Induced Transition in Bismuth* 


RussELL E. Durr AND F, STANLEY MINSHALL 
Los Alamos Scientific Laboratory, University of California, Los Alamos, New Mexico 


(Received August 1, 1957) 


The structure of the shock-wave system to be expected in a material which can undergo a polymorphic 
transition is discussed. It is shown that the slope of the coexistence line in the p-7 plane for the transition 
can be determined from shock-wave measurements at a given initial temperature. Shock waves produced 
by high explosives were used to investigate the equation of state of bismuth. An electrical contact technique 
was used to measure shock and free-surface velocities. The transition near 25 kilobars reported by Bridgman 
was observed but the transition pressure was about 3.5 kilobars higher than in static experiments. Other 
results indicated that recrystallization is a faster process than melting under shock conditions. Evidence 
suggests that the relaxation time for recrystallization in bismuth at 42°C and 27 kilobars is less than 1 psec 


INTRODUCTION 


N recent years shock-wave measurements have been 

used by several investigators’ ® to determine very 
high-pressure equation-of-state data for many liquid 
and solid materials. In the course of one of these 
investigations a phenomenon believed to be a poly- 
morphic transition was observed in iron at a pressure 
of 0.13 megabar.’? Bridgman® tried unsuccessfully to 
observe this transition statically by measuring the 
electrical resistivity of similar material. In addition, 
further shock-wave measurements were not in agree- 
ment with theoretical predictions based on the assump- 
tions that the transition observed was a first-order 
transition in the thermodynamic sense and that the 
pressure behind the shock wave was uniform in all 
directions. 

In view of these results, shock-wave techniques have 
been used to make a careful investigation of the tran- 
sition observed by Bridgman at 25 kilobars in bismuth. 
This investigation will help establish the validity of 
dynamic equation-of-state work and shed light on the 
applicability of the assumptions made in reducing 
shock-wave measurements to equation-of-state data. 
Also a lower limit to the rate of transformation of 
bismuth from one crystal form to another can be gained 
from these measurements. 


THEORY 


Walsh! has recently prepared an extensive review of 
the theory, experimental methods, and results of 


equation-of-state determinations by shock-wave tech- 

* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

1 Rice, McQueen, and Walsh, in Solid State Physics, Advances 
in Research and A p plications (Academic Press, Inc., New York, to 
be published), Vol 6 

2 J. M. Walsh and R. H. Christian, Phys. Rev. 97, 1544 (1955). 

4F.S. Minshall, J. Appl. Phys. 26, 463 (1955) 

*H. Lawton and I. C. Skidmore, Discussions Faraday Soc., 
No. 22, 188 (1956) 

5 R. Schall, Z. angew. Phys. 2, 252 (1950) 

® Dapoigny, Kieffer, and Vodar, J. phys. radium 8-9, 733 (1955) 

’ Bancroft, Peterson, and Minshall, J. Appl. Phys. 27, 291 
(1956). 

*P. W. Bridgman, J. Appl. Phys. 27, 659 (1956). 


niques. It is unnecessary to repeat the basic ideas here. 
It is appropriate, however, to discuss briefly the 
structure of the shock-wave system which results from 
a polymorphic transition in a metal and the thermo 
dynamic information about the transition that can be 
gained from shock measurements. 

It has been pointed out earlier’ that the Hugoniot 
curve in the vicinity of the transition will have the 
qualitative features shown in Vig. 1 and that under 
certain conditions two shock waves moving at different 
velocities may be expected. It will be shown that know] 
edge of the slope of the Hugoniot segment above point 
A and the isothermal compressibility below A provide 
considerable information about the thermodynamics of 
the transformation. 

In the following discussion of a first-order transition 
it will be assumed that the pressure behind a shock in 
a metal is essentially hydrostatic; that is, that the 
strength of the material is negligible. In addition, it 
will be assumed that the shock is moving into a semi 
infinite medium. This imposes as a boundary condition 
the absence of lateral strain. //; and //, and v1, and v, 
refer to the specific enthalpies and volumes of phases 
1 and 2 at the same temperature and pressure; and Ag 
is the mass fraction of phase 2 present at point B, It is 
then clear that the expressions for the total specific 
enthalpy and volume in the region of mixed phases can 


Fic, 1 
curve and 
ence lines in the vi 
cinity of a polymor 
phic transition 


Hugoniot 


coexist 


PHASE I 
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Fic. 2 Hugoniot 
curves for a gas 
which can dissociate 
and for a_ metal 
which can undergo a 
polymorphic transi 
tion 





be written as 
Hy= (1 


ve= (1 


H\+ApAl g, 
v4 ApAvz, 


Ap)M1\(T x, pn) { Anlls(T 4, pp) 
Ap)ti(T pn, pp) +Anv2( Tp, pp) 


where AH, and Avy are the changes in specific enthalpy 
and volume in the transformation at the temperature 
and pressure corresponding to an arbitrary point B in 
the region of mixed phases. From the Hugoniot equa- 
tion, we have a relation between the specific enthalpy 
and volume at point B and on the coexistence line at 
point A, 

My, 


Hat}(pa-pa)(vatvn). 


M\(Tp,pu) and v4(Tn,pz), Quantities associated with 
phase 1 at a pressure and temperature corresponding 
to point B, can be represented by the first two terms of 
a ‘Taylor series in T and p about //4 and v4. Finally, 
the Clapeyron equation gives for a first-order transition 

AH /Av=Tdp/dT, 


where dp/dT is the slope of the coexistence line. From 


the above equations, one obtains 
(— 
Av], 


(Pr Ci(Tp La) 


i 


(0H Op)r | 
p 1) 


In the limit as point B approaches point 
in the limit of a very weak second wave, it can be shown 


pall 4(ont+v,) 


(01 Op)r (pu (dv/d7 (Tp 


Un VA 


A, that is, 


that the above equation reduces to 
( 2a 
KAKK 
(1/v)(00/0T),, the thermal expansion co 
KAB (1/v) limpsal (on VA)/ (pr pa) |, a 
shock compressibility directly related to the velocity 
of the (1/0) (01 OT) », the 
isothermal compressibility of the original phase. All 
A in the 
original phase. Thus the slope of the coexistence line 
and the ratio of enthalpy to volume change in the 


reaction can be determined from careful equation of 
the thermal 


dp Cp 


Tv(kap K) 


dp 
dT 


(1) 
dl 


where a 
ethoent;: 
and x 


second wave; 


unspecified quantities are evaluated at point 


state experiments and knowledge of 


expansion coefficient, specific heat, and compressibility 


3 MINSHALL 


Fic. 3. Pressure 
profiles of a shock 
wave in a dissoci 
ating gas and of a 
wave system in a 
metal undergoing a 
transformation. 











of the original phase in the vicinity of the transition 
point. An additional conclusion which can be drawn 
from this development is that the slope of the Hugoniot 
curve above the coexistence line in the p-v plane will be 
nonzero so long as AH for the reaction is finite. 

If it is assumed that the rate of the crystallographic 
transformation from one lattice to another is slow com- 
pared to the rate at which kinetic energy can be dis- 
tributed in the lattice, it is possible to gain some 
insight into the structure of the shock-wave system 
produced near a transition by noting the similarity to 
the structure of a shock wave ina reacting gas. In Fig. 
2 the Hugoniot curves are shown for a gas which can 
dissociate and for a metal which exhibits a transfor 
mation. In both cases the dashed curves represent the 
unstable states produced by the shock before reaction 
has had time to occur. 

In the reacting-gas case it is well known that an 
essentially discontinuous shock process changes the 
initial state of the gas to one in which only the trans 
lational and perhaps the rotational degrees of freedom 
are fully excited. Then as other degrees of freedom are 
excited or as chemical reactions proceed, the pressure 
and volume point moves up the Rayleigh line from 
point 2 toward the equilibrium point 3 at a rate deter- 
mined by the kinetics of the reactions involved. The 
structure of this shock is illustrated by the pressure 
profile shown in Fig. 3(a). 

A similar structure would be expected for the strong 
shock in a metal represented by line A in Fig. 2(b). 
An essentially discontinuous shock will carry the metal 
to point 2 on the extension of the Hugoniot of the low 
modification of the the 
transformation occurs, the state point will move from 
2 to 3. The shock-wave structure illustrated in Fig. 
3(a) persists as the shock in the metal becomes weaker 
until the velocity represented by Line L in Fig. 2(b) is 
reached. At still lower shock strengths the wave causing 
moves at a slower 


pressure material. Then as 


the compression from point 2’ to 3’ 
velocity, causing two waves to be produced with a 
pressure profile as sketched in Fig. 3(b). 

The foregoing is concerned only with the steady- 
state wave system. The transient flow which leads to 
this steady-state shock configuration is not well under- 
stood at the present time; but it probably has the 


important features discussed below. When a shock first 
enters the metal, the state produced by the shock must 
lie on the unstable extension of the first-phase Hugoniot 
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TABLE I, Summary of data from experiments with bismuth. The captions are defined as follows: 79 and 7) are the temperatures before 
and after the first wave in °C, ¢is the bismuth plate thickness in mm; 29, 01, and v2 are the specific volumes initially, after the first wave, 
and after the second wave in cm®/g; Dig and Dz are the velocities of the first and second waves measured relative to the material ahead 
of them in mm/usec; 2u; and 2, are the free-surface velocities after the first and second waves in mm/usec; and pi and f2 are the 


pressures behind the first and second waves in kilobars 


To 71 ‘ vo Dio Qui 


0.272 
0.270 
0.268 
0.272 


2.043 
2.041 
2.048 
2.063 


0.1021 
0.1020 
0.1020 
0.1020 


42 6.61 

Ambient 42 15.13 

(19) 42 20.13 

42 25.48 

Average 
2.088 
2.033 
1.990 


0.305 
0.254 
0.183 


22.05 
20.37 
20.38 


0.1019 
0.1020 
0.1019 


[segment 2’~2 in Fig. 2(b) ] because there has not been 
time for a significant amount of transformation to occur 
if the assumptions concerning the rate of recrystalli 
zation made above are satisfied. As the shock proceeds 
through the metal the transition occurs and the steady- 
state configuration is approached, During this transient 
phase the strength of the first shock will decrease. 

The experimental technique used in this investigation 
employs measurements made at the free surface of a 
metal plate for the deduction of shock strength. There 
fore, if the strength of the first shock is observed to 
decrease with thickness of the metal plate, this is 
equivalent to a decrease with time and is evidence that 
the transition transient persists. Since the transient 
persists, the time required for the transformation to 
occur under shock conditions is of the same or a slightly 
smaller order of magnitude than the time during which 
the shock strength is observed to change. 


EXPERIMENTS 

The foregoing ideas were tested in a series of experi 
ments with bismuth using the pin technique. Experi- 
mental techniques and data analysis procedures were 
similar to those described previously’ in connection 
with a study of iron. As in previous work, pains were 
taken to maintain the planarity of the shock waves 
used. This insured that the flow behind the wave was 
one-dimensional. In the present investigation it was 
necessary to modify the shock-wave attenuator because 
the transition pressure is much lower in bismuth than 
in iron. The desired pressures, of the order of 35 kilobars, 
were obtained by using thick plates of iron and Plexiglas 
between the explosive and the bismuth. The 130-kilobar 
wave in the iron was attenuated by impedance mis 
match at the iron-Plexiglas and Plexiglas-bismuth 
interfaces. The dimensions of the various pieces were 
chosen so that no multiply-reflected wave could reach 
the free surface of the bismuth in the time interval of 
interest in this experiment. 

The bismuth used for these experiments was first 
cast as a cylinder, allowed to cool, heated in an oil 
bath to slightly less than the melting point, and then 
pressed to approximately one-half of the original height 


v1 2us : v2 


0.08687 
0.08839 
0.08963 
0.09112 


0.478 
0.434 
0.398 
0.366 


0.09524 
0.09533 
0.09536 
0.09531 
0.09531 
0.09422 
0.09576 
0.09800 


of the cylinder. This process resulted in a plate com 


posed of crystals of less than } In. randomly 


$1ze, 
oriented, 

Three groups of experiments were made with the 
above. Four shots were fired at 
ambient temperature (about 19°C) in an effort to 
determine the shock Hugoniot in the vicinity of the 
transition point and to investigate the kinetics of the 


system described 


recrystallization reaction. Also single-shot tests were 


made at 72°C and —48°C to determine the temperature 
dependence of the transition pressure directly. 

After studying the results of these six experiments, 
it was thought desirable to determine the transition 
pressure at a much higher temperature. This required 
Melting and 
the explosive 


several modifications of the technique. 
possibly more catastrophic changes in 
system were prevented by attaching the explosive just 
before firing and by providing a 4-in. air gap between the 
explosive and the heated metal parts. It was found that 
slowly heated Textolite had sufficient 
stability to act as the shock-wave attenuator. Finally 


dimensional 


a careful investigation was made of the offsets of the 
pins from the free surface of the bismuth as a function 


of temperature so that these offsets would be accurately 


known. One experiment was made under these condi 
tions; and the temperature of the bismuth plate was 
208 °¢ 


Pressure 


at the time of firing 


shor k 


wave were determined from measurements of shock and 


and compression behind the first 


free-surface velocity by using the simple conservation 
equations for mass and momentum and the good ap 
proximation that the free-surface velocity is twice the 
shock parti le velo ity The determination of conditions 
behind the second wave for the four experiments at 
ambient temperature was carried out as described 
previously.’ In the other three experiments only a single 
shot fired at each and sufficient 


was temperature ; 


information is not available to allow a significant 
calculation of the state produced behind the second 
wave 

Sound velocities of about 2.15 mm/psec were meas 
ured by a standard pulsed-crystal technique. Attempts 


to observe the Hugoniot elastic wave moving with this 
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lic. 4. Phase diagram for bismuth 


velocity by the pin technique were unsuccessful because 
of the very low pressure of the wave. For this reason 
the existence of the elastic wave was ignored in the 
analysis of the experimental data. 

The measured shock parameters and the calculated 
equation of state information are presented in Table I. 
All of the experimental results are compared in Fig. 4 
with the phase diagram for bismuth determined 
statically by Bridgman’ and by Butuzov, Gonikberg, 
and Smirnov.'® In Fig. 5 the results of the four experi 
ments at room temperature are presented. The transi 
tion pressure plotted is the average value from the four 
experiments. An estimate of the Hugoniot curve in the 
region of mixed phases above the transition is also 
included, 

DISCUSSION 


The temperature at which the transition began to 
occur, that is the temperature behind the first shock, 
was estimated by assuming the shock compression to 
Under these conditions it is easy to show 


a 
Tl; rs exp( (v9 )), 
CK 


where the ratio a/C,« is assumed independent of pres 


be adiabatic 
that 


sure. For present purposes all quantities were evaluated 

at zero pressure, the ratio was assumed independent of 

initial temperature, and the difference between C, and 

C, was ignored. The calculated shock temperatures are 

included in ‘Table I with the experimental results, and 
*P. W. Bridgman, Phys. Rev. 48, 896 (1935) 


” Butuzov, Gonikberg, and Smirnov, Doklady 
S.S.S.R. 89, 651 (1953) 


Akad. Nauk 
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they are used in comparing the results of this investi- 
gation.with those’ of Bridgman in Fig. 4. Clearly this 
estimate of shock heating is crude; but none of the 
conclusions to be stated would be altered by a more 
nearly exact treatment. 

Several points deserve comment. The transformation 
observed in this investigation is undoubtedly the I-II 
transformation of Bridgman. A least-squares fit to the 
experimental data indicates a slope of —50.8 bar/°C 
which agrees very well with the Bridgman number of 

- 50.0 bar/°C. Therefore, the ratio of A///Av is the same 
in both cases. The transition is observed at about 3.5 
kilobars higher pressure in the dynamic than in the static 
experiments. One experiment performed in an attempt 
to understand this pressure difference will be discussed 
later. Finally the high-temperature experiment indicates 
clearly that the transformation from one crystal lattice 
to another is a faster process in bismuth than melting 
because the crystallographic transformation apparently 
occurred where mditing was expected. The observation 
of a shock-induced transition to an unstable crystal 
lattice instead of to a stable liquid phase in bismuth is 
one of the most surprising results of this investigation. 

The four experiments at ambient temperature provide 
the information needed to determine the dependence of 
transition pressure on temperature through the use of 
Eq. (1). Several attempts have been made to fit a curve 
between the transition point and these data as plotted 
in Fig. 5 in order to determine a value of compressi- 
bility in the mixed-phase region at the transition point. 
Unfortunately, the limitations of the experimental data 
introduce an uncertainty of about 60% in the result. 
The value of mixed-phase compressibility tabulated in 
Table II along with other physical constants used in a 
test of the theory is the average of the several deter- 
minations. The predicted slope of the coexistence line 
in the p-T plane determined from measurements at a 
single temperature was —67 bar/°C. This result differs 
from that determined directly by 30% but it is within 
experimental uncertainty of the latter value. It would 
be necessary to do experiments closer to the transition 
point in order to determine the mixed-phase compressi- 


Tas_e IT. Data used to calculate the dependence of transition 
pressure on temperature from measured mixed-phase compressi 
bility and mixed-phase compressibility from measured dependence 
of transition pressure on temperature 


19°C 

40.2 10~*/°C 

1.21 10° ergs/g°C 
2.46 10~° bar™! 
0.0953 cc/g 

42°C 

13 107° bar? 


To, Initial temperature 
a, Thermal expansion coefficient 
Cy», Specific heat 
x, Isothermal compressibility 
v1, Specific volume at transition 
7,, Temperature of transition 
xan, Mixed phase compressibility 
dp/dT, Slope of coexistence line deduced from 
the above numbers by using Eq. (1) 
dp/dT, Measured slope of coexistence line 
«ans, Mixed-phase compressibility con 
sistent with measured slope of 
coexistence line 


67 bar/°C 
50.8 bar/°C 


16.5X10°* bar™ 
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bility and the slope of the coexistence line with greater 
precision. The approximate agreement of theory and 
experiment suggests that the basic assumptions made 
in the derivation of the theory are tenable. 

Equation (1) was used with the directly determined 
slope of the coexistence line to determine a value of 
mixed-phase compressibility consistent with the known 
variation of transition pressure with temperature. This 
value is included in Table II and is represented by the 
dashed line of Fig. 5. 

Another interesting observation from the ambient 
temperature experiments concerns the rate of this 
recrystallization transition in bismuth. Note that there 
is no systematic dependence of observed transition 
pressure on metal thickness. Therefore, the transition 
must have occurred in a time considerably less than the 
shock transit time of the thinnest plate because all 
evidence of the transient shock configuration has 
disappeared. The shock transit time through the 6-mm 
plate is a little more than 3 usec. This suggests that the 
relaxation time for this recrystallization reaction at 
42°C and 27 kilobars is less than 1 wsec. Unfortunately 
it was not possible to use still thinner bismuth plates 
in an effort to refine this estimate of relaxation time. 
The estimate, however, shows the transition rate to be 
much faster than ‘‘widely held opinion’’’ expected. 

This observation of a recrystallization rate fast 
compared to shock transit time shows the transition in 
bismuth to be unique among the three shock-induced 
transitions in metals investigated to date. Specifically, 
a small dependence of transition pressure on plate 
thickness was reported for Armco iron.’ In addition, 
preliminary experiments with antimony show a striking 
increase in apparent transition pressure as plate thick- 
ness is reduced. The experimental results for the shock- 
induced transition in antimony will be published at a 


“e 


later date. 

An experiment was performed to verify that the 
bismuth samples used in the shock-wave experiments 
transformed as reported by Bridgman under static 
conditions. This precaution was taken because no 
attempt was made to insure that the bismuth used was 
of the highest purity; and the possible effects of im- 
purity concentration on transition behavior are un- 
known. This is not to suggest that poor grade material 
was used. Spectrographic analysis showed that the 
bismuth contained only traces of impurities. 

The static experiments were done by copying all 
essential details of the technique used by Bridgman" 
for determining the electrical properties of materials at 
high pressure. Bridgman had found that the resistance 
of a sample of bismuth decreased many fold in the 
transition of interest here. This rapid change in re 
sistance with pressure made the identification of the 
transition quite simple. 

At room temperature Bridgman reported the transi- 


4 P, W. Bridgman, Proc. Am. Acad. Arts Sci. 81, 165 (1952) 
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Fic. 5. Experimental Hugoniot in the vicinity of the transition 
point; and limiting slope of the Hugoniot above the transition 
point consistent with the directly determined slope of the co 
existence line in the p-7T plane 


tion pressure to be 25 650 kg/cm’. The value determined 
in this investigation was 26080 kg/cm? with an un 
certainty of approximately 4%. 
between the two numbers is larger than the uncertainty 
in the recent determination; but the difference is small 


The disagreement 


compared with. that between static and dynamic deter 


minations of transition Therefore, some 
feature of the dynamic experiment must be basically 
different from that of the static case. At the present 


time the cause of the disagreement between the two 


pressure, 


types of experiments is unknown 

Though the reason for the disagreement is unknown, 
one may speculate on possible causes. from the point 
of view of the continuum theory it can be argued that 
the effective hydrostatic pressure behind the shock is 
less than that determined from shock-wave measure 
ments because of residual strength of materials effects 

An alternative suggestion more satisfactory to the 
authors is based on speculations concerning possible 
differences in the detailed mechanisms of transformation 
in dynamic and static experiments. In the dynamic case 
the transformation region must move with shock ve 
locity through the material; and the rate of trans 
formation must be high or no transformation would be 
observed within the limited time available. On the other 
hand, in the static case the transformation can begin to 
occur anywhere within the sample and can proceed at a 


’ 


relatively slow rate. The constraints on the shock 


induced transformation imposed by hydrodynamic 
considerations probably force the transformation me 
chanism to be quite different than in the static case 
where the recrystallization can be accomplished through 
the growth of nuclei of the new phase. Probably some 
array of climbing dislocations as suggested by Smith" 
could satisfy the dynamic constraints and produce the 
required recrystallization. The critical pressure or 
activation energy for the motion of such a dislocation 


array would be that characteristic of a perfect lattice 


2(°_S, Smith (private communication) 
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and would probably be somewhat higher than that 
needed to cause the growth of a nucleus in a static 
experiment. 

If this speculation were correct, the transition pres- 
sure at a given temperature would be lower in the static 
than in the dynamic experimenis as is observed. An- 
other conclusion the shock-induced transfor- 
mation might be easier to analyze theoretically because 
transition mechanism is subject to 


is that 


the micros Opi 
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severe constraint and should be relatively easily 


determined. 
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Magnetoresistance of Single Crystals of Copper* 
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Measurements of the magnetoresistance coefficients at 4.2° K and at 20.4° K in single crystals of copper, 
silver, and gold in the low magnetic field range, and in single crystals of silver for high magnetic field are 
reported, The low-field results were analyzed under the assumptions that a relaxation time exists and is a 
function of the energy alone, and that the Fermi surface is a single closed surface within the first Brillouin 
zone and not touching its boundary. It is found that for copper the magnetoresistance cannot be fitted very 
well on this model. We assume that at low temperature the hypothesis that a relaxation time exists is a good 
approximation, and suggest that in copper the Fermi surface touches the boundary of the first Brillouin zone 


Ihe magnetoresistance of silver in high magnetic fields shows marked anisotropy and no sign of saturation, 


I. INTRODUCTION 
: I ‘HE change in the electrical resistance of a wire 
il 


1 the presence of a magnetic field (magneto- 
resistance) depends, among other factors, upon the 
nature and shape of the Fermi surface and its relation 
ship to the first Brillouin zone. If we consider a spherical 
Fermi surface and a constant relaxation time, the 
electrical resistance will not be altered by the magnetic 
field. In order to account for the experimental phe 
of the energy and/or 
relaxation time have been postulated.' 

Recently’ * considerable attention has been paid to 
the interpretation of magnetoresistance in high mag 
netic fields. By high magnetic fields we mean fields such 
that the radius R, of the electron cyclotron orbits 


nomena, anisotropy surfaces 


becomes smaller than the mean free path / of the 
electrons; this criterion can be expressed by 


l 
> 1, (1) 
R, 

* This work has been assisted in part by the Office of Naval 
Research, the Signal Corps, the Air Force Office of Scientific 
Research, and the National Security Agency 

t Now at Eitel-McCullough, Inc., San Bruno, California. 

1 R. Peierls, Ann, Physik 10, 97 (1931); H. Jones and C. Zener, 
Proc, Roy. Soc. (London) A145, 268 (1934); L. Davis, Phys. Rev 
56, 93 (1939). 

*R. G. Chambers, Proc. Roy. Soc. (London) A238, 344 (1957) 

§ Lifshitz, Azbel, and Kaganov, J. Exptl. Theoret. Phys 
(U.S.S.R.) 31, 63 (1956) (translation: Soviet Phys. JETP 4, 41 
(1957) } 

‘D. K 


p Ne 


C. MacDonald, Phil. Mag. 2, 97 (1957). 


where w is the cyclotron resonance frequency, 7 the 
relaxation time, 7 the magnetic field, p the resistivity 
of the sample, NV the number of conduction electrons 
per unit volume, and e the charge on a proton. 

The usual Boltzmann transport theory seems to be 
unable to give a satisfactory explanation of high-field 
observations. The most peculiar of these effects is a 
linear increase in the electrical resistance with the 
magnetic field over a wide range. The discrepancies 
between theory and experiment seem to arise from the 
assumption that a relaxation time exists and is un- 
affected by the magnetic field.? For metals, even at high 
fields in the sense defined above, effects arising from 
the quantization of the orbits are negligible. In fact 
quantization is expected to become important only for 
fields of the order of 10% gauss such that }4iw= er where 
ev is the Fermi energy.® However, for low magnetic 
fields and low temperatures there are strong theoretical 
arguments that indicate that the Boltzmann transport 
theory is a good approximation.’ In particular this 
theory has been successful in interpreting magneto- 
resistance in bismuth.* Our samples of copper, silver, 
and gold had wr values ranging from 0 to about 0.2 for 
the low-field measurements and a maximum of wr=3 
for high-field measurements in silver. We shall assume 


6S. Titeica, Ann. Physik 22, 129 (1935) 

*T. M. Lifshitz, J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 814 
(1956 

TR. Peierls, Quantum Theory of Solids (The Clarendon Press, 
Oxford, 1955), pp. 115-142 

* B. Abeles and S. Meiboom, Phys. Rev. 101, 544 (1956). 
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that the standard Boltzmann theory is adequate to 
interpret the low-field results. 

We shall now give arguments supporting the assump- 
tion that, in the residual resistance temperature range, 
a relaxation time exists. In the residual resistance range 
the main contributions to the resistivity come from 
elastic scattering by impurity atoms and lattice defects. 
The relaxation time 7(k) is the characteristic time in 
which the electron distribution function /(k) returns 
to its thermal equilibrium value after it has been mo 
mentarily perturbed. In Appendix 1 it is proved that, 
provided the collisions giving rise to the relaxation 
mechanism are elastic, the isotropy of the scattering is 
a necessary and sufficient condition for a relaxation 
time to exist for an arbitrary energy surface. The elastic 
scattering is said to be isotropic if the transition proba 
bility w(k,k’) from the state characterized by the wave 
vector k’ to that characterized by k is a function of the 
energy alone. It is also shown that, under these condi- 
tions (elastic isotropic scattering), the relaxation time 
r(k) is furthermore a function of the energy alone. 
Thus, if we assume that a relaxation time exists, there 
is no loss of generality if it is taken to be constant over 
the Fermi surface whatever its shape. However, 
strictly speaking a relaxation time does not exist. We 
have not been able to calculate the effect of this on the 
magnitude of the magnetoresistance, but we believe 
the effect to be small. For the samples used in our 
experiments, we presume that the resistivity arising 
from point defects is more important than that due to 
dislocations. Point defects give rise to deviations from 
the periodic potential that can be represented by a 
potential well in the case of impurities from the same 
column in the periodic table of elements or by a screened 
Coulomb potential for atoms from another column or 
for other point defects like vacancies, etc. We could not 
treat the scattering of electrons by such a perturbing 
potential in a realistic fashion, but we believe that the 
transition probability w(k,k’) is fairly isotropic. The 
total scattering, as measured for example by the time 
between collisions [ f'w(k,k’)dk’}', is much more 
isotropic than w(k,k’) due to the averaging over the 
energy surfaces. In particular the time between col- 
lisions is not proportional to the density of states at k 
but rather to the integrated density of states at k’. 
Thus, although this is not in general the relaxation time 
t(k), we believe that it indicates that the scattering 
mechanism (whatever its form) is considerably more 
isotropic than the density of states and contributes 
proportionally less to the magnetoresistance. Further- 
more, in the limit of low fields the curvature of the 
electron paths will be negligible and, consequently, the 
relaxation time will not be appreciably altered by the 
magnetic field. Therefore we shall base our arguments 
on the transport theory with the assumption that an 
isotropic relaxation time exists. 


In this paper we shall describe measurements of low- 


OF 
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field magnetoresistance in single crystals of copper, 
silver, and gold for different crystal orientations and at 
liquid helium and liquid hydrogen temperatures. A few 
high-magnetic-field measurements were also done on 
silver. In this case the change in resistance showns no 
sign of saturation and is markedly anisotropic. 

The low-tield experimental results are analyzed ac 
cording to the Boltzmann transport theory with the 
assumption that a relaxation time exists and that the 
Fermi surface is a single closed surface, within the first 
Brillouin zone and not touching the zone surface. It 
was found that for copper this model could not be made 
to account for the experimental results, particularly as 
regards the ratio of transverse to longitudinal magneto 
the Fermi 
surface probably touches the boundary of the Brillouin 


resistance. This leads us to conclude that 


Zone. 
Il. EXPERIMENTS 


The crystals of copper and silver used in these 
experiments were made from 99,999°)-pure rods ob 
tained from Johnson, Mathey, and Company. Cleaned 
bars, 0.008 in. 0.008 in. 1 in., 
in a spectrographically pure graphite mold and allowed 


were prepared, melted 


to crystallize from one end in a temperature gradient 
The gold used was 99.9%, pure wire prepared in the 
same way. 

Two three-mil copper or silver wire potential leads 
were spot welded approximately fifty mils from each 
end on the same side of the crystal. The crystals thus 
prepared were then cemented in a slot along one edge 
of a micarta block and current leads soldered to the 
ends. The orientation of the crystallographic axes with 
respect to the edges of the micarta block was deter 
mined by x-ray techniques 

The resistivity of the crystals was not determined 
direc tly from their resistance as their dimensions could 
not be measured accurately. Instead it was determined 
by measuring the resistance of the wire at 4.2°K and 
at room temperature (293°K), and using the known 
values of the ideal lattice resistivity at the latter tem 
perature. For copper and silver the resistivity at 4°K 
of most samples ranged from 2.4K10°* to 84K10-° 
ohm-cm. For the gold samples it ranged from 8.0 10° 
to 18K10°* ohm cm. The errors in the resistivity 


measurements were less than 3%. The resistivity of 


copper at liquid hydrogen temperature was about 5% 
larger than that at liquid helium temperature. For silver 
and gold this difference was about 15%. From these 
results we conclude that, at 4°K, the lattice resistivity 
contributes less than one part in ten thousand to the 
total resistivity. 

The results of our magnetoresistance measurements 
are most conveniently expressed in terms of certain 
coefficients that we shall now define. For a cubic crystal 
in a sufficiently weak magnetic field and for electric 
fields within the range of validity of Ohm’s law, the 
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hic. 1. Fractional change in resistance as a function of H? fora 
copper sample whose resistivity at 4°K is 4.00 10~* ohm-cm. The 
current direction makes angles of 78°, 62°, and 34° with the [100], 
[010), and [001], axes. The magnetic field forms angles of 80 


28°, and 61° with the same axes 


current density J is given by* 


J=o,E+cEKH+ 6H -HE+7(H-E)H+<6T-E, (2) 


where oo is the zero magnetic field conductivity, a, 8, 7, 
and 6 are constants, E the total electric field, H the 
magnetic field and T a second rank tensor which, when 
referred to the crystal axes is diagonal and has com- 
ponents H7/,’, Hy’, H,’. Here and in what follows the 
crystal axes are denoted by suffixes 1, 2, 3; the com- 
ponents of a vector A on the crystal axes being Ay, As, 
Ay. We notice that the only anisotropic term in (2) is 
5T-E. Equation (2) is just a consequence of the sym- 
metry and is, therefore, perfectly general. Since ex- 
perimentally we measure the resistivity tensor rather 
than the conductivity tensor, it is convenient to invert 
(2) and express the electric field E in terms of the current 
density J. For a sufficiently small magnetic field the 


result is!” 


1 
E=—[p?J+-a'(J&H)+0'H- HJ 


Po 
+c'(J-H)H +-d'T J |, (3) 


TABLE I. Values of coefficients (4) in units of 
10° * (ohm-cm/gauss)*. 


Cu Ag Au 

40+15 
334-20 
60+40 


7.0+0.3 
8.0+-0.6 
10.641.2 


* F, Seitz, Phys. Rev. 79, 372 (1950) 

#G. L. Pearson and H. Suhl, Phys. Rev. 83, 768 (1951); C., 
Goldberg and R. E. Davis, Phys. Rev. 94, 1121 (1954), 

"1H. Y. Fan, in Solid State Physics, edited by F. Seitz and D 
Turnbull (Academic Press, Inc., New York, 1955), Vol. 1, p. 338 

12 We have used dashes on a’, b’, c’, d’ to distinguish them from 
the coefficients a=a’'/pe, b=b'/p, c=c'/pe’, d=d'/p@ that are 
frequently found in the literature (see reference 11). 
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where po=1/ao is the zero-field resistivity and 


b’= — (B+ pon”) po’, 
c! = — (y— pea’) pe. 


/ 
a= apo, 


4 
d' = — bpo, (4) 


The increase in resistance Ap due to the magnetic field 
is given by 

poAp 

I?’ 


3 
b’+<c' cos*(J,H)+d’ > cos*(1,J) cos*(i,H), (5) 
im] 


where cos(A,B) is the cosine of the angle between the 
vectors A and B. Within experimental error b’, c’, d’ 
were independent of the sample and of the temperature 
in the range 4°K and 20°K. This constitutes a verifica- 
tion of Kohler’s rule," i.e., it shows that the scattering 
probabilities w(k,k’) in the different samples differ only 
by constant factors. This is to be expected since they 
were all in the residual resistance range. The values of 
b’, c’, and d’ are given in Table I. 

Ap/po was found to be proportional to H? within 3% 
up to wr=0.024 for copper and wr=0.08 for silver. 
Gold crystals presented a special problem since even 
for very low fields no H* law was observed. The values 
for gold given in Table I are extrapolations to zero 
magnetic field. 

In Figs. 1 and 2 we give the fractional change in 
resistance of typical samples of copper and gold plotted 
against H*, 

A silver sample with resistivities 0.33 10~* ohm cm 
and 0.83 X 10~* ohm cm at 4°K and 20°K, respectively, 
was prepared, For this sample wr=1 at 3 kilogauss. 
The resistivity of this sample is shown as a function of 
the magnetic field at 4°K in Fig. 3. The current was 
directed in approximately the [111] direction. 


Ill. CALCULATIONS 


The phenomenological constants oo, a, 8, y, 6 in (2) 
can be expressed as averages over the Fermi surface. 
The functions that are to be averaged are complicated 
expressions containing the relaxation time 7, the 
gradient in k space of the energy e(k) of the electron 
characterized by wave vector k, and the operator 


Q = (grad,e) X grad,. (6) 


These formulas are given by Seitz.’ 

It is convenient to express these integrals in terms of 
a different set of variables. It turns out that these 
integrals become simpler if we choose the energy ¢ and 
the polar angles 0, ¢ of the reduced wave vector k with 
the 3 axis as the polar axis as independent variables. 
By an elementary transformation the operator (6) 


becomes 
0k ~) 
00 Ab 


Ok 17dk @ 
Q={ k’— sind — - 
de Op 00 
where k= |k|. This expression can be rewritten using 


3M. Kohler, Ann. Physik 32, 211 (1938). 


(7) 
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the usual quantum mechanical angular momentum 
operators Lj, L2, L3. We obtain 


Ok\— 
Os, + i( ) As, 
de 


Q4=Q\ iM, 


(8) 


where 
(9) 
and 


Ay=kLa+4[ (Lyk) L_— (L_R)L, J, (10) 


call 
Ay kLit } [ (LyR)L nie (L_k)L, |. 
ye 


(11) 


Here Ly=L,;+il, and y,"(6,) are the spherical 
harmonics as defined by Jeffreys and Jeffreys.“ The 
operators A; (j=1,2,3) are Hermitian and A, are 
Hermitian conjugates of one another. We now use the 
cubic symmetry, the identity 0, (70¢/0k1) +Q2(1d€/ dk») 
+05(7d/dk;) =0, and the fact that for temperatures 
much lower than the Fermi degeneracy temperature, 
the function —4fo/de behaves as 6(e—er) where 6 is 
the Dirac 6 function. We obtain for the quantities in (2) 


Ok 
k? 


é GT: 
0g dX, o 3’, 
4r’ T 


4 


é 
fa oA A3A +) 

Rah 

e 


T 
p=— fare | AsA+|?, 
8a hic? Ok 
h? 


de 
é} . T 
| do, ¢ 


0 
k? 


GT: 


{AsA3}?, 


4 


é€ T 
J dae 
16r* hic? Ok 


ke 


(AyA4—A_A_)?. 


O€ 


In these formulas Aj;=(7/h)de/dk; (j=1,2,3), Ay 
=\ittA2, and dX», 4=sinbdédp; also the integration is 
performed over the whole solid angle. In all expressions 
where the energy € appears, it is understood that all 
differential coefficients should be evaluated at the 
Fermi level. 

It will now be assumed that the energy surfaces can 


“4H. Jeffreys and B. S. Jeffreys, Methods of Mathematical Physics 
(The University Press, Cambridge, 1956), third edition, pp. 626- 
666. 
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Fic. 2. Fractional change in resistance as a function of //* for a 
gold sample whose resistivity at 4°K is 7.16% 10-8 ohm-cm. The 
current direction makes angles of 73°, 61°, and 35° with the [ 100}, 
{010}, and [001], axes. The magnetic field forms angles of 19°30’ 
72°, and 81° with the same axes 


be described by ib 


h?k? k\? k\4 
LG.) Go) 
m* ko Ro 
k\? 
x | Kul) t( ) K4(0)| (17) 
ko 





N ¥ 


lic. 3. Logarithmic plot of magnetoresistance of a single crystal 
of silver at 4°K, The current makes angles of 60°, 50°, 54° with 
the directions [010], (001 }, [100]. Errors in J and Ap/po+1 are 
0.5% and 2.5%, respectively. At /] = 3 kilogauss, w7 


6 In this approximation it is easy to find an expression for the 
Fermi energy by means of the requirement, 


é 


2 ‘a nee en a 
aed So(k)dk aol def dX6 oh 


k?(dk/de) has cubic symmetry and therefore can be expanded in 
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where ko= (122*)*/a is the radius of the Fermi surface 
if it were a sphere containing one electron per atom. 
Here a is the lattice constant for the face-centered cubic 

crystal, m* an electron effective mass, and r and ¢ two 
dimensionless parameters. The functions K,4(9,¢) and 
K,(0,¢) are the cubic harmonics of degree 4 and 6, 
respectively. They are given by’® 

b (E+ +f4— 8), 


K (6,0) (18) 


and 


bf? t K 4 (6,) 


231 | 1 1 
K6(0,o) 
| 55 105 


} (19) 


where {= sin cosp, n= sind sing, f=cos# (see Appendix 
2). We have omitted terms in k and k® in (17) because 
they give rise to no anisotropy of the energy surfaces 
and, consequently, do not contribute significantly to 
the magnetoresistance. 

The integrals (12) to (16) have been performed 
under the following assumptions : 


(i) the energy surfaces are given by (17); 

(ii) the relaxation time is constant over the Fermi 
surface as discussed in the introduction and Appendix 
1; 

(iii) the Fermi surface is a single closed surface inside 
the first Brillouin zone and not touching its boundary ; 

(iv) we have r<1, so that 4 and higher powers can 
be neglected. Then we find: 

ay (Ne*r/m*)[1—9°(0.190+- 1.857) ], 
Nec(er/m*c)*{ 1—9°(5.144-81.2¢) |, 

Nec(er ‘m*c)*| 1+-77(26.34-224?) |, 
Nec(er/m*c){14+-9°(67.3—43.614-716F) |, 
6 Nec(er/m*¢ )§3y7| 13.7 —7.8314+- 3687 } 
From these the coefficients (4) can be obtained 


81 10” 
b’ r[ 36.44+4148 |, 
(Nec)? 


81 10” 
r[ 77.4 
(Ne )* 


13.614-8778 |, 


8&1 10” 
d’ r*| 4 1 au 
(Nec)? 


23.5t4+-1103 J, 


where the units are (ohm cm/gauss)’. 


IV. INTERPRETATION 


From the magnetoresistance coefficients given in 
Table I, information concerning the shape of the Fermi 


terms of cubic harmonics. The average of a cubic harmonic of 
order greater than zero over the unit sphere vanishes. This leads 
to the relation 

ep = (h®/2m*) (37° N)!. 


FC, von der Lage and H. A. Bethe, Phys. Rev. 71, 612 


(1947) 
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surface can be found. The experimental results will now 
be interpreted in the light of some possible models. 

For a state with wave vector near the boundary of 
the first Brillouin zone it is reasonable to expect the 
energy to be depressed with respect to its value corre- 
sponding to a spherical Fermi surface, as found for 
instance in aluminum.” If we suppose that the Fermi 
surface is nearly spherical, it may, in this model, bulge 
outwards in the direction in which the first Brillouin 
zone has the smallest dimension. For the simple cubic 
structure the first Brillouin zone has its smallest di- 
mension in the [100] direction. Then the radius vectors 
ky of the Fermi surface in k space is expected on this 
argument to be such that 


kp{ 100 |> ke[ 110 ]> ke 111 J. 


This condition is satisfied by the cubic harmonic K, 
but not by Kg since 


K,[100|=1, K,{110j)=—}, K,[111]=—2, 


and 


K[100]=1, Ke[110]=—13/8, Kel 111]=16/9. 


The coefficients r and ¢ represent the amount of ani- 
sotropy and the qualitative shape of the Fermi surface 
respectively. Thus, for a simple cubic crystal it may be 
sufficient to take K,4(6,@) alone in the expression for e, 
i.e., to assume /=0 in (17), (25), (26), and (27). For 
the face centered cubic structure we expect by similar 
reasoning that 


kp{ 111 ]>kp[ 100 ]> kf 110); 


to satisfy this relation we need to take (< —0.48. It 
turns out from (25), (26), (27), and Table I that the 
experimental values 6’, c’, d’ cannot be fitted within the 
experimental error by any choice of r and ¢. For copper 
the best fit is found with t= —0.5 and r=0.08 (within 
5%). For these values the radius k vector at the Fermi 
surface in the [111] direction is 1.124k9(1+0.004). 
However, the dimension kyz{111 | of the first Brillouin 
zone in this direction is only 1.108 ko, and thus in the 
[111] direction the radial k vector on the Fermi surface 
would be larger than the dimension of the Brillouin 
zone. As r measures the deviation of the Fermi surface 
from a sphere, this means that the observed magneto- 
resistance is larger than it could be if the Fermi surface 
did not touch the zone surface. We conclude, therefore, 
that for copper the Fermi surface probably touches the 
first Brillouin zone in the [111] direction. 

Band structure calculations for copper, performed by 
Howarth’*:” indicate a completely different model. If 
we use Howarth’s results'* to fit (17), the corresponding 
calculated magnetoresistance coefficients are 3 times 
larger than the experimental values. Howarth’s calcu- 
lation by the augmented-plane-wave method” indicates 

'7V. Heine, Proc. Roy. Soc. (London) A240, 340 (1957). 


‘61D. J. Howarth, Proc. Roy. Soc. (London) A220, 513 (1953). 
 T). J. Howarth, Phys. Rev. 99, 469 (1955) 
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that the Fermi surface touches the Brillouin zone in the 
[110] direction. This would indicate that the calculated 
magnetoresistance is still larger than in the previous 
case. Hence these band structure calculations are in 
disagreement with magnetoresistance measurements. 
However, if we assume that Howarth’s calculations give 
the right qualitative shape of the Fermi surface bulging 
in the [110] direction but not touching the boundary 
of the Brillouin zone, we would have 


ke{ 100] < kel 111 J<keL 110), 


i.e., 0.122<tS 2.14. Here again the experimental values 
cannot be fitted by appropriate choice of r and ¢, the 
ratio of b’ to c’ being off by a factor of 2. The best fit is 
obtained with = 2.0, r=2.410~?(1+.0.05). For these 
values, ke[110]=1.087k)(14+0.001) while kyzl 110} 

1.357. 

There seems to be no other reasonable shape of the 
Fermi surface. Then, probably, the only possible way 
to account for the experimental values of the magneto- 
resistance coefficients is to that the Fermi 
surface touches the boundary of the Brillouin zone in 
the [111 ] direction. 


assume 


V. FURTHER REMARKS 


If it is considered that magnetoresistance is due to 
the anisotropy of the relaxation time and that the 
Fermi surface is spherical, then it is concluded, ac- 
cording to Seitz,’ that c’ is positive. This result holds if 
we consider 7 expanded in cubic harmonics and retain 
those terms up to and including the fourth-order 
harmonic. Under the assumptions made in the present 
work c’ turns out to be negative which is in agreement 
with our experiments (see Table I). 

It is now convenient to give an expression for the 
magnetoresistance coefficients in terms of r and ¢ for a 
polycrystalline sample. In this case there is no ani- 
sotropic term and the change in resistance of the sample 
in a magnetic field is given by the equation, 


Ap/ poll? = B, sin?(J,H)+ B, cos*(J,H), (28) 


where B, and B, are the transverse and longitudinal 
magnetoresistance coefficients respectively. By means 
of an averaging process over all possible directions of the 
crystal and keeping the angle (J,H) between J and H 
constant, it is found that 


po’ B, = b'+ (5/18)d’ (29) 
and 
po By=b'+c'+(7/9)d'. (3()) 
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APPENDIX | 


We shall prove here that if the relaxation mechanism 
is due to elastic collisions, a necessary and sufficient 
condition for a relaxation time to exist for an arbitrary 
Fermi that 
Furthermore it will 


surface 1s the scattering be isotropic 


be shown that in this case the 
relaxation time is a function of the energy alone. 

A relaxation time of a system we understand to be a 
time which describes the return of the 


system to the condition of thermal equilibrium after a 


characteristl 


deviation from this condition has been established, for 
example, by an electric field. In order for the relaxation 
time to be meaningful, it should be independent of the 
particular form of the deviation from the equilibrium 
state. In other words, the rate of change of the distri 
bution function at a point in & space must be inde 
pendent of the distribution function at other points. 
The distribution function /(k) is defined as the proba 
bility that the state characterized by k be occupied. 
We assume furthermore that the temperature of the 
substance at hand is uniform so that / is independent 
of the position. 

The rate of change of the distribution due to scat 
tering is given by 


ey 
al collision 


where 


w(k,k’) 


f dh’ (i(k) f(k’)[1— f(k) | 
Rr 
w(k’,k) /(k)(1 


f(k’) |}, (ALA) 


dr 
(k | 3c’ | k’) | 6[ e(k) 
h 


w(k’,k) e(k’) | (A1,2) 


is the transition probability for elastic scattering from 
state k’ 
periodic potential of the lattice. Let 


{(k) 


to state k and 3’ is the deviation from the 


fo(e(k))+-(k), (A1.3) 


where (k) is the deviation of the distribution function 
from the equilibrium distribution fo(e) with the same 
total energy. Conservation of energy and of the number 
of particles implies that on each constant energy surface 
the number of electrons will remain constant, i.e 


’ 


(Al.4) 


[mock Cech) e(k’) |=0 


Since no mechanism for the release of the energy has 
been provided, the equilibrium distribution carries no 
current but is not necessarily equal to the Fermi 
function. In an actual metal there will, of course, be 
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inelastic processes by means of which the thermal 
equilibrium Fermi function will be attained. But these 
collisions will have, in our case, a small transition 
probability and therefore, will give rise to a large 
relaxation time whose contribution to the resistivity is 
negligible. 
From (A1.1), using (A1.2) and (A1.3), we find 


a f(k) 1 
| | 6k) f abo(k,k’) 
at collisions Sar? 


1 
{ faethe), (A1.5) 
Sx* 


A relaxation time exists if, and only if, 


a f(k) — fot e(k)} 
Ot Scollisions | 


r(k) 
From (A1.5) this condition reduces to the one, that 
there exists a function /(k) which is independent of the 
choice of @(k) consistent with the subsidiary condition 
(A1.4), and satisfies 


(A1.6) 


(A1.7) 


fae kyo(k F(k)o(k). 


We see that this is not possible for arbitrary w(k,k’). 
In fact, if we make an arbitrary variation 6¢ of @ 
consistent with (A1.4), we find, by use of Lagrange’s 
method of undetermined multipliers and the funda- 
mental theorem of the calculus of variations, that F 
will remain unchanged if, and only if, 


w(k,k’) I’ (k)d(k - k’) +-C(€)5(€ —<’'), 


where C(e) depends only on the energy. ‘The first term 
in (A1.8) represents no scattering at all and therefore 
gives no contribution to the rate of change of the 
distribution function. The second term represents an 
isotropic scattering and gives rise to a constant re- 


(A1.8) 


laxation time 


1/[n(e)C(e) |, (A1.9) 


T(€) 


where n(e) is the total density of states at energy e. 
This completes the proof of the assumptions made in 
Sec. 1. 
APPENDIX 2 
Cubic harmonics are linear combinations of spherical 


harmonics which transform, under the operations of the 
cubic group Oy, according to an irreducible represen- 


S. RODRIGUEZ 


tation of this group. They are characterized by three 
symbols; one corresponds to the degree of the function 
and the other two to the irreducible representation and 
to the row in the representation to which the function 
belongs. Methods to obtain cubic harmonics have been 
given by von der Lage and Bethe!® and by Bell.” Here 
we give a more convenient procedure. 

Let Fi(x,y,z) be a homogeneous polynomial of degree 
l in x, y, 2 and which belongs to a certain irreducible 
representation I’ of Oy. This polynomial would be a 
spherical harmonic if it satisfied Laplace’s equation. 
But even if this is not the case, we can construct from 
it the cubic harmonic 


000 1 
K(T; 0.) ron ( —,; )( ) (A2.1) 
Ox dy Oz r 


This transforms under rotations in the same way as 
F (x,y,z) and furthermore it satisfies the associated 
Legendre equation. The polynomials F;(x,y,z) can be 
found by inspection. The expression (A2.1) can then 
be written as a linear combination of, spherical har- 
monics by using the equation 


0 90\"s/0\""*71 
caw Go 
Ox 0 y OZ r 


(—1)4lr-y™(0,6)  (A2.2) 


(see reference 14, p. 633). 

As examples we give a few of the cubic harmonics 
which have been used in the present calculation. We 
designate the irreducible representations of O, by the 
symbols used by Bouckaert, Smoluchowski, and 
Wigner” where in addition we have explicitly indicated 
whether the particular representation is even or odd 
with respect to inversion by superscripts +. 

Ko(Ti*; 6,6) =1, 

K4(Ti* ; 9,6) = ye(,b) + (1/14) v4 (6,0) 

+ (1/14) y4-*(6,9), 

Ko(V's*; 0,6) = yo" (0,6) — 4-04 (0,6) — dye*(8,0), 

Ks(V's* ; 0,6) = 90,6) + (14/99) 954 (0,6) 
+ (14/99) ys4(0,) + (1/198) y5°(8,0) 
+(1 /198) ys 54,0), 
K3 (Tis; 6,6) =4ys°(0,9), 
Ki (Ts~; 0,6) = —3ys'(0,6) — ys* (0,9), 
Ks (Tis ; 0,6) = 3s" (0,6) +y3° (6,9). 


* 7). G. Bell, Revs. Modern Phys. 26, 311 (1954). 
2! Bouckaert, Smoluchowski, and Wigner, Phys. Rev. 50, 58 
(1936). 
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Nuclear magnetic resonances of I in single crystals of paramagnetic MnF, have been observed in the 
temperature region 68°K to 300°K. Shifts of the resonances from the predicted field, w/y, were as large as 
eight percent. With the external magnetic field not in the ab plane, two separate resonances were observed 
corresponding to the two different fluorine positions in the unit cell. Both the shifts and the splittings were 
functions of magnetic field, temperature, and crystal orientation. As the temperature was increased, the 
line widths increased from 25 to 42 oe. These observations were explained by postulating a small degree 


of covalency in the F 


bond to the paramagnetic Mn 


++ ion. Each bond includes 0.48+0.02°% fluorine 2s 


character. The contributions of the 2p, and 2p, orbitals are discussed and the effects of the covalency 


upon the long-range order and the superexchange mechanism are considered. 
The lines disappeared abruptly at the Néel temperature, 7, (684-1°K) because the sudden increase in 
sublattice magnetization shifts them beyond the frequency range of the spectrometer. Attempts to observe 


the resonances at low temperatures are described. 


INTRODUCTION 


| pemmmeresngs al first drew attention to the 
importance of nuclear magnetic resonance (NMR) 
studies of nuclei of nonmagnetic atoms in paramagnetic 
crystals. Large internal dipole fields arising from the 
electronic of paramagnetic 
substances. In the absence of line-narrowing mecha- 
nisms the NMR is broadened by these dipole fields and 
would, in general, be unobservable. However, if rapid 
electronic motions, such as may result from exchange 
interactions, exist in the solid, the NMR may be 
“exchange narrowed.’” In addition to these narrowing 
effects, the strong exchange interactions may lead to 
an ordered state at low temperatures. (For example, 
MnF, is antiferromagnetic below 68°K.) 

In the paramagnetic state the NMR 
expected to be displaced from its normal field of w/yy 
by the time-averaged field, at the nuclear positions, 
from the magnetic ions. ‘The magnitude of this field is 
u(uH/kT)(1/a*), where w is the electronic moment, 
H the external magnetic field and a is the interatomic 
spacing. It can be seen to be of the order of several 
oersteds for p=g8, Hy=5000 oe, T=100°K, and 
a=2A. For nonequivalent nuclear positions in the 
unit magnetic cell the different displacements result in 
small splittings of the NMR which will vary with the 
angle between the external magnetic field and the 
crystalline axes. Line breadths and the nuclear spin- 
lattice relaxation time would be determined by the 
aforementioned “exchange narrowing,” the frequency 
breadth being of the order ww 7/w,, where wa is the 
dipolar frequency breadth expected in the absence of 
J/h, where J is the exchange 


spins are characteristic 


would be 


exchange forces and w, 
energy. 

In the ordered state the NMR would be displaced 
by local fields of the order of (y/a*)[M(T)/M(0)], 


1N. Bloembergen, Physica 16, 95 (1950); N 
N. J. Poulis, Physica 16, 915 (1950). 

2P. W. Anderson and P. R. Weiss, Revs. Modern Phys. 25, 
269 (1953). 


Bloembergen and 


where M(7)) is the sublattice magnetization at temper- 
ature 7. In the molecular field theory of antiferro- 
magnetism M(T)/M(O) is the normalized Brillouin 
function which is unity at 7=0 and vanishes at the 
transition Owing to the antiparallel 
ordering and the relative proximity of nuclei to a spin 
of a given orientation an additional splitting will, in 
general, occur. Indeed, it was just this effect which led 
Poulis ef al.* to the discovery of antiferromagnetism in 
CuCl,:2H,O while observing the proton resonance as 
a function of temperature. The shift of the NMR line 
will therefore be 
temperature dependence of the sublattice magnetiza 
state the NMR line 
width and nuclear spin-lattice relaxation time will be 
functions of the collective motions of the electronic 
spins, At temperatures small compared to the transition 
temperature, the dominant relaxation mechanism is 
the inelastic scattering of spin waves by the nuclear 
moments. The applicability of spin-wave 


temperature. 


a measure of the magnitude and 


tion. In the antiferromagnetic 


magnetic 
theory to this problem has been the subject of two 
recent papers.4® The experimental determination in 
Mnfk*, of the magnitude and temperature dependence 
of T; and T, would provide an interesting comparison 
with theory. 

These qualitative comments summarize the results 
observed in the only two stoichiometric paramagnetics 
previously studied (CuSO4-5H,O and CuCl,:2H,0). 
In these cases the NMR lines observed were from the 
protons in the water of hydration. The protons may 
be thought of as noninteracting field probes in these 
compounds, If, however, one looks at the nuclear 
magnetic resonance of the nuclei of those nonmagnetic 
ions which are bonded to the paramagnetic ions [e.g., 
F% in MnF,, C47 in CuCl,-2H,0], the effects of 
electron transfer will, as we shall see, cause relatively 
enormous shifts and splittings in the paramagnetic 

* Poulis, Hardeman, and Bélger, Physica 18, 429 (1952) 


‘J. Van Kranendonk and M. Bloom, Physica 22, 545 (1956) 
* T. Moriya, Progr. Theoret. Phys. Japan 16, 23 (1956) 
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(a) 


hic. 1. (a) Unit cell of Mn ky 


AND V. 


Neutron diffraction data indicate that the corner and body-centered Mn** 


JACCARINO 


Z 


4 


(b) 


10nS 


are oppositely directed, parallel to the c axis. (The chemical] and magnetic unit cells are the same.) (b) A perspective 


of a Mn** ion and the distorted octahedral of F 


are used interchangeably here and in the text 
crystalline directions is used as well 


state, and, in the antiferromagnetic state, will result 
in a very high-frequency nuclear magnetic resonance 
even in the absence of an external magnetic field 
Mnk*s, 
with tetragonal symmetry. The unit cell contains two 
cations and four anions; the basic structure is given in 
Fig. 1(a). In the antiferromagnetic state the Mn** 
ions are ordered so as to consist of two interpenetrating 


manganous fluoride, has the rutile structure® 


sublattices with oppositely oriented spins. With respect 
to a given Mn*t* ion the two nearest neighbors along 
the tetragonal axis are ferromagnetically aligned and 
the eight next nearest neighbors along body diagonals 
are antiferromagnetically aligned. The local symmetry 
of each Mn** is, however, only orthorhombic, with the 
other cation in the unit cell having its axes differing by 
a 90° rotation about the ¢ axis designated by [001 | 
‘There are two distinguishable fluorine positions in the 
unit cell lying in (110) and (110) planes, respectively. 
Because of the 90° rotation the two fluorine sites are 
interchanged in going from one Mn** to the next in 
the unit cell. The angles between the Mn**—F~ — Mn** 
directions are 102° and 129°. The Mn** has four F 
ions at 2.11 A and two F~ at 2.14 A. Tinkham,’ whose 
nomenclature we follow, has, in his discussion of the 
in Zn’, called the 


paramagnetic resonance of Mn** 


ions type I fluorines and the other 


four identical I 
For our purposes the important 


two F~ type IL. 
‘M Griffel and J. W Stout, J Am. Chem. Soc. 72, 4351 (1950 
7M. Tinkham, Proc. Roy. Soc. (London) A236, 535, 549 (1956). 


ions that surround it. We note that ¢ axis, [001], and z direction 
\ similar interchange of nomenclature for the other important 


Mn*t*—F~ bond relations may be summarized by 
stating that every F~ has a type I bond to two Mn*+ 
and a type IT bond to one Mnt*. The Mn** axes and 
the surrounding fluorine distorted octahedron are 
indicated in Fig. 1(b). 

From the relative Mn*t*—F~ positions in the unit 
cell it can be seen that the external magnetic field in 
(100) Lor equivalent (010) ] the two F~ positions are 
indistinguishable and only one NMR line is to be 
expected, but in all other planes there will be, in general, 
two lines. The displacements of the lines resulting from 
the time-averaged local dipolar fields are calculated in 
Appendix A where the dipole contributions are summed 
over the entire crystal. 


EXPERIMENTAL APPARATUS 


‘The magnet used was a Varian Associates six-inch 
electromagnet. A magnetic field sweep, linear in time, 
was derived from a motor-driven, battery-supplied 
potentiometer, the voltage output of which was applied 
to the control grid of the magnet power supply. The 
field-modulation generator operated at 280 cps while 
the narrow-band audio-amplifier and the phase-sensitive 
detector were similar to those described by Watkins.’ 
Two different radio-frequency units were used in the 
experiments. Most of the measurements were made 
with a Varian Associates variable-frequency induction 


*G. D. Watkins, thesis, Harvard University, 1952 (unpub 


lished) 
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spectrometer operating in the frequency range of two 
to sixteen Mc/sec. One measurement was made using 
a modified Pound-Knight-Watkins** marginal oscillator 
at 28 Mc/sec. Since the nuclear spin-lattice relaxation 
times were ~10~® second, and the line widths ~30 
oersteds, it was necessary to use large radio-frequency 
fields and large modulation fields. ‘The need for large 
radio-frequency fields can be appreciated by remember- 
ing that the optimum value of the radio-frequency 
field in an absorption experiment satisfies the condition 
(yH,)?7T:T.=1. If T,\S2T7<-10-* second as in our 
experiment, the optimum value of H, for the KF” 
nucleus is 1/77») or ~30 oersteds. It was not possible 
to produce rf fields larger than one oersted and conse 
quently the signal was some 30 times less than the 
maximum obtainable, since for //,; smaller than the 
optimum value the signal is directly proportional to //,. 

The need for large rf fields emphasized the differences 
between the marginal oscillator and the induction 
spectrometer. Figure 2 is a plot of the signal-to-noise 
ratio measured in our marginal oscillator by using a 
calibrator circuit to simulate the signal. It is similar to 
unpublished results of Watkins and is presented to 
show that above a certain radio-frequency voltage 
across the tank circuit (in our case ~0.5 volt rms) the 
signal-to-noise ratio decreases rapidly. Since 0.5 volt 
rms corresponds to 1,~0.05 oe, the marginal oscillator 
was not too well suited for the MnF,!* measurement. 
In the induction spectrometer, on the other hand, the 
noise is theoretically independent of the radio-frequency 
level, and increasing the level to the maximum value 
of ~1 oe brought the MnI*,'’ resonance above the noise 
even at two Mc/sec. The same signal-to-noise ratio was 
observed at 28 Mc/sec with the marginal oscillator, 
although under optimum conditions the theoretical 
signal strength was much greater at the higher fre- 
quency."? 

The MnF, single-crystal samples were grown by Dr. 
J. Nielsen and Mr. E 
following the method described by Stout.® ‘Two samples 
were used. Both were ground to roughly spherical 
shapes and were approximately 8 mm in diameter, The 
samples were mounted at the ends of thin-wall glass 
tubes with a proton-free silica cement and calibrated 


Dearborn of these Laboratories 


copper-constantan thermocouples were embedded in the 
cement. One sample had its [001] direction along the 
tube axis allowing the external magnetic field, //9, upon 
rotation, to take any direction in the (001) or ad plane. 


Similarly, the other sample was oriented with the [110 | 


direction parallel to the tube axis. The choice of these 


*R.V. Pound and W. D. Knight, Rev. Sci. Instr. 21, 219 (1950 

” The primary source of 280-cps noise in the marginal oscillator 
is the oscillator tube itself. Operating in a nonlinear range it 
mixes its own flicker and shot noise with the rf, resulting in a 
low-frequency amplitude modulation of the rf carrier. To the 
extent that the first tube in the rf receiver is responsible for the 
noise in the induction spectrometer it is operating in a linear 
region, not mixing in its own noise, and consequently independent 
of H, provided the imbalance is maintained at a constant level 
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Fic. 2. Ratio of signal-to-noise in oscillator-detector as a function 
of voltage across tank circuit 


two orthogonal planes enabled the external field to be 
directed along all of the important crystalline axes. 
Samples were placed in the tip of an unsilvered glass 
Dewar whose outside and inside diameters were 1.5 cm 
and 1.0 cm, respectively. Although fixed temperatures 
like the boiling points of nitrogen and oxygen were 
easily maintained, intermediate temperatures were 
unstable because of the rapid heat losses and lack of 
heat transfer between the main body of coolant and 
the tip of the Dewar. ‘The filling factor was ~0.05 for 


both samples. 


EXPERIMENTAL RESULTS 


When Ho lies in the (100) or (010) plane, only one 
When /79 is not in 


this plane two lines are expected although they may 


FY resonance line will be observed 


not always be resolved. ‘The first group of experiments 
which we shall discuss consisted of orienting the Mn, 
crystal so that Hy was parallel to the [001 | direction 
and measuring the shift of the single fF’ resonance as a 
function of temperature and of //). The ¢ axis, [001 |, 
was chosen because of its particular importance in the 
antiferromagnetic state. All of the data presented in 
the text fields 
calculated from the dipole sum and also include a 
demagnetizing correction of 44M/3 appropriate to our 


have been corrected for the internal 


spherical samples. For example at room temperature, 
and 1000 oe, where 441M /3—2 ve the demagnetizing 
factor is almost negligible compared to the line width 
(which determines accuracy of measurements), but it 
is appreciable at 77°K and 3800 oersteds where 44M //3 

16.8 oe. However, the data shown in the figures are 
uncorrected and in general will not agree with the 
values quoted in the text. The shift of the resonance 
from the normal resonance field of w/y is defined as 
AH, Figure 3 is a plot of AM vs Ho at 77°K. It can be 
seen that A// is proportional to //) and can be repre 
sented by the relation A// = (0,0735+-0.0003) Mo when 
the above-mentioned corrections are applied. This shift 
is orders of magnitude larger than the small shifts 
observed in nuclear resonances in diamagnetic ma 
terials. Since the dipole sum and the demagnetization 
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Fic. 3. Plot of AH vs Hy for Ho||(001), where AH = (w/yw) — Ho 
The upper curve is a plot of the fractional field displacement, 


4H/H 


have been considered as corrections on the 


measurements clearly some other mechanism must be 


fields 


found to explain these large shifts. 

The shift A// has also been measured as a function 
of temperature for Ho along [001]. In Fig. 4 we have 
plotted AH vs temperature. Here we plot the tempera- 
ture magnetic susceptibility" 
parallel! to [001 | on the same graph, arbitrarily taking 
the ordinates to be the same at one temperature (77°K) 
We see that AH is proportional to the susceptibility 
within the experimental errors of both measurements 
for temperatures below room temperature but the 


dependence of the 


shift does not agree with the susceptibility at 300°K. 
The data presented in Fig. 4 are uncorrected but both 
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Fic. 4. Plot of AH vs absolute temperature for Ho tt The 
solid curve is magnetic susceptibility parallel to [001], x1), 
normalized to fit experimental value of AH at 77°K 


"H. Bizette and B. Tsai, Compt. rend, 209, 205 (1939); 
deHaas, Schultz, and Koolhaas, Physica 7, 57 (1940). In the 
solid curve of Fig. 4 we have plotted the latter’s values. More 
recent measurements in a more limited temperature range by 
Corliss, Delabarre, and Elliott, J. Chem. Phys. 18, 1256 (1950) 
indicate different values of the susceptibility above 200°K. 

4M. Griffel and J. W. Stout, J. Chem. Phys. 18, 1455 (1950). 
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corrections are proportional to Ho and should not cause 
any deviations from the normalized susceptibility. 
Since the dependence of the shift upon the suscepti- 
bility is, we feel, very well established we can only 
conclude that the susceptibility data has larger errors 
than have been indicated. 

At 77°K and Hy~3700 oersteds the two separate F™ 
lines could be resolved and their angular dependence 
measured. The observed angular dependence of the 
separate lines is similar to that expected from the dipole 
sum fields as shown in Appendix A. Figure 5 shows the 
positions of the resolved doublet for Ho in the ab plane 
as a function of the angle g between Hy and [110]. The 
first point to be made about the observed splittings is 
that the center of the pattern, corresponding to the 
single line observed when g=0°, is displaced by AH 

= (0.0734+0.0005)Ho when corrected. Secondly, as 

would be expected from the symmetry of the F" sites 
in the crystal, the splitting observed has fourfold 
symmetry about [001 }. 
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Fic. 5. Fields for resonance for resolved lines vs y, where Ho 
is in the (001) plane and ¢ is the angle between Ho and [110]. 
The solid curve shows the anisotropy expected from the dipole 
sum. It has been displaced from its true position so as to coincide 
with the measured values at g=+45°. The residual anisotropy 
is caused by the electron transfer. (Note comment in Table I 
caption concerning uncertainty in dipole sum correction.) 


The solid line represents the anisotropy calculated 
from the dipole sum. This curve has been drawn to show 
how the anisotropy of the dipole sum almost fits the 
anisotropy of the splitting (numerical values are given 
below). However, the dipole sum does not explain the 
isotropic shift of 7.34% mentioned above. Consequently 
the solid curve has been drawn displaced by 262 
oersteds from its predicted position. 

The singlet observed with Hy along [100] is at the 
mean position of the pattern found in the (001) plane. 
It will be shown below that this is to be expected. 
However, the single line for 1o!|[001 | might be at any 
position with respect to the (001) pattern. We present 
in Fig. 6 the splittings observed when Hp is rotated 
through different positions in the (110) plane. There is 
only twofold symmetry about [110]. The single line 
observed with Ho!|[001 ], as we shall see, is not to be 
expected at the mean of the maximum splitting in the 
(001) plane although, again, the asymmetry observed 
is very close to that predicted by the dipole sum. 





NUCLEAR 


LINES SHAPES AND WIDTHS 


A typical recorder trace of the unresolved fluorine 
resonance with /79||[001 | at 77°K is presented in Fig. 7. 
It can be seen that the observed line is close to Lorentian 
in shape. Furthermore the individual lines, when 
resolved, were also Lorentzian. The separations between 
the extreme values of the absorption derivatives, which 
we shall call the line widths and designate by 6H, were 
measured as a function of temperature with H)||[001 | 
for y=15.666 Mc/sec. The line widths were independent 
of the strength of the radio-frequency field, 7,, and the 
intensities were directly proportional to H,. These 
observations, considered in conjunction with the 
Lorentzian shape, led to the conclusion that the lines 
were exchanged-narrowed with T,=(4v3y6H)"!. A 
detailed correlation between experiment and theory is 
given in a later section. 


ANTIFERROMAGNETIC TRANSITION 


In order to observe the behavior of the F'’ resonance 
at the antiferromagnetic transition temperature the 
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Fic. 6. Fields for resonance for resolved lines vs ¥, where Ho is 
in the (110) plane and y is the angle between Ho and [001] 
The lines were not resolved for y~0° 


resonance was displayed on an oscilloscope. ‘The oscillo 
scope was swept synchronously with the magnetic field 
at 0.2 cps. The amplitude of the field sweep was ~200 
oersteds. The signal-to-noise ratio was maintained at 
about 5:1 by presenting the undetected output of the 
narrow-band (15-cps band width) 280-cps amplifier on 
the oscilloscope. No very rapid changes in the resonance 
fields were observed as the temperature was lowered 
from 77°K to 68°K. At 68-+-1°K and with a temperature 
variation across the sample of <0.5°K, the resonance 
was seen to disappear without first broadening or 
shifting its position. Since this is the antiferromagnetic 
transition” temperature region, we associate this be 
havior with the onset of long-range order. This will be 
discussed more fully in the following section. 


J. W. Stout and H. E. Adams, J. Am. Chem. Soc. 64 
(1942), report 66.5°K as the heat-capacity maximum 


1535 


MAGNETIC 


RESONANCE 


mney’? 

v =15.660 MCPS 

TIME CONSTANT <6 SEC 
FILLING FACTOR = 0.) 
TEMPERATURE = 77°R 


30 Of 


Recorder trace of derivative of unresolved line 
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INTERPRETATION 


The most striking experimental results to be explained 
are the large shifts of the fluorine resonance. ‘These 
shifts have the same temperature and field dependence 
as the bulk magnetization. In addition the anisotropy 
of the two fluorine resonances must be compared with 
that predicted from magnetic dipole interactions alone 
To the extent that experimental conditions allow the 
lines to be resolved, the anisotropy appears to be 
proportional to the magnetization, After discussing 
these effects, we shall go on to consider the line widths 
and the behavior of the resonances in the vicinity of 
the antiferromagnetic transition 

The explanation of the above phenomena can be 
found in the fact that large fields exist at the fluorine 
nuclei because the Mnt*+—F~ bond is not purely ionic 
The covalent bond to the paramagnetic ion requires 
that the electron transferred from the F~ to Mn** 
has its spin opposite to that of the Mn‘ *. The unpaired 
electron remaining on the F~ ion, with spin parallel to 
that of the paramagnetic ion, produces its characteristic 
hyperfine field at the F' nucleus. This may be para 
phrased by saying that since all spins are paired on the 
I~ ion the electron in the antibonding orbital has the 
same spin orientation as the Mn** electrons. ‘These 
ideas may be formalized in a manner which quantita 
tively yields the percentage of covalent bonding, the 
angular dependence of the bonds and the dependence 
of the interaction on the local magnetization at a 
Mn** site. 

Following our brief, initial report'* of this investi 
gation Bleaney'® showed that the NMR measurements 


4. G. Shulman and V. Jaccarino, Phys. Rev. 103, 1126 (1956) 
6B. Bleaney, Phys. Rev. 104, 1190 (1956) 
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in Mnk, complement, and can be correlated with, the 
paramagnetic resonance studies by Tinkham’ of Mn** 
as a dilute substitutional impurity in the isomorphic 
diamagnetic crystal ZnF,. ‘Tinkham had observed that 
each of the hfs lines of the Mn** paramagnetic reso 
nance could be resolved into components. This addi- 
tional hfs he explained by considering a certain amount 
of covalency to exist between each Mn** and the six 
surrounding F ions. A detailed comparison between 
our findings and ‘Tinkham’s is presented in Appendix B. 
To consider the effects of an electron-nuclear inter- 
action on the energy levels of a nuclear magnetic 
moment in an field we the 
following nuclear Hamiltonian, in component form 


external construct!®"7 


3 4 3 
Ko=—ywh YO Ait YY APTAS))!, (1) 

i=l j=l i=l 
where the jth sum extends over the three nearest Mn** 
and (S,)/ is the thermal average 
and where 1 


neighbors of each F 
of S in the 7th direction on the jth Mn*t* 
runs over x, y, and z. The principal values of A along 
the x, y, and z directions we designate by A,, As, and 
A;, respectively. We assume that the principal axes of 
the hyperfine interaction and magnetocrystalline ani- 
sotropy tensors coincide (the surface of the latter is 
an ellipsoid of revolution about the c axis in the case of 
Mnfk,). If ¢ is the direction of the resultant field at the 
nucleus, an orthogonal transformation of the coordinate 
system be made to diagonalize Ho, so that 
Ko hwy! y, where the resonant frequency is given by 


Ay a 
wy raf (4 a ‘si') | ; 
‘ } ywh 


Thus, except for the special cases of the field along a 
principal axis, either magnetic anisotropy or an aniso- 
tropic hyperfine interaction will insure that the direction 
of nuclear quantization and the external field do not 
coincide, If there is no magnetic anisotropy (approxi- 
mately the case for Mn}, in the paramagnetic state) 
then (S,)= constant X 7; and the thermal average may 
be calculated in the high-temperature limit, or more 
directly, related to the measured susceptibility as is 
done in Appendix A. In this way Eq. (2) may be 


expressed as 


must 


: ‘ x 
ywLD W?(i+e d A,**)*), where a=— , (3) 
i N gBywh 


a 
Wo 


with a corresponding expression for wo’, and where the 
superscripts a and 6 refer to the fact that there are two 
resonant frequencies to be expected, in general, corre- 
sponding to the two nonequivalent F~ sites in a unit 


©The method we adopt follows Moriya.’’ A more complete 
Hamiltonian is considered in Appendix A where the dipolar 
effects of the electron spins on the nuclear Zeeman levels are 
explicitly taken into account and the thermal average of S is 
calculated as well. 

17 T. Moriya, Progr. Theoret. Phys. Japan 16, 641 (1956 
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cell. [The sign change in Eq. (3) occurs as a result of 
the electron spin momentum being opposite to that of 
its magnetic moment. | If there is magnetic anisotropy, 
Eq. (3) would .be correct only for Ho parallel to one of 
the principal axes. It can easily be shown that our Eq. 
(3) reduces to Bleaney’s'® Eq. (2), except for his 
incorrect sign, for aA,<1, but that when Hp is not 
parallel to a principal direction his expression is only a 
first approximation, 

The choice of x, y, and z directions in the crystal are 
shown in Fig. 1(b). Because of the 90° rotation about 
site to the next in 
++ will 


the z axis in going from one Mn** 
the unit cell, the x and y directions for one Mn 


be the y and x of the other. The components of A 
along the principal axes are, for the two fluorine 


resonances, 


Line a Line b 


A,'+A,}! 
Ay +A,! 
A}+A,! 


A, 
A» 


Ay 


Thus, for example, in the approximation @A, and 
aA,“ the angular dependence of the fractional shift 
of the resonant field for the two lines in (001) is 


(AH/Ho)a a (2A,'+A,!') cos*y 
+ (2A ¢ + A oy sin’ y |, 
and (4) 


(AH/H»),=af (2A, +A") cos? 
+(2A,'+A,!!) sin’), 


where ¢ is the angle between [110] and Hy. The 
maximum fractional error in this approximation is of 
the order of the fractional field shift. At g=+45°, 
corresponding to [010] or [100], both lines coincide at 
[A,'+A,'+3(A,!+A,!)] which is also the mean 
shift of the two lines for all values of yg. At g=0 the 
two lines are displaced by (2A,'+A,'') and (2A,! 
+ A,!"). It will be shown below how we can distinguish 
between these two lines on theoretical grounds and 
decide that (2A,'+A,'')>(2A,'+A,!"). With this 
inequality we are able to determine experimentally two 
combinations of the A’s from the measurements with 
H in (001). The third and last independent measure- 
ment possible by NMR is made with Ho) [001]. In 
rig. 6 these results are displayed (Y=0°) along with 
the [110] splittings. The mean of these splittings, as 
mentioned above, is the displacement observed along 
the [100] direction but it is not equal to the displace- 
ment along [001] as can be seen. The approximate 
form of the fractional shift, for the two different 
fluorine positions, with Ho in (110), is 


(AH/Ho)a af (2A,! + Aj!) sin’y 

+- (2A ,'+A,}') cos’y 1, 
(AH/Ho),=al (2A ,'+A,!!) sin’y 

+ (2A,'+A,!") cos’y |, 


(5) 
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where y is the angle between Hy and [001 |. In Fig. 6 
the dashed line represents the best fit between this 
expression including dipole-sum and electron-transfer 
contributions and the experimental points. The values 
of the hyperfine interaction determined from fitting the 
experimental data are listed in Table I. Tinkham’s 
values for Mnt* in ZnFk, are also listed, where the 
direct dipolar contributions have been removed from 
the published values in order to allow a comparison (in 
Appendix B) of the hyperfine interactions alone. 

It is possible’ to write the six individual components 
of the hyperfine interaction in the general form 


A,N=A,N+A," (3 c0s?6; -—1) +A," (3 cos’6; «-—1), (6) 


where 1=x, y, or 2; N=I or I; A,* represents the 
s-electron contribution which is isotropic; the aniso- 
tropic p-electron interactions come from p, bonds or p, 
bonds represented by A,* and A,*, and 6,, and 6;, 
describe the angles between the ith direction and the 
directional p, and p, bonds, respectively. In this 
general form we have expressed the A’s as functions of 
six unknowns by indicating that the s, p,, and p, 
components of type I bonds may be different from those 
of type II bonds. Since we measure only three inde- 
pendent parameters we chose to disregard the differ- 
ences between the two types of bonds following the 
reasons given in Appendix B. Assuming this, and 
substituting numerical values for the Mnfk, lattice, 
we have 


A,!=A,—A,+2A,, A,""=A,+2A,—Ay, 
A,'=A,+0.19A,—Az, A,!!= (7) 
A,'}=A,+0.81A,—A,, 


Rewriting these expressions in the form required for 
comparison with the experimental measurements, we 


have 

3A,+0.62A,—3A;z, 

3A ,+2.38A,—3A,, (8) 
3A,—3.0A,+6A-¢. 


2A,!+A,!! 
2A,'+A,! 
2A J+A,!! 


Since the o contributions should be larger than the x 
and since upon solving these equations we find A,>A,, 
the justification for considering (2A,'+A,"')>(2A,' 


TABLE I. Experimentally determined values of hyperfine inter 
action in MnF; and Mn** in ZnF, (reference 7). The limits of 
error in the NMR values are of experimental origin and do not 
include uncertainties arising from the point-dipole assumption in 
applying the dipole sum correction. Tinkham’s values of the 
hyperfine interaction constants have been corrected by sub 
tracting the F dipolar contribution from the values given in 


reference 7. 


MnF2(10* em) ZnFa: Mn** (104 cm™) 
A ,}=17.0+0.2 
A f= 13.9+0.2 
A,}=16.340.7 
A, = 16.0+1.3 


+A N= 47.0+0.5 
+A," 47.84+0.5 
+A y= 46.340.5 


A, 
¥ 
z 
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+A,!') is now clear. The other alternative leads to 
impossible negative values of A, in the case of Mntt. 
The values of the individual components converted to 
energy units are A,=(15.7+0.3)X10"' cm™', A, 

= (0.6+0.3)K10-4 cm™, and A,=(0.2+0.3)«10™ 
cur. 

With these values for the A’s, the percentage of 
fluorine s and p unpaired electrons may be determined. 
We consider the fluorine bonding electrons to be 2s 
and 2p for the reasons given in Appendix B. The 
hyperfine interactions® of these electrons are, in I~, 


Ag, = (8/3) rgBynh| WO) | o.2=1.57 cm", 


: (9) 
0.044 cm"! 


Aop= EgBynh(1/r*)o, 


’ 


respectively, where |y(O)| 2.’ is the normalized proba 
bility of finding a 2s electron at the nucleus evaluated 
by Hartree'® and (1/r*)s, is the expectation value of 
1/r° for a 2p electron whose numerical value is given 
by Barnes and Smith.’ The magnetic fields at the 
nucleus from these interactions are 


H(2s)=6.1X 10° oersteds, 
H(2p)=1.8X10° oersteds 


(10) 


The field of the electron at the nucleus, 1/),.¢,, may be 
obtained from the hyperfine interaction, By using Eq. 
(1), we find 

yn (11) 


A(%) 2ne, 


or numerically, for fluorine, Hy.4,=1.87%107A where 
A is in cm™!. From this relation it can be calculated 
that each fluorine-manganese bond has (0.48% +0,02%) 
2s character. This determination of the 2s character 
and the nature of the p contributions may be seen as 
follows. 

Let us simplify the problem by considering anti 
bonding molecular orbitals for a diatomic Mntt—f 
system. The functions are 


Vi Ni(Wmnt** ay ), 


normalization 


(12) 


where NV, is the constant, a, is the 
augmentation parameter, and Py 
tion of s and p fluorine functions that are augmented, 
with proper symmetry, onto the Mn** 3d functions 
In evaluating matrix elements of the hyperfine inter 


action, the s-electron contact part will be proportional 


is a linear combina 


to a2. Furthermore the coefficient of the s contribution 
is independent of the type of wave functions chosen to 
describe the bonding. On the other hand, the p char 
acter of the hyperfine interaction involves nuclear 
spin-electron spin and nuclear spin-electron orbital 
contributions from matrix elements of the form 


(Wil 1/r |W), 


which will contain localized, overlap, and dipole-like 


(14) 


contributions. These will be quite sensitive to the choice 


17) R. Hartree, Proc. Roy. Soc. (London) 151, 96 (1935) 
9. G. Barnes and W. V. Smith, Phys. Rev. 93, 95 (1954 
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of wave functions. We see then that whereas the 
isotropic shift defines the s contributions to the bonding 
uniquely, since it is related to the contact part of the 
interaction, the anisotropy of the resonance shifts 
defines the p character of a bond only when specific 
functions are chosen. 

If we adopt the Owen”-Tinkham type of augmented 
Mn** molecular orbitals represented by Eq. (12), and 
assume that the overlap-region contributions are 
negligible and that only F~ 2p functions are ad- 
mixed, we find that the 2p, and 2, character of the 
bond are (0.6+0.3)% and (0.2+0.3)%, respectively. 

In order to show what is meant by the p and s 
character of the bond, let us consider the bonding and 
antibonding functions shown in Eq. (12). Four electrons 
may be placed in each set of bonding and antibonding 
orbitals whereas only three electrons are present, 
namely, two from the F~ ion and one 3d electron from 
the Mn** ion, To the extent that a 3d orbital with a 
particular spin coordinate has been mixed with fluorine 
orbitals in the bonding functions, the contribution of 
the 3d to the antibonding orbital is reduced while the 
contribution of the fluorine orbitals is increased. This 
means that, to the extent to which bonding occurs, 
the unpaired electron in the antibonding orbital has 
the character of the fluorine functions and consequently 
strong hyperfine interaction with the fluorine nucleus 
which we measure. On the other hand, this kind of 
bonding of a 3d electron will not affect the magnetic 
properties of the material because, to the extent to 
which a formerly unpaired 3d electron is paired in the 
bonding orbital, a formerly paired fluorine electron is 
unpaired in the antibonding orbital. It is not the free-ion 
magnetization that is changed from the purely ionic 
case but rather its spatial location. We see therefore 
that the type of bonding which we have been discussing 
and which our experiments allow us to measure is 
different from that 
Pauling” for the extremely covalent transition-element 
bond. In this latter maximum amount of 
pairing of the transition-element spins is considered to 
occur and the bonding orbitals of the form 454p*3d* are 
occupied by electrons from the ligands. The effects of 
this type of bond upon the de susceptibility have been 
the subject of many investigations. As Owen” has 
pointed out, the increase in energy of the antibonding 
3dy orbitals from the mixing will eventually result in 
a breakdown of Hund’s rule of maximum spin multi- 
plicity, thereby allowing agreement in the extremely 
covalent compounds between the crystalline-field and 


which has been described by 


case the 


valence-bond approaches. 

Since the NMR measurements determine the spatial 
location of the unpaired spins, they are relevant to the 
superexchange™ process which ascribes long-range order 


» J. Owen, Proc. Roy. Soc. (London) 227, 183 (1955) 

1 1.. Pauling, Nature of the Chemical Bond (Cornell University 
Press, Ithaca, 1939). 

=P. W. Anderson, Phys. Rev. 79, 350 (1950) 
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to the magnetic properties of the intervening anions. 
The small contribution of p electrons to MnF, bonds is 
somewhat disquieting from the standpoint of the need 
of directed orbitals in the superexchange process and 
seems even more surprising from a bonding viewpoint. 
The presence or absence of p-electron character in the 
bond is associated with the corrections for the aniso- 
tropic shift of the NMR from the dipole sum. In 
essence we have calculated that almost all of the 
anisotropy can be explained by the dipole sum and have 
determined the 2p character to be small. This does not 
seem to be true in single-crystal Fel’; and CoF, which 
we have measured” but rather it seems that an appreci- 
able fraction of the bond will be p-like in character. 
We propose to discuss the p character of the bonds and 
the applicability to long-range order more fully in the 
future when more data are available on the isomorphic 
compounds FeF, and Cok». At the same time we shall 
discuss in more detail the nature of the molecular 
orbitals involved, the atomic functions of n=3 and the 
approximations involved in the dipole sum. However, 
it does not seem that the fractional p character will be 
changed appreciably by these considerations. 


ANTIFERROMAGNETIC STATE 


As was noted in the experimental section, the reso- 
nance was seen to disappear abruptly at 7. Since a 
large discontinuous change of 7; or T, is not to be 
expected as the NMR crosses the transition tempera- 
ture, we associate the disappearance of the resonance 
with the fact that the abrupt rise of (S) just below 7, 
displaces the resonance frequency to a range outside 
our NMR spectrometer. The frequency dependence of 
the resonance in the antiferromagnetic state with Ho 
parallel to [001 | is 


5M(T) Yn 
/ att) t Ho, 
h 2M(0O) 2 


(2A,! (14) 


since (S)r is proportional to M(T), the sublattice 
magnetization; we have assumed here the antiferro- 
magnetic ordering determined by neutron-diffraction 
data.” We have neglected, in this expression, the differ- 
ent field dependences of the two sublattice magnet- 
izations and the departure of the antiferromagnetic 
ground state from complete antiparallel alignment. 
The first expression on the right-hand side gives the 
frequency of the fluorine resonance in the absence of an 
external magnetic field. From Tinkham’s data Bleaney'® 
has calculated this frequency to be 179 Mc/sec. By 
constructing A,! and A,!'! from our values of A,, Ag, 
and A,, we find that this frequency should be 177 
Mc/sec (where the effects of the dipole fields, antiferro- 
magnetically arranged, have been included). ‘The agree- 
% Jaccarino, Shulman, and Stout, Phys. Rev. 106, 602 (1957). 
“KR. A. Erickson and C, G. Shull, Phys. Rev. 83, 208 (1951); 


R. A. Erickson, thesis, Agricultural and Mechanical College of 
Texas, June, 1952 (unpublished). 
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ment is this close because our reconstructed values of 
A,;' and A,!! are close to Tinkham’s. Because of the 
large temperature dependence of M(T) just below T,, 
the resonant frequency rapidly approaches the limiting 
value given above. In order to be able to observe the 
resonance at 16 Mc/sec in this temperature range, the 
temperature stability and homogeneity must be at 
least one millidegree over the sample during the time 
it takes to sweep through the resonance. Our tempera- 
ture control was not this good and we were not able to 
see the resonance just below the transition temperature. 
In one experiment H) was perpendicular to [001] so 
that the internal fields would add in 
quadrature. No resonances were seen in this experiment 


and external 


either. 

A preliminary attempt was made, in conjunction 
with Dr. A. L. Schawlow, to observe the resonance at 
4°K, 20°K, and 45°K using a frequency-swept, fre- 
quency-modulated superregenerative detector.”® Experi- 
mental conditions were somewhat unfavorable (ex- 
tremely small filling factor), and in the range of 
frequencies 90 Mc/sec to 250 Mce/sec (with varying 
sensitivity at any given frequency) no resonance was 


to be found.* 


T,; AND T, FOR THE N.M.R. OF F" IN 
MnF, FOR T>T, 


‘There are two mechanisms which we would expect to 
contribute to the line width and thermal relaxation of 
the F nuclei in MnF,: first, considerable dipolar 
broadening from the fluctuating paramagnetic 
and, second, the intense hyperfine field resulting from 
electron transfer. The relative importances of each 
may be estimated from an order of magnitude calcu 
lation. The dipolar field is of order 


ions 


Hu~ 2(¢88 a®)~1.3X% 10 oe, 


where a is the nearest I'~—Mnt*t 
hyperfine field 17), ¢. is of order 


Hy ¢~(2A!+A"!) /yw~9 XK 104 08€. 


distance, while the 


Since in MnF, the virtual exchange field H,>>H4 or 
H\,4., we may expect appreciable exchange narrowing 
with both 1/7; and 1/7» to be of order yw(H//H,) 
and yw(Hy,.12/H,.), respectively, for the two postulated 
mechanisms. It is clear that the hyperfine interaction 
is at least an order of magnitude more important in 
the consideration of the relaxation times. 

Recently Van Kranendonk and Bloom‘ as well as 
Moriya® have independently calculated the relaxation 
times expected for nuclei of nonmagnetic ions in anti- 
ferromagnetic substances. The relaxation fields were 
considered to be dipolar in origin. Moriya has subse- 


2% A. L. Schawlow, J. Chem. Phys. 22, 1211 (1954) 

* Note added in proof.—The high-frequency NMR in the anti- 
ferromagnetic state has subsequently been observed by the 
authors; see U. Jaccarino and R. G. Shulman, Phys. Rev 107, 
1196 (1957). 
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quently’ considered the relaxation of nuclei of magnetic 
ions in antiferromagnetic substances both in the para- 
magnetic state and in the antiferromagnetic state where 
the primary mechanism is the relaxation due to the 
hyperfine interaction (e.g., Mn®* in MnF,). Our order- 
of-magnitude estimate shows that Moriya’s latter 
calculation (with slight modification) is the one appro 
priate to F’ in MnF», rather than the aforementioned 
dipole calculations. Indeed, on the basis of dipolar 
relaxation alone both authors were unable to explain 
the original unsuccessful attempt of Bloembergen and 
Poulis' to see the MnF,"* resonance. Moriya, in his 
first paper,’ unaware of our original note," suggested 
that transfer or superexchange must be 
operative in this case. 

Moriya’s theory may be applied to F in MnF, as 
follows. Let us assume that the principal axes of the 
hyperfine interaction magnetocrystalline ani 
sotropy tensors coincide. We designate the principal 
values of Ay, by Ai, Av, and Ag, respectively. [The 
A,’s to be used are not the corrected values given in the 
previous section but include the dipolar contributions, 
at least those from the three nearest Mn++ neighbors 
(these three, by the way, account for 90% of the 
total dipolar field). We would like to point out that the 
dipolar and the p-like contributions to the hyperfine 
interaction are indistinguishable.| The total Hamil- 


electron 


and 


tonian is 


, 


H=HotHe+K’, (15) 
where Ho is the nuclear Zeeman term given in Eq. (1), 
5, includes all the electron-spin interactions of which 
the exchange terms are most important in our problem, 


and 


a 
> Ail, (5S;) 


is the time-dependent perturbation. The spin fluctu 
ation 4S is related to the thermal average of S, (S) by 

5S S (S). (16) 
As we noted before, when Ho and ¢ are parallel then 
(S;)=constantXx and (S,)=0. However, the spin 
fluctuations 6S in the paramagnetic state are large 
(6S~™S) and essentially isotropic. When 3p is diagonal 
ized, the perturbing Hamiltonian ’ may be written as 


MC! =1,V-+4(1,V_+1V,) (17) 


‘ ’ 


where for example the ‘‘adiabatic” component 
8 
I; 7. cos6,A «(6S;), 


—! 


Ir Ve 


and cos6; is the direction cosine between ¢ and the ith 
principal axes. 
Thus the adiabatic and nonadiabatic components of 
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H’ will each involve all of the components of the spin 


fluctuations.?®?7 


By using this formalism, expressions for 1/7, and 
1/7, may be derived which can be written as follows: 


6 
1/T:=K| ¥- (cos’#,+4 sin’#,) A? |, 
il 


(18) 
a 
1/7,;=K >. sin,A?, 


i! 


2% Moriya used the Kubo-Tomita (K-T) formalism?’ in which 
the line contour is obtained as the Fourier transform of the 
electron-spin correlation function. The latter is constructed from 
the time-dependence of the components of the density matrix of 
the perturbing hyperfine-structure interaction 


Hw)= fe —y(bdt, 
where " 


*t ‘ 
v(t)= fa r)(V (1) Ve(O))dr+ f(t 7)(V4(r)V,(0))dr, 


where for example 
(Ve(r) Ve (0)) 

= Tr{exp(—BOC,)4[el Vee Ve +-Veel Vere!) /Trfexp( 
here B= 1/kT, and '=ih '+K,. 

In general a perturbation expansion is made of the elements 
of the density matrix. For the high-temperature region, where 
the electron-spin fluctuation spectrum is unknown, Anderson’s* 
model of Gaussian random-frequency modulation can be used to 
calculate the correlation functions. (The 0,0, symbol is used for 
the symmetrized “raising” and “lowering” operator products.) 

The adiabatic functions (V¢(4)V¢(0)) correspond to the time 
dependent components of the hyperfine interaction that are 
along the direction ¢ of nuclear quantization, whereas the non 
adiabatic functions (V ,(t)V,(0)) are the transverse components 

Now if the respective correlation functions decay in times r, 
and +, which are small compared to 1/wo9 (which will be rigorously 
true for the case of exchange narrowing considered here), it can 
be readily shown that ¥(¢) approaches 


vil)=|t [J (Ve(r) V_(0))dr+ I, (Va(r)V5 dr] 


the Fourier transform of which leads to a Lorentzian line shape 
The frequency half-width of the line is then defined as 1/7, 
where 1/7,=1/To'+-1/Ty' and 1/77 = fo*(V (1) V¢(0))dr, 1/T1' 

So"(V y(7)V,(0))dr are the contributions to the line width 
arising from the secular and nonsecular parts of the perturbing 
Hamiltonian respectively. The nonsecular part 1/7)’ contributes 
appreciably if the decay time ry of the associated “transverse” 
correlation function is short compared with 1/wo and therefore 
assists in “lifetime” broadening of the line. 

The reciprocal of the thermal relaxation time, 71, of the nuclei 
is given explicitly in the K-T theory as the Fourier component 
of the “transverse” correlation function at the resonant frequency 


BIC.) J; 


Wo 


1 
-- coswot(V , (t) V5 (O))dt. 
Tl, J 
In the case of extreme narrowing, where wor,«1, the transverse 
correlation function is appreciably different from zero only for 
<r, and coswof is thereby nearly unity so that 


1 en : 
J, (Vi()V_(0))dt 


(we have used the fact that the correlation function is an even 
function), Thus, 1/7; is just twice the nonsecular contribution 
to the line width 

For temperatures such that k7>>J, the components of the 
electron-spin correlation functions, using the Gaussian assumption 
for the local field spectra, are given by* 

(S,(t)S.(0)) = HS, ()S_ (0)) = 4S(S+1) exp(—Jo2A), 

where w, is the exchange frequency 

27 R. Kubo and K. Tomita, J. Phys. Soc. Japan 9, 888 (1954). 


AND V 
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where 
S(S+1) 
K = (x/2)i—- 


Sh*w, 


in which the angular dependence of the secular and 
nonsecular contributions to the line width are clearly 
revealed. 

Only in the case in which the hyperfine interaction 
is isotropic will 7,= 7. Physically this would be ex- 
pected if both the electron-spin fluctuations and the 
electron-nuclear coupling is isotropic. When the elec- 
tron-spin fluctuations are anisotropic—as is the case in 
the antiferromagnetic state—then the isotropy of the 
hyperfine interaction will still not make 7,;=7>. 

To correlate the experimental line widths with the 
above theory we must relate the separate lines to their 
hfs components which are given in the previous section 
but uncorrected for the dipolar contributions. This 
formulation must be consistent with the fact that in 
those field directions in which only one line is observed 
1/T,*=1/T,*, where now 


3 
1/T,°=K > (cos*0,+4 sin*0,)(A,*)?, 
—_ (19) 


3 
1/T,= K > (cos*6;+4 sin*,)(A,°)?. 
i=! 

For Ho\\[001 |, the theoretical and experimental line 
widths may be compared at high temperatures. In Fig. 
8 the experimental values of 6H are seen to approach 
43 oe at T,, which corresponds to 1/7T2,,=0.94X 10° 
sec! [using the relation for Lorentzian lines of 1/7; 

(V3/2)y6H |. We have calculated w, from the relation 








—+— 
| 


= 
4 

| 

+ 


T 


+ 
| 
| | 
+ + 











+ 

Fic. 8. A plot of the normalized theoretical nuclear spin-lattice 
relaxation time 7;/7T1. vs the reciprocal of the reduced tempera- 
ture, 7,,/T, for a b.c.c. lattice with S= 4 is given in the solid 
curve. The dotted curve gives the normalized experimental 
reciprocal line width, 7:/T2» vs the reciprocal of the reduced 
temperature. The numbers over the points on this curve are the 
measured line widths in oersteds. 
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w= g6H,. By combining Keffer’s** estimate of 9000 oe 
for the magnetic anisotropy field, 1,, with the extrapo- 
lated value of (2H,H,)' obtained from recent antiferro- 
magnetic-resonance measurements” of 9X10* oe, we 
obtain the value of w.=7X10". Using this value in 
Eq. (19), we find that 1/72,=0.95X10® sec. The 
close agreement between these values must be fortuitous 
because of the uncertainty in w,. 

In his first paper® Moriya calculated the temperature 
dependence of the electron-spin correlation functions 
by making a series expansion of the correlation function 
(following K-T) and then evaluated each coefficient in 
the series by a power-series expansion in 1/kT. The 
temperature dependence of 7\/7),, in terms of the 
reduced temperature 7/7, for the case of S=§ and 
a body-centered cubic lattice as given in reference 5, 
is replotted in Fig. 8. We have, as well, plotted our 
experimental measurements of the temperature de- 
pendence of T./T2,, for Ho||{ 001], where T2,—~T 1. is 
the calculated value given above. We have assumed 
that the temperature dependence, in the paramagnetic 
region, for the relaxation times is essentially identical 
for both the dipolar and hf broadening mechanisms 
since in either case the “narrowing” is linearly depend- 
ent on the electron-spin correlation time. Since, for 
T>T,, (T2)1r™(T\)1, it is clear that the theory is less 
than adequate to account for the effects of short-range 
order on the local field spectra, It is interesting to note 
that Bloembergen and Poulis' stated that the reason 
they had not seen the MnF;,!* resonance was probably 
that 7, was too short. They estimated that 7,<10~° 
second would explain the resonance not being visible 
with their equipment. This agrees well with our 
measured values. 

To make a proper comparison of the predicted 
anisotropy in the line width, in view of the apparent 
incorrectness of the predicted temperature dependence 
as T approaches 7, the anisotropy should have been 
measured at high temperatures. Unfortunately the 
experimental conditions were such that at T=300°K 
the splitting is of the order of the line widths or less, 
and only at 77°K might one consider the lines to be 
resolved. If we assume the temperature dependence of 
line widths to be isotropic, then we may define a line 
30,31. 


width anisotropy factor as follows 


28. Keffer, Phys. Rev. 87, 608 (1952) 

*F. M. Johnson and A. H. Nethercot, Jr., Phys. Rev. 104, 
847 (1956). 

*® There is some indirect experimental evidence to suppose that 
the temperature dependence of the line widths of the NMR of 
F in MnF, may not be isotropic in the region 7,<7T<37,, 
which is the region in which the effects of short-range order are 
important. We have studied" the temperature dependence (and 
its anisotropy) of the paramagnetic resonance line widths of the 
Mn** spin in MnF; in this same temperature range at a frequency 
of 50 kMc/sec. A pronounced anisotropy in the temperature 
dependence of the line widths exists. Qualitatively, we may 
suppose this is to be expected if the electron-spin correlation 
functions become anisotropic as short-range order sets in. 

# V. Jaccarino (unpublished). 
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(1/T72°—1/T 2") 110 
(1/T2*)oo1 


(A,*)?— (A,°)? 
) 0.13, (20) 
(A3°)* 


QA(1/T 20) n= 


whereas 


a(1 f isla 17°K O.11+0.04. 


In Eq. (20) we see that the anisotropy in the line 
widths along the three principal axes is less than the 
anisotropy of the square of the shifts in these directions, 
This arises because of the sizable contributions of all 
three components of the hypertine interaction to either 
the secular or nonsecular parts of all three line widths 
as shown in Eq. (19). 

In Cok, the anistropy in the line widths is more 
pronounced, allowing a more detailed comparison with 
theory which will be reported shortly. 


CONCLUSION 

Large shifts and splittings of the NMR of EF" in 
Mnf, in the paramagnetic state have been observed. 
The resonance was seen to disappear at the antiferro 
magnetic transition temperature. We have presented 
an explanation of the experimental observations using 
the theory of electron transfer and have drawn quanti 
tative conclusion concerning the nature of the bond in 
MnF,. Using Moriya’s theory of nuclear relaxation 
processes in antiferromagnetic substances, a satisfactory 
explanation of the line width and the nuclear spin 
lattice relaxation time at high temperatures can be 
given. The temperature dependence of the line width, 
however, is still unexplained. We believe these experi 
ments point out the importance of NMR studies of 
nuclei of nonmagnetic ions bound to paramagnetic ions 
Information about the contributions of covalent bond 
ing to long-range order has been obtained from these 
measurements. 

In addition it is shown that the observation of the 
NMR in the ordered state would contribute to our 
understanding of antiferromagnetism (spin-wave con 
tributions to the sublattice magnetization, relaxation 
processes, etc.) as well as determine one more inde 
pendent parameter of the bonding. Preliminary unsuc 
cessful attempts to observe the NMR in the ordered 
state are described. In addition to the shifts observed 
in compounds reported in reference 23, we have also 
observed shifts in Ag». However, the 4f and 5f 
electrons do not give any resonance shifts in Gdk,, 
NdF;, or UF, 
pounds is in preparation 


A more detailed report on these com 
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APPENDIX A. THE TIME-INDEPENDENT 
HAMILTONIAN AND THE DIPOLE SUM 


A more general Hamiltonian for the kth F"* nucleus 
in a paramagnetic crystal would be, for the time- 
independent portion,” 


x," vhi,- Ho +> 1, Ay S; 
4 


(ah) (1 —3 cos’ ;,) 


+ > yhl, -6¢-S { Keg, st3,7. (A-1) 
‘ 


rin! 


(The last two terms represent the nuclear quadrupole 
interaction and nuclear spin-spin interactions. The 
former is absent for /=4 and the latter unimportant 
compared to the modification resulting from the second 
and third terms of 3,.) The first term leads to the 
ordinary Zeeman energy in a diamagnetic crystal. The 
remaining terms are peculiar to a paramagnetic crystal. 
The second term represents the hyperfine interaction 
resulting from covalent bonding of the F~ ion to a 
paramagnetic ion and has been discussed in the text. 
The third term is the magnetic dipole interaction of 
the nuclear moment with the paramagnetic-ion moment 
and, as we have indicated by the superscript “sh,” is 
shape-dependent. It is this term which describes the 
shift caused by the dipole sum whether in the para- 
magnetic or ordered states. If the sample shape is 
ellipsoidal, the field at equivalent nuclear sites in the 
unit cell will be the same and can, in principle, always 
be calculated if the structural constants of the crystal 
are known. MnF; is a relatively simple paramagnetic 
since the two ions in a unit cell are essentially identical 
and have an isotropic g tensor. Because of this the 


“ 


mean magnetization per ion, (u;), can be simply related 
to (S;)*: 


(ui) = — gA(S;). 


Now since the molal susceptibility is 


N BCS;) 
Xm = 2 ( g ) ' 
‘ Ho 


® We include in this the possibility of there being two or more 
nonequivalent nuclear positions in the unit cell as well as two or 
more nonequivalent paramagnetic ions and positions in the unit 
cell. 

*% For reasons given in the text we need only consider the 
thermal average of 5;, (S,;), in the time-independent nuclear 
Hamiltonian, 


SHULMAN AND V. 


JACCARINO 


we may obtain (S;) from experimental susceptibility 
data, i.e., 
(Si)r= — Ho(xm)oxp/Ngp. 


We wish to emphasize that in general the principal 
axes of the susceptibility tensor and the g tensor might 
not coincide and the simple relation between (S) and 
xm would not hold. 

Keffer™ has calculated the “paramagnetic shift,” 


(AH:/Ho |p.s.= —gh(S)> { (1—3 cos’) /ri? | 


for MnF, and has very kindly allowed us to use his 
results. This calculation is shape-independent and 
intentionally neglects demagnetizing effects. It would, 
for example, give for the dipole field of a cubic array at 
cubic lattice point a field of 4%M//3, whereas, of course, 
for a sphere the true value is zero. Keffer’s values for 
the field parallel to the indicated crystalline directions 
and at 77°K, are 


(110), 12.7310~%, 
[001 |, 6.8810-*. 


The experimental values have been corrected in all 
of our calculations for the demagnetizing field 4%M//3 
appropriate to our spherical samples. 

In the antiferromagnetic state at T7=O0°K in the 
absence of an external magnetic field, (.S,;)= |.S,|. Keffer 
has shown there will be a field of 12 700 oe due to the 
dipole sum which results in a predicted value of 177 
Mc/sec including the hyperfine interaction. The appli- 
cation of a magnetic field parallel to [001 } will remove 
the inversion degeneracy associated with the antiferro- 
magnetic ordering, resulting in two lines which will 
diverge at a rate Aw=2ynH. 


and —6.50X10"%; 


APPENDIX B 


In this section we present a comparison of our data 
on MnF», with Tinkham’s results on Zn: Mn. In his 
experiments the effect of the hyperfine interaction 
between the Mn** and the six octahedrally situated F 
nuclei was a further splitting of each of the hf compo- 
nents of the electron resonance. This occurred because 
the electron Larmor period is short compared to the 
nuclear spin-lattice relaxation time. With J=4 there 
will be 2° combinations of static arrays which can be 
reduced by symmetry to fifteen distinguishable con- 
figurations and, in the most favorable case of the z 
direction, Tinkham observed all fifteen lines. With the 
external field in other directions the lines overlapped 
and he was not able to determine A,! and A,". For 
similar reasons A,! and A,!! could not be determined 
as accurately as could A,' and A,''. His results are 
listed in Table I of the text. 

It is possible to compare Tinkham’s measured values 
of 2A,'+A,!! with our NMR measurements of the 
same quantity in Mnf». Tinkham’s value for this 


*“F. Keffer (private communication). 
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quantity is (47.9+0.3)10-* cm while ours is 
(47.0+-0.5) K10~* cm™, This close agreement between 
the two measurements, while slightly outside of the 
combined experimental errors, is quite surprising. The 
additional information which can be obtained from a 
NMR measurement on Mnf», namely the resonance 
frequency in the antiferromagnetic state, will determine 
2A,!—A,!'. This would allow A,! and A,!! to be 
determined in MnF, by NMR measurements alone and 
would allow one to ascertain whether or not the agree- 
ment on 2A,'+A," is accidental. Emboldened by this 
agreement (the percentage difference of the sums is 
considerably less than the percentage error in A,!'), 
we may combine the two sets of data to determine the 
ralues of A,' and A,"'. These are A,'=15.24+2 and 
A,4=15.142, both in units of 10-4 cm™. From his 
measurements Tinkham concluded that A, was different 
in the two different type bonds and that A,!&=1.2A,". 
Since the type I bond distance is 2.04 A in ZnF, and 
the type II 2.05 A, Tinkham felt that this strong 
dependence of electron transfer upon internuclear 
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distance was one horn of a dilemma (the other horn 
being the invariance of central-ion electronic properties 
to environment), which he resolved by considering the 
covalent bond to include a large fraction of fluorine 3s 
and 3p character. However, if we now calculate the 
isotropic part of our A!’s and A's by taking their 
sum, we find the sum of the three A‘ components to be 
(48.5+-2.6) 10-4 cm™ and the sum of the A'’s to be 
(45.14+2.0)X10-* cm™!. This agreement to within 
experimental error, while it does not contradict Tink 
ham’s conclusions about the relative magnitudes of 
A, and A,"', still, when considered in conjunction with 
the invariance of the hyperfine interaction with Mntt 
environment, led us to assume, in the text, that A,! 
A,"", It should be emphasized that, since the measure 
ments reported in the text are sensitive only to sums 
which include 2A,'+A,'! always in combination, the 
parameter determined as A, in the text could be 
considered to be (2A,'+A,'')/3. Only the NMR 
measurements in the antiferromagnetic state could 
distinguish the differences between A,! and A,". 
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Comparison of Two Procedures for Solution of Noncentric Crystal Structures 


Utilizing Anomalous Dispersion* 


R. PEPINSKY AND Y. OKAYA 
¥-Ray and Crystal Structure Laboratory, Department of Physics 
The Pennsylvania State University, University Park, Pennsylvania 
(Received July 26, 1957) 


The two formulations of Okaya and Pepinsky for direct solution of noncentric crystal structures via 


anomalous dispersion are compared, and it is demonstrated that use of the P,(u) function is in general 


superior to the method in which two or more simultaneous quadratic equations are used to determine 


phases of individual fy and F_y values 


N earlier papers we have presented two new methods 
for the solution of the structures and absolute 
configurations of noncentric crystals, utilizing the 
phenomenon of anomalous dispersion.''° The first 


* Research supported by a contract with the Office of Naval 
Research, and a grant from the National Institutes of Health. 

1 Okaya, Saito, and Pepinsky, Phys. Rev. 98, 1857 (1955). 

2Saito, Okaya, and Pepinsky, Phys. Rev. 100, 970 (1955); 
Rev. Mex. Fis. 4, 159 (1955) 

§R. Pepinsky and Y. Okaya, Proc 
286 (1956) 

*R. Pepinsky, Record Chem. Progr 17, 145 (1956) 

5R. Pepinsky and Y. Okaya, Abstracts, American Crystal 
lographic Association, French Lick, Indiana, Paper B-1, June, 
1956 (unpublished). 

*T. Doyne and R. Pepinsky, Abstracts, American Crystal 
lographic Association, French Lick, Indiana, Paper B-2, June, 
1956 (unpublished) ; see also Acta Cryst. 10, 438 (1957). 

7 Pepinsky, Takeuchi, and Okaya, Abstracts, American Crystal 
lographic Association, French Lick, Indiana, Paper B-4, June, 
1956 (unpublished) 

®Y. Okaya and R. Pepinsky, Phys. Rev. 103, 1645 (1956) 

® Pepinsky, Okaya, and Takeuchi, Abstracts, Fourth Interna 
tional Congress, International Union of Crystallography, 


Natl. Acad. Sci. U. S. 42, 


, 


method involves application and interpretation of the 
function 


P,(u)= Son! Fy !? sin(2rh-w), (1) 


which directly provides the noncentric distribution 


of normal scatterers about anomalous scatterers in 


the asymmetric unit of the cell. The second method 
depends on the selection of the correct set of roots 
of the simultaneous quadratic equations 


Py : (A,* . + Ay” a) i t (By" ie By" ‘ ’, (2a) 


and 


|P b 2 (A »* ] + A," . )?+ (B n* , By" 6 3. (2b) 


where a.s. refers to the anomalous scatterers and n.s 
to normal scatterers. Equations (2) can be applied if 


Montreal, Paper 2-20, p. 28, 
published) ] 

1 T. Doyne, doctoral thesis, Pennsylvania State 
1957 (unpublished) 


July, 1957 [Acta Cryst. (to be 


University 
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the positions of the anomalous scatterers are known, 
and the quantities |/,|* and | F_,|* are known on an 
absolute scale so that they can be inserted, along with 
calculated values of Ay*", A_y*”, Bya*”, and B_y** in 
Eqs. (2). A graphical construction of Eqs. (2) facilitates 
choice of the correct set of roots Ay" * and B,"*, as 
also do data collected with a wavelength producing no 
anomalous scattering.*® 

Two circumstances suggest that a comparison of 
these two methods is advisable. Ramachandran and 
Raman have recently presented a formulation of a 
special case of our simultaneous quadratic equations 
method, which those authors consider to be superior 
to the use of the P,(u) function, since they regard the 
P,(u) function as difficult to interpret"; and a proposal 
has been made to utilize the simultaneous quadratic 
equations method for assistance in analyses of protein 
structures containing anomalous scatterers in ordered 
positions,” 

Although structure analyses may occasionally arise 
for which the quadratic equations method provides an 
easier path to a solution than does use of the P,(u) 
function, in general this is certainly not the case, We 
have shown that for a structure in space group P1, 
with one anomalous scatterer per cell, the P,(u) 
function directly provides the entire noncentric distribu- 
tion of scattering material, and its absolute configura- 
tion. Such a structure is the most difficult to solve 
by methods formerly available. In the case of noncentric 
structures of higher point-group symmetry, the /,(u) 
function is the superposition of all noncentric distribu- 
tions about anomalous scatterers, where a multiplicity 
of such distributions has been produced by rotational 
symmetry operations acting on the asymmetric unit 
of the cell. We have described the P,(u) function, in 
such a case, as a partially deconvoluted interatomic 
vector map; and we have remarked that complete 
deconvolution can be directly accomplished by means 
of the function 


M,(r)=S,(r)—D,(r), (3a) 


where 


Sq(r) yal AF? 


pm bh 20" cos2rh-q, sin2rh-r, (3b) 


Dy(t) = Sool AF? (3c) 


in bh h Zan 


hy , 


sin2rh-q, | cos2xh-r, 


AF |f »|?, (3d) 


the positions of the anomalous scatterers. 


and Qn 
Several examples of the use of this deconvolution 
"'G. N. Ramachandran and S. Raman, Current Sci. (India) 
25, 348 (1956) 
7). Hodgkin, Fourth International Congress, International 
Union of Crystallography, Montreal, Paper L-1, p. 7, July, 
1957 [Acta Cryst. (to be published) } 
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technique have been given.‘**!° If more than one 
type of anomalous scatterer is present in the structure, 
the M,(r) function can be extended, with proper 
weighting, as in the general image-seeking methods of 
Buerger.” 

Ramachandran and Raman" have apparently over- 
looked the ease of direct deconvolution of the P,(u) 
function according to these procedures. They have 
furthermore apparently not recognized the importance 
of the facts that the P,(u) function requires only 
AF ,?= | F,!?—|F_4|? values, which are immediately 
available from scattering measurements, and that 
these need not be placed on an absolute scale; on the 
other hand, our method of simultaneous quadratic 
equations does require absolute values of |F,/? and 
\F_,!*. A further difficulty will often arise in the use 
of the quadratic equations method, which depends to 
a great extent on the positions of the anomalous 
scatterers. These latter will often lie in special positions, 
such that they do not contribute to some classes of 
structure factors. In such cases the quadratic equations 
method will not of itself permit solution of structures 
of moderate complexity. Finally: the use of Eqs. (2) 
requires accurate values of the real and imaginary 
components of the anomalous scattering factors, at 
the outset, for phase determination, and only a very 
few of these factors are known with any accuracy. 
In the P,(u) method, the noncentric distributions are 
determined solely from experimental values of | /y|? 
and |F_,!*; accurate values of the anomalous form 
factors are achieved, for the wavelengths utilized, 
during least-squares refinement of the structure, in 
the final phase of the analysis. 

In application of the quadratic equations method, 
we have explicity recommended full use of the decon- 
voluted P,(u) function for assistance in resolution of 
ambiguities in phase angles.* 

Knowledge of positions of the anomalous scatterers 
is required for application of both of our methods; 
and we have described procedures which facilitate 
location of these.* These positions, once determined, 
do not affect the power of the P,(u) function, which 
from relative (not absolute) data directly provides a 
superposition of the noncentric distributions of normal 
scatterers about the anomalous scatterers. Once the 
anomalous scatterer positions, and the noncentric 
normal scatterer positions from deconvolution of 
P.(u), have been determined, phases of individual 
structure factors can be established to a good approx- 
imation, and refinement of the structure can begin. 
It is best to think of the quadratic equations method 
as one which can be used to assist in a determination 
approached via the P?,(u) function, and not conversely. 


4M. J. Buerger, Acta Cryst. 3, 87 (1950); 4, 531 (1951) 
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Theory of Antiferromagnetic-Ferromagnetic Transitions in Dilute 
Magnetic Alloys and in the Rare Earths* 
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In a previous paper a theory of direct exchange and superexchange coupling between d or / electrons 
and conduction electrons was given. This led to the possibility of an antiferromagnetic-ferromagnetic tran 


sition. The present paper is devoted to a more complete treatment of this magnetic transition by way of 


examining a particular case. Both the molecular-field theory and a cluster theory due to Oguchi are applied 
Each leads to a magnetic transition and both predict that for all such transitions the ferromagnetic state 
must have a lower free energy at 0°K than the antiferromagnetic state. The transition is found to be of 
second order. Expressions are given for the parallel and perpendicular susceptibility in the neighborhood 


of the Néel point 
electrons makes a magnetic transition possible 
recent experimental results in Cu-Mn alloys 


I. INTRODUCTION 


N dilute magnetic alloys and in the rare-earth metals 

one meets the interesting situation in which the 
usual Heisenberg mechanism for the coupling of the 
magnetic moments does not apply. For a sufficiently 
dilute alloy the average separation of magnetic atoms 
or ions will be so great that there will be no direct 
exchange interaction. Similarly, nearest-neighbor rare- 
earth atoms will have no direct exchange interaction 
between them because of the very small radial extension 
of the 4f orbitals. Therefore, the magnetic properties of 
these materials must arise from some new type of spin 
coupling whose primary feature must be the ability to 
produce a long-range interaction. 

Two long-range exchange interactions were con- 
sidered in a previous paper,' hereafter referred to as I. 
The first was the direct exchange interaction between 
localized singly occupied 3d or 4f atomic functions and 
the conduction electrons. The so-called s-d exchange 
interaction has been considered by a number of 
writers.2~* The second long-range interaction discussed 
in I was a superexchange interaction. Here one finds a 
coupling between the spins of widely separated atoms 
through excited states in which these atoms change 
their configurations by either gaining electrons from or 
giving electrons to the conduction band. Kasuya‘ has 
shown that a coupling will also appear as the result of 
including excited states in which the electronic con- 
figuration of the atoms is unchanged but where con- 
duction electrons are excited to normally unoccupied k 
values. 

It was assumed in I that the direct exchange between 
bound and conduction electrons was ferromagnetic, 


* The research reported in this document was supported jointly 
by the Army, Navy, and Air Force under contract with Mas 
sachusetts Institute of Technology. 

1G. W. Pratt, Ir., Phys. Rev. 106, 53 (1957) 

2S. Vonsovskii, J. Phys. (U.S.S.R.) 10, 468 (1946 

4C. Zener, Phys. Rev. 81, 440 (1951). 

‘ T. Kasuya, Progr. Theoret. Phys. Japan 16, 45 (1956) ; see also 
K. Yosida, Phys. Rev. 106, 893 (1957 


A discussion is given showing how the direct exchange interaction with the conduction 
A comparison is made between the theory given here and 


tending to align the spin of the magnetic atom with 
that of the conduction electron, The indirect or super 
exchange interaction, which is made up of contributions 
from all types of excited states, was assumed to be anti 
ferromagnetic in character. A molecular-field treatment 
based on these assumptions was given in [ and it was 
found to show the remarkable feature of allowing the 
possibility of an antiferromagnetic-ferromagnetic tran 
sition. That is, the strength of the exchange couplings 
could be chosen so that the material would first order 
antiferromagnetically on cooling from the paramagnetic 
state, and at some still lower temperature the material 
would order ferromagnetically and remain so down to 
O°K. The molecular-field treatment as given in I did 
not allow the possibility of a transition from ferro 
magnetic to antiferromagnetic ordering with decreasing 
temperature. 

The purpose of the present paper is to investigate 
more completely the antiferromagnetic-ferromagnetic 
transition. To this end, a particular example has been 
chosen which is defined by a fixed choice of the various 
exchange interactions, taking S=}4 and assuming that 
the paramagnetic atoms can be ordered on a two sub 
lattice structure. Two substantially different methods 
are used to examine the transition. Section IT] contains 
a molecular-field discussion of the problem. In Sec, IV 
a recent method due to Oguchi,® which is essentially a 
simplified Bethe-Peierls-Weiss theory, is employed 
Since this method is based on an entirely different set 
of assumptions than those underlying the molecular 
field theory, it serves as a good check on the physica\ 
predictions of the molecular-field approach, It is found 
here that both methods lead to an antiferromagneti 
ferromagnetic transition for the example chosen and are 
in qualitative agreement concerning the transition tem 
peratures and the susceptibility 

Section II of the paper contains a discussion of the 
phenomenological Hamiltonian on which both methods 
are based. The results and conclusions of the paper are 


5 T. Oguchi, Progr. Theoret. Phys. Japan 13, 148 (1955 
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discussed in Sec. V. A physical explanation is given 
there of the mechanism responsible for the magnetic 
transition. Recent work on Cu-Mn alloys is also 
discussed. 


Il. PHENOMENOLOGICAL HAMILTONIAN 


As pointed out in the Introduction, we are concerned 
here with the spin coupling problem where direct 
exchange interactions between magnetic atoms are 
zero. The approach used to solve this problem was first 
given by Kramers’ and later elaborated on by Léwdin.’ 
A simple example using the method was given in I. 
One defines a set of ground states g, all of which corre- 
spond to the same electronic configuration but which 
cover all possible spin assignments to the one-electron 
orbitals such that every g,; has the same total M,. The 
ground configuration here consists of the collection of 
magnetic atoms with their normal configurations and 
all conduction electrons with a fixed set of k values 
doubly occupied and a fixed set singly occupied. In the 
particular example to be dealt with here each magnetic 
atom is assumed to have one electron outside closed 
shells. There will be no loss of generality by taking the 
M, of each ¢, to be zero. 

In general the true state of the system will be some 
linear combination of the ¢,’s and of all possible excited 
states n, of the system. Kramers’ idea was to treat the 
excited states 7, as a perturbation on the ground states 
by setting up an effective Hamiltonian U,,, which is 
to be diagonalized only with respect to the ground set 
y;. The form of U/,, to second order is 


; Biull ve 
Him+> 
y i | 


OC win (2.1) 


Here Hx» is the matrix component of the actual many- 
electron Hamiltonian between gy, and gy,» of the ground 
set; Hy, is the matrix component of H between ¢, 
and 9,; / is the energy of the system, and H/,, is the 
diagonal energy of the excited state 7,. 

The excited states n, are of four types. First, those 
in which conduction electrons are taken from the con- 
duction band and put on the magnetic atoms. These 
states are similar to the excited states in MnO where 
an electron from the O* ion is transferred to a neigh- 
boring Mn** ion. Second, those in which the magnetic 
centers retain their normal configurations but in which 
excitations in the conduction band take place. Third, 
those in which electrons are excited from the magnetic 
atoms into the conduction band. Fourth, those in which 
a combination of excitations takes place. 

The net results of considering all possible types of 
states n, is that the effective Hamiltonian takes on the 


form 


*H. A. Kramers, Physica 1, 182 (1934) 
7 P.O. Léwdin, J. Chem. Phys. 19, 1396 (1951), 


PRATT, JR. 


U=-¥ J(i,f$.-Sj,-C T IG,P)Si-Sp 
i<j ; 
-F YE I(PO)SpSe. (2.2) 
P @ 


The lower case letters refer to the conduction electrons 
and the upper case letters to the bound electrons. 

We shall deal here with the simple case in which the 
magnetic atoms can be ordered on two sublattices. For 
a dilute magnetic alloy it is assumed that the magnetic 
atoms can be divided into two sets A and B such that 
on the average the nearest neighbor of an A atom is a 
B atom and on the average the next-nearest neighbor 
of an atom is another atom in the same set. 

The interaction integral J(P,Q) will be a function of 
the distance between P and Q. Let the value of J(P,Q) 
for Rp—Rg equal to the average nearest-neighbor 
distance be defined as J;. The value of J(P,Q) for 
Rp— Kg at the average next-nearest neighbor distance 
is defined as /;. In this treatment J(P,Q) will be neg- 
lected for neighbors more distant than the next nearest. 

The direct exchange integral between the bound and 
conduction electrons J (i,P) will in general be a function 
of k. This dependence will be neglected here and the 
average value of J(i,P) for all k defined as J, will be 
used to denote this interaction. 

With the above qualifications, the effective Hamil- 
tonian reduces to 

nen 
-> I, 7S Sj;—-Y d¥ NS4i-Sp; 
i<j 


Ai Bj 
DY DX 12(Sait+S8zp;)'S. 
Ai Bj 


a | T3(Sai-Saj + Sai'Sp;). 


] 


(2.3) 


The first term in (2.3) is the exchange interaction 
between conduction electrons which will be assumed to 
be of negligible importance in the following. The second 
term is the indirect exchange coupling of the A sub- 
lattice and B sublattice, the summation being taken 
over nearest neighbors (n.n.). /; can in general have 
either sign but is taken negative here so as to represent 
an antiferromagnetic coupling. The third term repre- 
sents the direct exchange between the bound and the 
conduction electrons and it is ferromagnetic as /, is 
positive definite. The last term is the interaction of the 
A sublattice with itself and the B sublattice with itself. 
The summation is taken only over next-nearest neighbor 
(n.n.n.) pairs 77 and 7; can have either sign. With the 
first term of (2.3) omitted, the effective Hamiltonian 
becomes identical with (73) of I. 


III. MOLECULAR-FIELD (M.F.) THEORY 
As shown in I, the Hamiltonian (2.3) may be written 
as 
H = AM,4-Me+4l'(Ma-Ma+Ma-Mz) 


—n(Mi+Mz)-M,. (3.1) 
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The constants are given by 
—-A= 21;ZaB /N (gun), -T= 41324 4 / V(gun)?, 


n=12/2gun’. (3.2) 


Here Z,z is the number of nearest neighbors lying on 
one sublattice to an atom on the other sublattice; NV is 
the total number of magnetic atoms; Z4,4 is the number 
of nearest A atoms to a given A atom and is taken 
equal to Zgz here. 

The internal magnetic field acting on the atoms of the 
A sublattice is 


H,=—AMz+M. 
That acting on the B sublattice is 


H, a= A M A + 7M, 


I'M ds (3.3) 


Ms. (3.4) 
The field acting on the conduction electrons is 
H,=n(Mi+Msz). (3.5) 


Suppose first that the material is ferromagnetically 
ordered. Then M,=Mgy and the molecular-field 
equation for M4 is 


AMs 
kT 


(nM, 
M buns) Bs( (3.6) 


(M 1) fu =) 


M, can be eliminated from (3.6) by the relation 
M.=nxvc(Mi+Mz). 


Thus, (3.6) becomes 
(2n’xe—-A—T)gunSM 4 
M =} (NgupS)Bs ) (3.8) 
kT 


The ferromagnetic Curie temperature is readily found 
from (3.8) to be 


4(A+T)}, (3.9) 


where C is Ng*up2S(S+1)/3k. 
The general expression for the free energy is given by® 
F=AM,4:-Mz+40(M4-Mu+Ma- Mz) 
n’xc(M, + M pn): (M,+Msaz) 
kT \Ing(M,-Mz) 


Te C{n’xe 


(3.10) 


where g(M,4-M,) is the number of arrangements of the 
spins on the A and B sublattices corresponding to a 
given M, and Mx. The case of particular interest here 
is for S=4 and with the aid of Sterling’s approximation 
(3.10) becomes 


-F/N= (41: Za8+ I?Nxe 4e°un*+ hsZaahy’ 
+kT In2—4k7{ (1+-y) In(1+y) 


+(1—y) In(1—y)]}. (3.11) 


® See for example P. W. Kasteleijn and J. van Kranendonk, 
Physica 22, 367 (1956). 
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Fic. 1, Relative magnetization as a function of k7'/|/,| for ferro 


magnetic and antiferromagnetic ordering 


Here y is the relative sublattice magnetization 
2M a/NeupS 
The special case to be examined here is defined by the 


following choice of parameters: 


Zap=6, Zaa=Znn=6, I, 


b/,, 
and 


IeycN/4un?= 11] 7). (3.12) 


Using the relations in (3.2) and in (3.12), we find for 
the Curie temperature 


kTc=0.75| 1, |. (3.13) 


The equation for the relative magnetization y is found 


from (3.8) to be 
| y I¢xeN IZ an 
y= tanh ( +I eZaat )} (3.14) 
L2eT\ 2g uy? ? 


which is, in view of (3.12), 


37; | 
y tanh y), 
4kT 


The free energy is given in terms of y for the ferromag 


(3.15) 


netic case, when one uses the values of the parameters 
given in (3.12), as 


F/N= (7/4) |Ii|y+kT In2 


ART((14+-y) In(i+y)+(1—y) In(1—y) }. (3.16) 


In Fig. 1, y is plotted as a function of 7, and in Fig. 2 
[F+NkT \n2|/N{\J,\ is plotted as a function of 7. 
In the antiferromagneti M, My and, 

according to (3.7), M, is zero. The molecular-field equa 

tion for M, is 


{ A M Kw I'M A }eu po 
M,=}(NgupS)Bs ) (3.17) 
kT 


Case 
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Fic, 2. Plot of ~—LFP4+NkT In2)/N|1;| as a function of k7/\/ 
for ferromagnetic and antiferromagnetic ordering. The intersection 
indicates the presence of a magnetic transition 


The Néel temperature is 


Ty=4C(A—l)=|J,|/k (3.18) 
Equation (3.17) becomes for the specific example con 
sidered here 

y=tanh(|J7,|y/k7). (3.19) 
rhe free energy is 


F/N=4/1,|v+-kT In2—4$kT[ (14-y) In(1+y) 


t+(1—y) In(1—y) ]. (3.20) 


A plot of y as a function of T for the antiferromagnetic 
case is given in Fig, 1, and —(+F+ NRT |n2)/N/1;} 
for this ordering is shown in Fig. 2. 

As it stands, lig. 2 indicates that a first-order anti- 
ferromagnetic-ferromagnetic transition occurs at the 
intersection of the two free-energy curves. However, it 
is possible that there could be states intermediate 
between ferromagnetic and antiferromagnetic order in 
which the angle between My, and Mg lies between 0 
and #. Such states could have the property that the 


rRATT, JR 


phase change would be of second order. The molecular- 
field treatment of the intermediate states will be con 
sidered next. 

Let there be a fixed angle 6 between M, and Mg with 
the spins on the A sublattice quantized in the direction 
of M, and those on the B sublattice in the direction 


of Mz. Then 
M,-H,- 


where My 


M ogu pS 
M iN gupSBs [nxe I" 
kT 


+ (nxe 4) cox) (3.22) 


(n’xc—T')M P+ (n’xc—A)M? cosé, (3.21) 


|M.4|=!Ma|. Thus, 


lor the example being considered here, the relative sub- 
lattice magnetization as a function of @ is given by 


y I, 
y tanh( {7 -cost) ) 
8kT 


The Curie temperature of the state of fixed @ is 


(3.23) 


Te= 3C(n’xe—V+ (9’xce— A) cosd}. (3.24) 
If A>n’xe, Tc steadily increases as 6 goes from zero 
tO 7. 


The free energy as a function of @ is given by 


F/N= (1,2 43/8+1¢x0N/8g'u 2") y* cosd 
+ (L3Z44/44+1excN/8e'u 8") y" 
+kT In2—4kT( (1+) In(1+-y) 

+ (1—y) In(1—y) J. 
It would be desirable to know at any temperature the 
value of 6 which minimizes the free energy. Since y is a 
function of 6, as can be seen from (3.23), finding the 
maximum of (3.25) as a function of @ would lead to a 


(3.25) 


very complicated transcendental equation. However, 
the significant details can easily be found graphically. 
At O°K, where y is unity, the extremes of (3.25) occur 
for 0=0 or 6=-. Thus the free energy of an intermediate 
state of fixed @ will lie between that of the ferromag- 
netic and the antiferromagnetic states. 

In Fig. 3 the quantity —[(f/+ NRT |n2)/N\1,! | is 
plotted as a function of T for 6=0, 6=2/4, 0=2/2, 
6= 3/4, and @=. It can be seen from the figure that 
the antiferromagnetic-ferromagnetic transition is of 
second order with the system following the envelope 
of curves of the intermediate states. It was pointed out 
in I that the molecular-field theory does not allow the 
possibility of a magnetic transition in the opposite 
order. 

The susceptibility just below the Néel temperature, 
where M, is very nearly opposite to Mg, is readily 
found by using Van Vleck’s approach.’ If H4“ and 


9 J. H. Van Vleck, J. Chem. Phys. 9, 85 (1941 
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H, are the molecular fields acting on the A and B 
sublattices in the absence of an external field Ho, and 
H, and Hy are the molecular fields in the presence of 
Hy, then the magnetization in the direction of Hy is 


1," ee) 
kT 
gus Ha gubS 
Bs ( a | 
kT kT 
Hy gupS 
+cos(H»,Hy) Bs( ) 
kT 


guns Hp gupS 
t Bs Jatt}. (3.26) 
kT kT 


Let Hy be in the z direction making equal angles with 


H, and Hy. Then 


given by 


\ | I 
M pun | con(H aH) Bs( 
) 


Ve ups? 
M=2M,cos(H4,Ho)+ 
2kT 


x cos(H 1,Ho) Bs’ (yo) {dH4 + dH x}, (3.27) 


T ] | | l | ] ] 


Fic. 3, Plot of ~[FP+NkT In2)/N|1;| asa function of k7/\/; 
for various fixed angles between sublattice magnetizations M4 
and My, This represents a second-order magnetic transition with 
the system following the envelope of the curves 
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where Myp=|Mal=|Ma| and yo= |H4 | gun S/kT 


Following Van Vleck, we take 
cos(H 4,Ho) = (Ha,°'+dH 4,)/|Ha 


(3.28) 


If H,,\° is neglected in (3.28) and only the first term 
taken in (3.27), we have 


M=2M dH 4,/\Ha}\. (3.29) 


Eliminating M, from (3.3) and using the fact that dM, 
and dM, are equal and are in the z direction, we find 


dH,, l')dM,. (3.30) 


H,+ (2n’xe A 


The absolute value of Hy is found by (3.21) and on 


taking 0= 7, becomes 


|[Ha|=Mo(A—P). (3.31) 


Thus, (3.29) is 


M =————{ H+ (2n?xc—A—T')dMa). (3.32) 
(A—-T) 


Since M=dM,+dMy or 2dMy,, the perpendicular 
susceptibility just below 7'y is 


x1=1/(A—n’xc). (3.33) 


If M4, Mz, and Ho are taken to lie in the zx plane with 
M, and My making a small angle ¢ with the positive 
and negative x axis, respectively, then //4,°°) is approxi 
mately My(A—I’)¢. xq is then given by 


I 2Mo¢ 


X14 t 
A nx c Ho 


(3.34) 


For Hy parallel to M, we have cos(//4,/o)~1 and 
cos(H »,Ho)~—1 just below Ty. Substituting in (3.30) 
gives 

N g'u Bo 
Bg’ ( yo) {dH act dH y} 
2kT 


(3.35) 


The value of dH, is given by (3.30) and here it is a 
vector in the x direction. Thus, 


Neus? 
I 


var (2n’xc—- A—P) 3.5/(yo) 
| 2kT 


Vg'unS” 


Bg! (yo) Ho (43..46) 


Using (3.9) we find 
(3.37) 


The susceptibility for random orientation of the 
internal field with respect to the external field will be 
xr= 4xut Fu. As the temperature decreases from Ty, 
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a net magnetization will appear spontaneously and xz 
will rise rapidly. The form of xx is shown in Fig. 4. 


IV. APPLICATION OF OGUCHI’S THEORY 


Oguchi® has recently developed a very simple theory 
of ferromagnetism and of antiferromagnetism analogous 
to the Bethe-Peierls-Weiss (B.P.W.) method. Instead 
of treating a central atom and all of its nearest neighbors 
exactly as in the B.P.W. scheme, Oguchi deals only 
with a single pair of neighboring atoms. It can be 
shown that Oguchi’s theory is a special case of the 
constant-coupling method of Kasteleijn and van 
Kranendonk.” By carrying out this independent anal- 
ysis of the problem it will be possible to check the 
results of the molecular-field treatment. In particuar, 
we wish to know whether a condition can be foulnd 
where 7'y exceeds T¢ but in which the free energy at 
0°K is lower for the ferromagnetic case than for the 
antiferromagnetic case. 

We derive here the cluster Hamiltonian for a nearest- 
neighbor pair of magnetic atoms, one on each of two 
sublattices. The Hamiltonian for the entire system is 
taken as the last three terms of (2.3). By using (3.7) 
the net spin of the conduction electrons S, which 
appears in (2.3) can be eliminated leading to the result 

I?Nxe 
U=> 1 SacSp; (Sast+Sap;)-(Sat+Sz) 


‘7 2g*u B 


-13(Sa¢°Sajt+Spui-Spj) ’ (4.1) 


where S, and Sz» represent the average spin per atom 
on the indicated sublattice. If the pair of atoms which 
t 


~—41,+ (at+b)—d 0 
0 —41,—(a+b)—dr 0 0 


0) 0 
0) 0) 


where the rows and columns are ordered as are the states 
in (4.5) through (4.8) and a and 3d are given by 
2a o a (KS; | K 25 Bs), 
2b (K 1 Bs 4. KS as). 


(4.10) 
(4.11) 
The eigenvalues of (4.9) are 
Ay= 41, — AK Sart KS 42) = 4K S44 KS 5,}, 
ho= BAK Saet KS a hth KS act KS a,}, 
A= +4it4O, A=+4-40, (4.12) 
where () is defined as 
O= (12+ (Ki—K2)*(Sa.—Sa,)"}}. 

The cluster partition function Z=Tr e~“/*" is given 

by 


 P, W. Kasteleijn and J. van Kranendonk, Physica 22, 317 
(1956). 


(4.13) 


reais, OR. 


comprises our cluster is Ai and Bj, the cluster Hamil- 


tonian is 


Ha= —1,84;-Sej— Sas: {KiSe+K Su} 
—Spj:{K:S.t+K:Sz). 


The constants K, and K are given by 


I?Nxe 


(4.2) 


Ki =1,(Zas—1)+——,, 
2g’uB° 
I?Nxe : 
; —+TsZ 4a. (4.3) 
2g’ un 
The total Hamiltonian (4.1) commutes with the z 
component of the total spin. Therefore, the average 
value of S4,, Spz, Say, and Sz, are zero. This reduces 
(4.2) to 
H om 1Sac-Spj—Saie{ KS a+ KoSas} 
—Spj{KiSazt+KoSp:}. 
Because of the presence of the last two terms in 
(4.4), the square of the total spin of the cluster does not 
commute with (4.4). Consequently the eigenvectors of 
H., will be linear combinations of the following four 
states 
¥i'= gi(1) ¢;(2)a(1)a(2), 


vr = gi(1) ¢5(2)8(1)8(2), 
Wi9= 91(1) 9;(2)[a(1)B(2) +B (1)a(2) J/v2, 
Yo = 94(1) ¢j(2)[a(1)B(2) —B(1)a(2) ]/v2. 


The secular equation corresponding to this represen- 
tation has the form 


(4.4) 


(4.5) 
(4.6) 
(4.7) 
(4.8) 


0 0 


( 
me (4.9) 


(7/4)Ii—\ 


—3;—) 
a—b 


Tr HAT = 2/47 cosh{ (Ky+K:)(SartSps)/2kT] 
+e-h/*T cosh(QO/2kT). (4.14) 
Self-consistency is introduced through the condition 


that 


Sas™ Tr(Saie #7) /Tr(e- #7), (4.15) 


In order to evaluate the numerator of (4.15), it is 
necessary to find the eigenvectors of the 2X2 part of 
(4.9). The four eigenvectors of the cluster are 


,=y, 
P, =~ ne 


O-T; ‘ O+T, 4 
$;3= ( = ) vi+( *) vo", (4.16) 
20 20 


O+T,\3 Q-I\! 
ea ( e ) vi ( - —) yo’. 
20 20 
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The self-consistency constraint becomes 
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sinh[ (Ki +K2)(Sast+Sps)/2kT ]+( (Ki—K2) (Sas—Sips)/O]e~!*? sinhQ/(2kT) 


2 cosh{ (Ki+K:)(SaetSns)/2kT)+2e-!/? cosh(Q/2kT) 


If the ordering is ferromagnetic, S4,=S,, and (4.17) reduces to 
sinhL (Ki+K2)S4./kT | 
2 cosh{ (K1+K2)S4./kT ]+2e°!'/*? cosh(/; /2RT) 


The Curie temperature is found from (4.18) to be the 
solution of the following equation 


Ki+K, 


kT ¢ -, (4.19) 
34+e-kTe 


Since /, is negative here, 7~=0 is always a solution of 
(4.19). A necessary condition for a ferromagnetic state 
is that K,+K, be positive. If this condition is satisfied, 
there will always be a nonzero solution of (4.19) which 
gives the actual Curie point. Using the values for the 
various parameters given in (3.12) in (4.19) leads to a 
Curie temperature of 

kT c=0.68|1;|, (4.20) 


as compared with k7¢=0.75|/,| as determined by the 
molecular-field treatment. 

The limit of S4, as T approaches zero for the ferro- 
magnetic case is found from (4.18) to be 


1 1 
211+expl—(KitK2)Sa.—1,/kT | 


(4.21) 


If (K,+K2)S4, is greater than |/,|, the limiting value 
is 4. Otherwise it is zero. Therefore, we have the condi- 
tion that (K,+K.) be greater than 2//,| in order that 
Oguchi’s method give a ferromagnetic state at 0°K. 

If the ordering is antiferromagnetic, S4,= —Sx», and 


Fic. 4. Sketch of the susceptibility for random orientation of 
the internal fields with respect to an externa] magnetic field. 


(4.17) reduces to 


[(Ki+Ka)Sae/Q Jen!*" sinh(QO/2kT) 


DAs 
ite Nk cosh(O/2kT) 


The Néel temperature is given by 
Kot —) 
Ky,—J, 


[3444 
) (4.24) 
I3Z a4 


or equivalently as 


1\(Zant2) 
kT y 1 /in( 
1\(Zan—2) 
Substituting from (3.12), we find that k7'y=1.33|/,! 
as compared with |/,! as determined from the molecu 
lar-field method. 
As T approaches 0°K the limiting value of S4, for 
the antiferromagnetic case is 


(K,—K.,)?—I 7) 
Sas | | . 
4(K,— K2)’ 


Although there is no antiCurie point, S,4, does not 
reach 4 at O°K. 

Our purpose in discussing Oguchi’s theory is to 
compare it with the molecular-field results. The transi- 
tion temperatures for the ferromagnetic and antiferro- 
magnetic cases agree quite well for the specific example 
chosen here, It remains to find out whether Oguchi’s 
formulation also leads to the possibility of an antiferro 
magnetic-ferromagnetic transition. The summations in 
the total effective Hamiltonian (4.1) can be carried out 
approximately to give 


U=(—NI:Zan/2—1txeN4/2gtus\Sa-Sp 
{1 ?xcN?, ‘Agu n* + NI3;Z4 4/2} 
 (S4-Sit+Szu:Szp), 


(4.25) 


(4.26) 


where A, and Sy are the average spins per atom on the 
A and B sublattices. The condition that the ferromag- 
netic state be stable at O°K is given from (4.26) as 


IxcN 
>0. 
gun 


(4,27) 


Unfortunately the complexity of the expressions for the 
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Curie point (4.19) and the Néel temperature (4.23) do 
not lead to a simple expression for the requirement that 
Tw exceed T¢. However, for the example chosen here 
(4.27) is 5'J,; so that the ferromagnetic state lies 
lowest at O°K and it has already been found that 
Ty>Tc. Therefore, Oguchi’s method also admits the 
possibility of a magnetic transition. 
It remains to be determined 
method allows a transition in the reverse order where 
the stable phase at 0°K is antiferromagnetic and with 
T¢>Ty. For this to occur, (4.27) is replaced by 


whether Oguchi’s 


1;Zant I xe V gun’ « (). (4.28) 


However, in order that kT¢ be positive, we have from 
(4.19) that Ay+Ky exceed zero. This becomes on sub 
stitution 


(Zan 1)+4 Ix <¢ \ fun + 1:4 4 ,>0 (4.29) 


First let /;=0. Then the largest possible value of kT 
is 4(K,+Ky.) as can be seen from (4.19), since /, is 
negative, The largest value of A,+ A, consistent with 


(4.28) is |/,,. Thus, 


(ye A /; (4.30) 


With /,2°0, RT’, becomes 


Zant2 
kT 9 I; /n( ) 
ZARB 


(4.31) 


In order that T¢>Ty, it must be that In[ (2494-2) 
(Zan—2)|>4. Except for the case of Z44=2, which 
is not ordinarily realized, we see that for /,; zero T¢ 
will never exceed Ty with (4.28) holding at the same 
time 

If /, is positive, it can be seen from (4.24) that the 
minimum value of k7'y occurs for /;=0. But it has 
already been established that for /;=0 the minimum 
7) cannot be less than the maximum value of 7¢ in 
view of (4.28) 
desired magnetic transition cannot occur. 

If 7; is negative, |/;Z44) must be less than |/;) in 
order that T'¢ be positive. The largest possible value of 
kT is given by (4.30). For Z4” 24, the smallest pos- 
sible value of k7'y is |/,| /InS. Therefore, for /, negative 
and Zan >4, the reverse transition is impossible. If 
Zan=3, kT y goes to zero when (13244 /,|. How 
ever, 7'¢ also goes to zero at that point and can readily 
be shown to be less than k7'y for 0< | 1:Z44) <\/; 

Thus Oguchi’s method does permit a transition from 
the antiferromagnetic state to the ferromagnetic state 
with decreasing temperature but, in agreement with 
the molecular-field theory, does not allow a transition 
from ferromagnetic to antiferromagnetic order with 
decreasing temperature. This result is in accord with 
the behavior of all antiferromagnetic-ferromagnetic 


Therefore, under these conditions the 


transitions observed so far. 
Finally, we compare the susceptibility as found by the 
Oguchi method with that from the molecular-field 


GEORGE W. 
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theory. This is done in the immediate neighborhood of 
the Néel temperature where the spontaneous moment 
of the system can be neglected. Since the parallel and 
perpendicular susceptibilities are equal at Tw, only x, 
is derived below. 

Let the external field Ho be in the direction of the 
magnetization of the A sublattice which is taken along 
the positive z axis here. The cluster Hamiltonian in the 
presence of Ho is 


H,. 1S4.:Sp,; “Sail KiSp.t+ KS, “gun o} 


™ Spil{K Az T K 2S Bz ; gunllo}. (4.32) 


The energy levels (4.13) are modified in that the term 
gun is subtracted from \; and added to A» with Az 
and \4 unchanged. It is readily found that Tr(.S4,,e~4/*7) 
is 


Tr(Saie#/*7) 


4 7 (KitK2)(Saz + Sp) — gun 
ef 47 sinh ( ) 
2kT 


e~h2kT (Ky — Ko) (Sas—Spz) 17] 
+ sinh 
2 


O kT 


If one takes S4,=S4,+6S,4, and Sz,=Sp,° —4S,, 
the self-consistency condition (4.15) in the presence of 
H becomes 


O-"'(K i — Ka) Sage! !** sinh(Q/2kT) 
S429 +6S,~ 
1+en!/*T cosh(O/2kT) 


[ (Ky + K.)6S, guplly | kT 
+ 


2+2e°%) 


(4.34) 
*T cosh(Q/2kT) 


From (4.22) we see that the first term of (4.34) is just 
Sa, Thus, 
(Ky, t K2)6S, gunlly 
6S, ; (4.35) 
RT(24+-2e°1'/*? cosh(Q/2kT) } 


The parallel susceptibility is found to be 
Neue’ 


, (4.36) 
kT (346-17) — kT (3-617) 


Xi 


where Q has been taken as /; since S4, is small near Ty. 
Comparing (4.36) at Ty with (3.37) or (3.41) at Ty, 
we find 


xu(Tw )Oguchi * 0.538 Xi Tn JM.F.- 


Apparently this large difference comes from the ex- 
ponential dependence of x,,; in (4.37) on Ty and Te, 
and from the differences in the transition temperatures 
as found by the two methods. 

V. RESULTS AND CONCLUSIONS 


Both the molecular-field theory and Oguchi’s theory 
as applied to the particular example discussed here lead 
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to an antiferromagnetic-ferromagnetic transition. The 
two approaches only allow the possibility of going from 
the antiferromagnetic state to the ferromagnetic state 
with decreasing temperature. Furthermore, we have 
seen from the molecular-field theory that the magneti« 
transition is of second order. 

One cannot write down directly the free energy for 
the entire system from Oguchi’s theory which deals 
only with a pair of neighboring atoms. However, con- 
nection can be made between the properties of the pair 
and those of the crystal by use of the formalism de 
veloped by Kasteleijn and van Kranendonk in their 
constant-coupling method.’ In fact, it is readily shown 
that Oguchi’s cluster Hamiltonian for a neighboring 
pair given in Eq, (2.2) of his paper is identical with the 
effective Hamiltonian for a neighboring pair given in 
Kq. (19) of reference 10 since Ay is }(Z—1)J.S/pp as it 
is shown there to be in the limit of high temperatures. 
Oguchi’s cluster Hamiltonian for the antiferromagneti 
case can also be shown to be the same as the pair 
Hamiltonian of the constant-coupling method given by 
Eq. (24) of reference 8 in the high-temperature limit. 
The work of Kasteleijn and van Kranendonk appears 
to be the proper generalization of Oguchi’s theory. 

It is of interest to have a physical picture of the 
mechanism underlying the antiferromagnetic-ferromag 
netic transition. Therefore, consider the A set of atoms. 
The agency which produces their net magnetization 
in the molecular-field theory is 4. The temperature 
to which the system must be raised in order to destroy 
M , is seen from (3.21) and (3.24) to be 


C| Ha(T=0) 
T: : (5.1) 
NeupnSo 


If the free energy of the system at O°K were for both 
the antiferromagnetic and ferromagnetic cases 
4(H,-Mit+Heg-Msy), 


F(T=0) (5.2) 


as it ordinarily is, then using (5.1) and taking M,4=My 
}(NgunSo) at O°K, one finds 


IN So 
F(T=0) kT; 
2(.So+1) 


(5.3) 


This shows that if (5.2) holds for all types of ordering, 
that ordering with the highest transition temperature 
7 is stable at O°K with respect to any other type. This 
result has been obtained in a somewhat different 
manner for Sy 


The reason why this prohibition of magnetic transi- 


} by Smart." 


tions does not apply in the present case is that (5.2) 
does not hold for both the ferromagnetic and antiferro- 
magnetic cases. The direct-exchange interaction of the 
with the conduction electrons 


paramagnetic atoms 


4 J. S. Smart, Revs. Modern Phys. 25, 327 (1953) 
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contributes a term to F(7’=0) which is seen from (2.3) 
to be 
Dai Dj 12(SaitSp;)-S.. 5.4) 
Here 
S,=)5:5;; (5.5) 
the sum over 1 going over all of the conduction electrons. 
From (3.5) and (3.7) we have that S, is directly propor- 
tional to M,+Mg. This result is also derived on the 
basis of the Hartree-Fock equations in I. Thus, S, is 


zero in the antiferromagnetic case and (5,2) does 


represent the situation. However, in the ferromagnetic 


case $8, #0 and (5.4) must be added to the free energy. 
Hence (5.2) does not describe both types of ordering 
here and (5.3) is consequently invalid. Thus, even 
though 1/4(7'=0) or equivalently 7¢ is greater for the 
antiferromagnetic case, the interaction with the con 
duction electrons can make the ferromagnetic state 
that of lowest free energy. 

The fact that a magnetic transition would be impos 
sible without the exchange coupling with the conduction 
electrons and that their inclusion leads to a long-range 
interaction of the spins is strong support for the claim 
that the theory developed here and in I does apply to 
the rare earths where magnetic transitions have been 
observed in dysprosium™ and erbium." Furthermore, 
these transitions are in the order predicted here. It can 
be argued correctly that temperature-dependent mo 
lecular-field constants could lead to a magnetic transi 
tion. However, this does not answer the question as to 
the source of the long-range spin coupling necessary in 
the rare earths, The treatment given in this paper 
would have to be modified in order to apply it properly 
to the rare earths by making allowance for the orbital 
contribution to the the 
effects of anisotropy. 

An interesting comparison between the theory given 


magnetic moment and for 


here and in I and with experiment can be made in the 
case of dilute alloys of Mn in Cu. A comprehensive 
investigation of the magnetic properties of this alloy 
is reported in two papers.'*'° Of particular interest here 
are the results of reference 15. Alloys of 1.4 and 5.6 
atomic percent Mn were investigated at low tempera 
tures for ferromagnetism. In both alloys a small spon 
taneous magnetization was observed at 4°K which 
decreased rapidly on heating and vanished at the anti 
ferromagnetic transition temperature. According to the 
results of Secs. III and IV this is precisely what would 
be expected of a material which undergoes an antifer 
romagnet ferromagnetic transition 

et al.” carried 
measurements on the alloys and interpreted the results 


Owen out electron Spin resonance 


as indicating that the strength of the s-d direct exchange 


2 Elliott, Legvold, and Spedding, Phys. Rev. 94, 1143 (1954) 

“4 Elliott, Legvold, and Spedding, Phys. Rev. 100, 1595 (1955 

“Owen, Browne, Knight, and Kittel, Phys. Rev. 102, 1501 
(1956 

1*’Qwen, Browne, 
(1957) 


Arp, and Kip, J. Phys. Chem, Solids 2, 85 
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coupling, measured by defined in (3.2), was 1/10 to 
1/20 of that expected from the free-ion value. Although 
an entirely different molecular-field treatment was used 
in reference 14, it led to a similar sharply reduced value 
of 9. 

In order that the results obtained here and in I 
describe the antiferromagnetic and ferromagnetic 
properties found in reference 15, it is necessary to 
assume that the strength of the direct s-d coupling is 
comparable to that of the antiferromagnetic coupling. 
In particular, from Eq. (88) of I, the condition for an 
antiferromagnetic-ferromagnetic transition is 


2n’x > A>’ xc. (5.6) 


In the opinion of the writer the experimental results 
obtained in references 14 and 15 can be explained 
without assuming a very weak direct-exchange coupling 
and that (5.6) may be satisfied. If the Mn goes into the 
alloy asan Mn** ion, it presents an extra positive charge 
to the conduction electrons. The induced screening 
charge is made up of conduction electrons of both spins. 
Those of spin parallel to the Mn**-ion spin are favored 
by an exchange interaction while those of opposite spin 
have the exclusive ability to spend part of their time 
trapped on the Mn ion. This latter possibility is 
embodied in the superexchange interaction. The net 
result of these two effects can be that the net spin of 
the screening charge will be very small. It was concluded 
in I that a very small value of 7 may have been found 
in reference 14 as a result of not including the super- 
exchange interaction in the theory given there. 

As indicated above, the interpretation of the electron 
spin resonance results in reference 15 indicated a small 
value of 7. If one assumes that the model on which this 
conclusion is based is essentially correct, it seems that 
a legitimate objection can be raised concerning the 
treatment of the s-d coupling. If the alloy were in the 
antiferromagnetic state, then according to (3.7), M, is 
zero. Thus, the first-order theory would imply that 
the conduction electrons play no role in the antiferro- 
magnetic state.’® This cancellation would not be 
complete in a higher order theory and one would be 
led to a molecular field due to the conduction electrons 
acting on a Mn ion, say in the A set, of the form 


(no? —1*)xeM o, (5.7) 


where mo is related to the exchange coupling of con- 
duction electrons interacting more strongly with the A 
set than the B set, and » is related to the exchange 
interaction with this atom in the A set of conduction 
electrons interacting more strongly with the B set. In 
reference 15 » was neglected as compared with mo and 
on comparing the results with experiment a small value 
of mo resulted. According to the picture developed in 
Sec. III, the fact that Ty and T¢ are not widely 

© The appearance of a contribution from direct exchange in the 
expression Ge the Néel temperature, Eq. (7) of reference 15, is 
incorrect. 


GEORGE W. 
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different in the CuMn alloys and in particular that an 
antiferromagnetic-ferromagnetic transition appears to 
take place, leads to the conclusion that the screening 
charge is made up nearly equally of conduction electrons 
of each spin. This means that mo? and 7? in (5.7) must 
be nearly equal. If one assumes that the resonance 
theory of reference 15 is valid, it is the difference between 
no and » which is measured. A small value of this 
quantity is consistent with the theory given here. 
Furthermore, it is consistent with the small electronic 
g shift found in the electron spin resonance of these 
alloys for T>Ty. 
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Note added in proof.—Yosida™ has raised an important point 
concerning the treatment given here. Our results are based on the 
Hamiltonian (2.3) which is derived from Kramers’ method for 
solving the spin degeneracy problem arising from all possible spin 
assignments to a fixed set of orbitals. Hence in this theory there 
ure as many singly occupied Bloch functions in the conduction 
band in the antiferromagnetic case where M, is zero as in the 
ferromagnetic case where M, is not zero. Thus the conduction 
electron kinetic energy is unnecessarily high for antiferromagnetic 
ordering of the A and B sets. Yosida suggests that this situation 
be remedied by adding the conduction electron kinetic energy to 
the Hamiltonian as M,2/2x,. To discuss the antiferromagnetic 
case we would use a ground configuration in Kramers’ method 
with no singly occupied levels in the conduction band. In the 
ferromagnetic case we would use a ground configuration with 
M,/gun unpaired spins where M, is determined by setting the 
variation of (2.3) plus M?/2x. with respect to M, equal to zero. 
However, in addition to this suggestion one must include the 
dependence of the number of excited states ny, which can couple 
two states ¢; and @; in the ground set, on the number of singly 
occupied Bloch functions in the conduction band. In general this 
dependence can be expressed by expanding /; and J, of (2.3) in 
power series in M, the first terms of which must go as the square 
of M,. Hence the Hamiltonian to be used for the molecular field 
case becomes in place of (3.1) 


(To+T iM?) 
) 


H = (Ao+ 1,:M2)Ma-Me4 (M4-M4+Mau-Ma) 


v4 


M? 
n(Ma+Maz)-M,+-—. 
2X 


The molecular fields acting on the A and B sets are still given 
by (3.3) and (3.4), respectively, but M, is found by setting 
0H/AM, equal to zero instead of from (3.7). One finds that T¢ 
and Ty are unaltered from (3.9) and (3.18) but that the condition 
for the antiferromagnetic-ferromagnetic transition becomes 


W?xe> Ao(1+K)>n*x-(1+K) 
where K is 
N*g4y n?S?( A,+T) 
, 


This can only hold if A,+-T, is negative and it becomes the same 
condition as that found by the unmodified theory if K is —}4. 
A magnetic transition is possible here only because the strength 
of the superexchange coupling changes with the conduction elec- 
tron magnetization. The qualitative nature of the transition as 
given by the generalized theory is the same as that described in 
Secs. ITI and IV. 


‘TK. Yosida (private communication). 
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The refractive index m of saturated helium vapor has been measured from 1.5 to 4.2°K, by means of a 
Jamin interferometer and a metal cryostat with optically flat windows. About 200 experimental points were 
taken. For the Hg green line (A= 5462.27 A), (n—1) increases smoothly from (3142) 10~* at 1.5°K to 


(3300+ 15) X 10~¢ at 4.2°K. Eight separate absolute determinations of (n 


1) were made over this tempera 


ture range and the results were combined with the calculated vapor density to give the polarizability per 
mole, Noa. The mean polarizability is 0.1245+-0.0005 cm*/mole. Individual determinations from 1.8° to 
4.2°K do not deviate from this by more than 0.0008. This value should be compared with 0.1246+0,0002 
cm*/mole which may be calculated from the measurements of (n—1) for helium gas at N.T.P 


INTRODUCTION 


HIS paper is a report of the first measurements of 

the refractive index, n, of saturated helium vapor 
which have been made.' Eight absolute measurements 
of m from 1.5 to 4.2°K and about 200 other relative 
measurements in this temperature range are reported 
here. The results permit one to state that there is no 
change in the electronic state of the gaseous helium 
molecule between room temperature and 1.5°K. 


APPARATUS 


Figure 1 shows the optical system used. A Jamin 
interferometer (made by Bellingham and Stanley) 
separates light from a monochromatic source into 2 
parallel beams, 3 cm apart in this model. After passing 
through a specially designed metal cryostat® containing 
the refractive-index cell, the beams are recombined at 
the second block and horizontal fringes are seen in the 
telescope. The cryostat is shown in horizontal section. 
One beam passes through a vacuum path, and the other 
through the refractive-index cell, which has plane parallel 
fused-silica flats 5 mm thick as windows. ‘Two identical 
flats are placed in the other beam but outside the cryo- 
stat. The four windows on the outer wall of the cryostat 
were cut from selected microscope slides and sealed with 
rubber O rings. 


LIQUID AIR 


‘REFRACTIVE INDEX| 
CELL LENGTHK of 
\| 


(n-1)R* Nd 


Fic. 1. The optical system, shown in horizontal section. 
1M. H. Edwards, Bull. Am. Phys. Soc. Ser. II, 2, 55 (1957). 
2M. H. Edwards, Can. J. Phys. 34, 898 (1956). 


Figure 2 shows the design of the inner window seal. 
The windows are sealed by compression of indium 
metal O rings? to form the ends of the 9.58-cm long 
copper cell. The body of the copper cell R was first 
soft-soldered through the walls J of the helium con 
tainer. The O rings were preformed by compression of 
indium wire, to be 0,600 in, i.d. 0.063 in, cross section. 
The grooves in the end of the cell R and the keeper K 
are rectangular, 0.065 in. wideX0.045 in. deep. The 
knurled cap C was tightened up, using a strap wrench, 
until the cell was tight to 900 psi at room temperature 
These seals have stood about 30 helium runs, with 
intermediate warmings and coolings and pressures 
inside the cell up to 5 atmospheres, without ever need 
ing to be remade, and without a leak ever having 
developed. (Such a leak if present would have shown 
up as a deterioration of the thermal vacuum.) 

The metal cryostat holds about 3 liters of liquid 
helium. The refractive-index cell passes through the 
rectangular lower portion of the helium bath and is 
separate from it. The comparison light beam passes 
through a parallel evacuated tube. The outer part of 
the cryostat has a liquid-air radiation shield in the 
annular space between two concentric cylinders. The 
heat input to the helium bath is such that a single filling 
of liquid helium will last for about 30 hours at 4.2°K. 

The bath temperature is controlled by an Emil 
Greiner Company Manostat No. 8 and needle valves 
connected to a Kinney KS27 vacuum pump. Tempera- 
tures could thus be kept constant to within a milli- 


Fic. 2. Low-temperature window seal, using indium O rings 


1243 





1244 M. H. 


TABLE I. Absolute measurements of refractive index, calcu 
lated®" yapor densities, and derived polarizability per mole of 
saturated He* vapor 


Nea 
(cm#/mole 
0.1205 +-0.0040 
0.1252 +-0.0015 
0.1250 4-0,0009 
0.1245 +0,0004 
0.1250 +0.0002 
0.1241 +0.0002 
0.1250 +0.0003 
0.123754-0.0005 
Weighted mean 
0.1245 +0.0001 


Tor pe 
(°K 10° (n (10~* g/cm? 


33.34 

94.34 
156.84 
358.34 
BHO K+ 
1766.64 
2700 4 
3300 


1.531 
1.416 
2.002 
2.401 
3.005 
3.599 
3.997 
4.202 


17.6 
48.0 
79.9 
183.4 
453.5 
906.5 
1376 
1698 


* See reference 6 
» See reference 7 


degree for an hour or so. The temperature is measured 
by a carbon resistance thermometer attached to the 
outside of the refractive-index cell but inside the helium 
bath, and by the vapor pressure at the surface of the 
helium bath. All measurements are given on the scale 
Tse* 

The optical cell is separate from the bath and is 
filled by adding helium gas from an external metal 
filling-system. The helium gas is purified by passing 
through a liquid-air-cooled charcoal trap. It is admitted 
to the cell through an Inconel capillary tube passing 
down the inside of the cryostat. 


METHOD AND RESULTS 


The procedure used in measuring the refractive 
index of saturated helium vapor was as follows. With 
the cell evacuated, the Jamin was set up, by using the 
Hy green line (5462.27 A), to give 5 or 10 clear hori- 
zontal fringes as seen in the telescope (see Fig. 1). The 
“zero” position was then read. The bath temperature 


aes 


bn 
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4.0°K 


hic, 3, The index of refraction of saturated He‘ vapor, 
as a function of temperature 


‘Clement, Logan, and Gaffney, Phys. Rev. 100, 743 (1955); 


see their “Note added in proof.” 
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was now held constant and helium gas slowly admitted 
to the cell. As helium was introduced, fringes moved 
past the telescope cross hairs and were counted visually. 
As soon as the saturated vapor pressure at that tem- 
perature was reached, some liquid would condense out 
at the bottom of the cell, and the gas index would no 
longer change. From the total number of fringes N 
which had been counted passing the cross hairs, the 
absolute value of the refractive index n could be calcu- 
lated for that temperature from 


(n—1)l= Nd, 


where / is the length of the cell. If one assumes a total 
contraction‘ for copper of 0.293% from 0°C to helium 
temperatures, then /=9.581+0.005 cm. Thus each 
fringe corresponds to a change in index of (5.701 
+().003) K10-*, 

In six helium runs, absolute determinations of (n—1) 
were made at eight different temperatures. These 
measurements are recorded in Table I. Most of these 


TABLE II. Smoothed values of refractive index. 


~ 
‘s 


Tose 
K 10% (n—1) 


773 
882 
1002 
1132 
1272 
1424 
1589 
17714 7 
1970 
2191 
2435 
2700410 
2986 
3300-4 15 


10° (n—1) 


3142 
45 

64 

89 
119 
155 
196 
245 
299 4-3 
358 
425 
500+ 5 
582 


675 
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points were checked both in filling and in emptying 
the cell. The stated errors are estimates of errors in 
counting fringes. At 4.202°K, for example, 578.94-2.2 
fringes were counted. 

Figure 3 includes these measurements and many 
intermediate points which were obtained relative to the 
absolute points in eight other helium runs by slowly 
lowering the temperature of the cell containing some 
liquid, and saturated vapor. As the temperature is 
reduced, the saturated vapor pressure is reduced and 
some more liquid condenses out. Thus the vapor re- 
fractive index is reduced, and fringes move by the 
telescope cross hairs. Fringe numbers and temperatures 
are recorded at intervals. About 200 points were ob- 
tained in this way. The random scatter in is less than 
5X10~* for most of this temperature range. A separate 
experiment checked that there was less than half a 
fringe change from 4.2°K to 1.5°K when the cell was 
evacuated. The smoothed values of refractive index 
Chem. Soc 


‘Rubin, Altman, and Johnston, J. Am 76, 5289 


(1954). 





REFRACTIVE 
given in Table II were obtained from a large graph of 
Fig. 3. The estimated errors in these values range from 


+2 10-6 at 1.5°K to +15X10~-* at 4.2°K. 


DISCUSSION 


The polarizability per mole, Now, may be calculated 
from these results by using the Lorenz-Lorentz equation, 


1 4 
Voap,, 
-2 3M 


where n=refractive index, M=molecular weight® 

4.003864 g, a=polarizability per molecule, Noa 

polarizability per mole, and p,= vapor density. 

Table I shows calculated values of vapor density by 
Erickson and Roberts® below 4°K, and Berman and 
Swenson’? at 4.2°K, recalculated to 7552, and the 
polarizability per mole for the eight absolute values of 
n. The stated errors refer to the uncertainty in (n—1) 
resulting from the estimated errors in counting fringes 
only. 

The weighted mean value of Noa, weighting values 
inversely as the squares of these probable errors, is 
0.1245 cm*/mole with a probable error of the mean of 
0.0001. Since temperatures are probably uncertain by 
about +4 millidegrees, the corresponding uncertainty in 
vapor density adds about 0.0004 to the probable error. 
Thus this investigation shows that the polarizability 
of saturated helium vapor is constant from 1.5°K to 
4.2°K and equal to 0.1245+0,0005 cm*/mole for 


5 Duckworth, Hogg, and Pennington, Revs. Modern Phys. 26, 
463 (1954). 

®R. A, Erickson and L. D. Roberts, Phys. Rev. 93, 957 (1954 

7R. Berman and C. A. Swenson, Phys. Rev. 95, 311 (1954) 
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\= 5462.27 A. Individual determinations from 1.8° to 
4.2°K do not deviate by more than 0.0008 from the 
mean value 

A calculation of Now from the measurements of 
(n—1) for helium gas*® at N.T.P. and of the normal 


density of helium gas” indicates that at A= 5462.27A 


Noa=0.1246+0.0002 cm*/mole for He‘ at N.T.P. 


As this room-temperature result is not significantly 
different from the low-temperature result, we may say 
that the He‘ molecule in the gaseous phase remains sub- 
stantially unchanged from room temperature to liquid 
helium temperatures, while the density (at 4.2°K) 
has increased by a factor of 100 and (m—1) has in- 
creased by a factor of 100 also. 


CONCLUSION 


The refractive index of saturated He‘ vapor has been 
measured from 1.5°K to 4.2°K with an average accuracy 
in (n—1) of about 5X10°°. The polarizability for the 
Hg green line has been shown to be 0.1245-+-0,0005 
cm*/mole, which is the same as for helium gas at N.T.P. 


ACKNOWLEDGMENTS 


It is a pleasure to acknowledge the support of the 
Defence Research Board of Canada. The author is 
grateful to Mr. A. J. Filmer who assisted in several of 
the experimental runs. The cryostat was carefully 
constructed by Mr. A. Owen. 


§C. Cuthbertson and M, Cuthbertson, Pro 
don) A84, 13 (1910); A135, 40 (1932), 

% J. Koch, Arkiv. Mat. Astron. F’ys. 9, No. 6 (1913), 

(. P. Baxter and H. W. Starkweather, Proc. Natl 
U.S. 12, 20 (1926). 


Roy. Soc. (Lon 


Acad. Sei 





PHYSICAL REVIEW VOLUME 


108 


NUMBER 5 DECEMBER 1, 1957 


Theory of Hydrogen Deuteride in Magnetic Fields* 


NorMAn F, Ramsey AND Henry R. Lewist 
Harvard University, Cambridge, Massachusetts 


(Received August 12, 1957) 


The Hamiltonian for the diatomic 'Y heteronuclear molecule HD in a magnetic field is discussed. In- 
cluded in the Hamiltonian are the effects of the nuclear and rotational magnetic moments interacting with 
the external magnetic field, magnetic shielding, molecular diamagnetism, and spin-spin magnetic inter- 
action of the two nuclei, the interaction of the nuclear magnetic moments with the field due to the rotation 
of the molecule, the interaction of nuclear electric quadrupole moment, and the electron coupled nuclear 
spin-spin interaction. General expressions for the matrix elements of such a Hamiltonian are developed. 
Perturbation theory expressions for the energy of HD in the first rotational state are obtained in both strong 
and weak-field limits. General expressions are given up to third order and numerical perturbation coefficients 
as calculated with a digital computing machine are given up to ninth order, The secular equation for HD is 
numerically solved for intermediate fields. Curves are given showing the theoretical dependence of the 
energy upon the field. Effects of zero-point molecular vibration and centrifugal stretching are discussed. 


I, INTRODUCTION 


N the original molecular beam studies of HD by 

Kellogg, Rabi, Ramsey, and Zacharias,! measure- 
ments were made only in strong magnetic fields. Conse- 
quently the theory of the energy levels and transition 
frequencies was limited to a perturbation treatment in 
which the interactions within the molecule were as 
sumed small in comparison to the interaction of the 
nuclear moments with the external magnetic field. 
Also KRRZ! made no allowance for magnetic shielding’ 
within the molecule or for electron-coupled nuclear 
spin-spin interaction.’ 

The interpretation of the recent accurate measure 
ments of Quinn, Baker, LaTourrette, and Ramsey,‘ 
however, requires a theory which includes the above 
effects, which is applicable at low magnetic fields, and 
for which the perturbation calculations are carried out 
beyond the third order that was previously used. The 
present paper contains the theory of the energy levels 
that are relevant to weak, strong, and intermediate 
field experiments with HD in the first rotational state. 
‘The discussion is similar to that in Ramsey’s theoretical! 
treatment® of He» and De» except that higher order 
perturbations are needed and the simplifications re 
sulting from the identity of the nuclei no longer apply ; 
the energy depends on the intermediate coupling be- 
tween the three angular momenta of the two nuclei 
and the molecular rotation. 


* This work was partially supported by the joint program of 
the Office of Naval Research and the U. S. Atomic Energy 
Commission 

t Now at R. C. A. Research Laboratory, Princeton, New Jersey 

' Kellogg, Rabi, Ramsey, and Zacharias, Phys. Rev. 56, 728 
(1939) and 57, 677 (1940). In the present paper these authors are 
frequently referred to as KRRZ 

2N. F. Ramsey, Phys. Rev. 78, 699 (1950); 83, 540 (1951); 
and 86, 243 (1952) 

IN. F. Ramsey, Phys. Rev. 91, 303 (1953). 

‘W. E. Quinn, Ph.D. thesis, Harvard University, 1956 (un- 
published), 

® Quinn, Baker, LaTourrette, and Ramsey (to be published). 

*N. F. Ramsey, Phys. Rev. 85, 60 (1952). 


II. THE HAMILTONIAN 


The Hamiltonian for a ‘2 heteronuclear diatomic 
molecule HD in a magnetic field 7 may be taken’ as 


K/h 


:~[1—-0;(J) ]a,ip“H/H 
~[1—o4(J) Jagig- H/h—[1—0 (J) 0J-H/H 
5d, 


+, 
(2J —1)(2J+3) 


Cylp' J Cala’ J 


* (3 (1p° J) (tae J+ (ta: J) (ip: J) ~ ip ta J?) 


5d 

+ {3(ia: J)?+3 (ia: J)—12 BP} 
(2J —1)(2J+3) 

Sf 
- (3(J-H)’/H’— J} 

3(2J —1)(2J+3) 

gt6ip ta, (1) 

where i, and ig are the spin angular momenta of the 
proton and deuteron, respectively, in units of A and J 
is the molecular rotational angular momentum. 

The first two terms in (1) correspond to the inter- 
actions of the nuclear magnetic moments with the 
external magnetic fields and the a’s of the proton and 
deuteron respectively are given by 


a,=2u,H/h, 


(2) 
aa on pall /h, 


where yu, and wa are the proton and deuteron magnetic 
moment. o;(J) is the magnetic shielding constant.?.” 

The third term in Eq. (1) provides for the interaction 
of the molecular rotational magnetic moment with the 
external magnetic field and 6 is defined by 


b=y sH/Jh, (3) 


where wy is the magnetic moment due to the rotation 


™N. F. Ramsey, Molecular Beams (Oxford University Press, 
New York, 1955). 
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TABLE I. Nonvanishing matrix elements of 3C in mym,ma representation. Only half of the nondiagonal elements are listed 
explicitly since the other half are determined by the symmetric nature of the matrix. 


, 


+4 +4 
+4 = +4 
+} : +4 
+4 + +4 
+4 . t} 
¥4 ¥4 
+4 +4 
4 4 
+4 +4 
+4 Fh 
+4 +4 
oe | - +4 
44 : 4 
+4 +4 
+4 +4 
Fh +4 
¥4 #4 
¥4 +4 
+4 F4 
+4 +4 
Fh +4 


of the molecule in rotational state J. The fourth and 
fifth terms correspond to the spin rotational magnetic 
interaction and to effects of Thomas precession.* In 
terms of the notation of KRRZ,! 
Cp Qu pll »'/h 2R,/h, 
Cd ball a'/h Ra/h 


(4) 


for the proton and deuteron, respectively. 

The sixth term corresponds to the direct spin-spin 
magnetic interaction between the two nuclei together 
with a small contribution from the tensor portion of the 
electron coupled nuclear spin-spin interaction.’ The 
value of d, is given by 


dy = 4S ‘h $u pea /hR*)— Do. (5) 


The angular brackets ( ) here and elsewhere indicate 
averages taken over the molecular zero-point vibration 
and over centrifugal stretching as discussed in detail in 
an earlier paper.’ R is the internuclear distance and 
Do= Dey is the diagonal component along the inter- 
nuclear line ¢ of the traceless second rank tensor for the 
electron coupled nuclear spin-spin interaction.’ 

The seventh term represents the interaction of the 
electric quadrupole moment of the deuteron. In terms 
of alternative notations,!” 


dy= —$40'/h= &qs0/2h= — eqgQ/10h, (6) 


Ramsey, Phys. Rev. 90, 232 (1953). 


6 
9 


N. F. 
N. f. Ramsey, Phys. Rev. 87, 1075 (1952) 


#41 
F4(1—opi)ayp F(1 
+4(1—op:)a,¥ (1 
F4(1—opo)apF (1 
FAI 
+4(1- 
F4(1- 
+4(1 
#41 


(msmyma| JC | msmpma) 
Cat §dit-fda—4f+46 
oyi)b— dep ad, —*f 
hdit+4d,— 4f— $s 
bi f+ds 
asi )b—deypt+ca— dit }d,— hf ot) 
asib+ te, d; —4/ 
+ 2d,+4f 
dy +4f—4 
asib+ hep +cat 4dit hda— hf $s 
-}v2d, t+ 4v26 
—cat fdit4d, 
4v2cy +4V2d, 
4V2d, 
cat 4di— Jd, 
+- 3d, 


Opi)dpt (l—ogiagF (l—ayi)b key 


oai)daF (1—ayi)b+4cp— Ca 
740) da d, dy 
-O pi) Apt (1 —oai)aaF (1 
Tpi)ap - (1 
7 po)Op 

0 po) dp F (1—oao)aa tdi 


-Opi)dp* (1 oaiadat (1 


+ 4v26 


vi p 
ca— dit dds 
3v2d, 
+ 4v2d, 
Cd id, Id, 


iv2d) 


+ 4v25 


4V2c» 


where Q is the nuclear quadrupole moment’ and q is 
the gradient of the electric field along the internuclear 
axis.’ 

The eighth term arises from the orientation depend- 
ence of the diamagnetic susceptibility.” It is related to 
the previously defined” susceptibilities £4 by 


/ H’(& 4, £0) /2h. (7) 


The ninth term corresponds to the orientation inde- 
pendent molecular susceptibility and is of no significance 
in experiments for which all transitions involve only 
changes of orientation of i,, iy, or J. The last term 
represents the portion of the electron coupled nuclear 
spin-spin interaction that depends only on the nuclear 
orientation.’ 


Ill. ENERGY MATRICES 


From Eq. (1) the matrix elements of the Hamiltonian 
rotational state J=1. 
The matrices have been evaluated both in a strong field 


have been calculated for the 


representation and in a representation suitable for a 
weak external magnetic field. 

The magnetic quantum numbers m,, my, ma provide 
a representation which is most suitable for strong 
magnetic fields. In such a representation the matrix 
elements can be calculated with the aid of the relations 
given by KRRZ.'’ The nonvanishing matrix elements 
of (mymyma|\K|my'm,'m,') are given in Table I. In 


 N. F. Ramsey, Phys. Rev. 78, 221 (1950). 
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TABLE II, Perturbation theory in strong fields. The energy of the state divided by / is given. The values of the C,’s are listed in 


Kq. (10). The same capital letters are used to designate the states in 


that opm ™ im ™ Fim 


Zeroth order 

041) (F hay Fag) FAl—aoy)b 
F hay) F(l—oyi)b 
F hays F(1—ayi)b 
+ 44,44) (1—oy1)b 
+ 4a,) F(l—ayi)b 
+ ha,4 ayi)b 
Fha,Ft 
F hay) 
Fhays 


~~ OO 


Paste UL. Third through ninth order strong-field perturbation t 
per second are (1 a,)a, 4257.796H, (1 0,)da 653 S832H, (1 oJ 
and f 26.3% 10° 8H? with the high-order terms calculated with a 


strong, weak, and intermediate fields. For this table it is assumed 


Diamag 
First order netism Second order 


Cat 4di+4dz f 
d» if CitC2 
»+-¢a—4di+ 4d j | CitzCytCs 
Ca—4di+4d,—45 CitC, 
tC itCetCr+Cy 
+ hep t+cat 4d 7 { tCstCrtCetCiy 
FC2FC; 
FC FCoAC FC 
+d; 2 —46 4 tCyFCi FC 


erms. The parameters on which these values are based in cycles 
)b= 505.5870H, cp =85 589, ca=13 118, di=17 764, d,= —22 452, 
n f appropriate to 3400 gauss. Each term of this table must be 


multiplied by the constant and power of H listed at the top of its column. The value of H should be in gauss and the results are in cycles 
per second (energy/h). The state identification is the same as in Table IT. F 


Third order Fourtl Fifth 
x10°/H? ~10%/ He x 10'2/ FI" 


0 0 0 
+-1299 £194 169 
+ 4764 F 1057 743 

2 0 0 

3425 F 3406 + 1696 
6381 + 2375 &K4 
1297 +194 +169 
1673 + 3431 +1627 
$309 3407 1696 


this table o,, represents the magnetic shielding con- 
stant for the proton in HD when my= +1, etc. 

The representation most appropriate to a very weak 
magnetic field is more difficult. With only two inter- 
acting vectors, a simple /, 7 representation is appro 
priate in very weak fields. However no such simple 
representation is available for three interacting vectors, 
as in HD, The nature of the coupling in the zero-field 
limit for HD depends on the relative magnitudes of the 
ip—ty interactions, the J—i, interactions, and the 
J— i, interactions. Nevertheless, a matrix that becomes 
diagonal in the zero field limit can be obtained by first 
calculating?’ the matrix in an /’, m, K representation 
where 

F= J+i,+ tu, (8) 
K= J+ iu. (9) 


In such a representation the Hamiltonian of the matrix 
at zero magnetic field is diagonal in / and m but not 
in K. However, the 2X2 nondiagonal zero-field sub- 
matrices can be diagonalized by a suitable transforma- 
tion to a representation described as /, m, +. When 
such a transformation is applied to the matrix of Eq. (1) 
in the F,m,K representation, the resulting energy 
matrix in the /, m, + representation becomes diagonal 


“ B. T. Feld and W. Lamb, Phys. Rev. 67, 15 (1945 


Ninth 
K10%/F 


0 
1 


0 


+1 
61 


in the zero field limit. Owing to the complexity of the 
general expressions for the matrix elements in the 


T 
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MAGNETIC FIELD (GAUSS 


Fic Energy levels of HD molecule in the first rotational state 
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TABLE IV. Weak field perturbation theory. The parameters on which the numerical second and third order perturbations are based 
are listed in the caption to Table III. General expressions for the second order perturbations are given by Lewis." The value of H should 
be in gauss and the results are in cycles per second (energy/h). The state identification is the same as in Table II 


State Zeroth order 

A/R at+hdi+4ds 

B/Q t »p/4 —di —d 

C/P p/4—di-—ds 

D/L t Cp/4—di —d2 

E/F Cp/4+30a/2 +5d1/4 +5d2/4 
G/O + 4di+ 4d: 

H/I yd + hdi t+ dds 

J/K cp/4—di ~dy 

44+ 3ca/2 +5di/44+5ds/4 


F dapF aad 
t.$3(3ap/10 
+ S3(dpy —3aa 
t R2(3ap/10 


+7 *(ap/6 


t R*(ap/10 


M/N X39 +cy 


tl/*(ap/6 
* See reference 12 


I’, m, + representation, they will not be reproduced in 
the present report. However, the matrix elements in the 
F,m, K representation have been given by Lewis” 
along with the matrix elements of the unitary trans- 
formation from the F,m, AK representation to the 
I’, m, + representation. In a subsequent section of the 
present. report, the general results of a perturbation 
calculation in the F, m, + representation will be given. 


IV. PERTURBATION THEORIES 


Perturbation theory calculations appropriate to 
both the strong- and weak-field limits have been carried 
out. In Table II the results of the strong-field calcula- 
tion up through second order are given in a general 
form. The constants C; used in the second-order per- 
turbation calculations are defined as follows: 


C,= d;"/[8(a,— aa) |, 

Co= (3d;/4—cat3d2/2)*/(aa—b), 
C= (3v2d)/4—V2c,/2)?, 
C4= (3d,/4—ca— 3d2/2)*/ (da—b), 
Cs=9d2?/[2(aa—b) |, 
Co=cy’/[2(ap—5) J, 
C1=9d;*/[2(a)+a4—26)], 

Cs= (— 3d,/4—ca— 3d2/2)*/ (aa— 8), 
Cy= (— 3d) /4—cat3d2/2)/(aa—b), 
Cio= (—3v2d1/4—V2c,/2)*/(ap—), 
Cu=d,/[2(a, 


(a,—)), 


da) |. 


Since the accuracy of the experiments requires up to 
seventh-order perturbation calculations and since the 
analytic expressions become formidable even at third 
order, a digital computer program has been devised 
which will perform up to eleventh-order perturbation 
calculations on up to a 20X20 matrix. This program 

2H. R. Lewis, Ph.D. thesis, Harvard University, 1955 (un 
published) 

4 EF. U. Condon and G. H. Shortley, Theory of Alomic Spectra 
(Cambridge University Press, New York, 1935). The arbitrary- 
order perturbation procedure is given on pages 34-35 


9a4/10 
$b)/10 4 25S(aa—b 
9aa/10 
aa/3 
F 3ap/10% 3aa/5 4% 3b/5 
F ap/1O¥F aa/5S% 6/5 
~3aa/10 


aa/3 


Second 
ordet 


Phird 


First order order 


9b/10 (20)%4 21.42H* #1247" 
f15.24H% 4 O.751H* 
+-49.30H2 t0.449H" 
+20.17H*® 40,095" 
27.88H? 
41.82/72 
+9.93H% 
$F ptap/2 4.601" 


t2sS(aq—b) "(ap +aa+b)/2 
$ (20) s2(ap +au+b)/6 
(20)4 r8(ap +04 +6)/2 


9b/10) 42rR(aq—b 


b/3) &2tT 2) (aa —b)/ 3% May/2 
£0,797 H* 
£0.399H* 
t0.394H* 
£0.053H* 


$b/10) +2rRlaa—b 


b/3) + 2p 24 (aa —b 


4(20)94 ri(ap +aa+b)/6 


essentially executes sequentially the arbitrary order 
perturbation calculation described by Condon and 
Shortley.'* The program has been coded for the Harvard 
University Univac I and the third- to ninth-order 
perturbation expansion coeflicients for HD are given 
numerically in Table III. The assumed value of the 
parameters on which this and subsequent tables are 
based are given in the caption of Table III. In the 
analyses of the magnetic 
perturbation expansion even up to ninth order is much 
more useful than a solution of the secular equation since 
the results are given in a power series in the magnetic 
field so that corrections can easily be made for varia 


resonance experiments, a 


tions in magnetic field between one experiment and 


another. In the tables, the notation A/R, used when 


) 
plus or minus (+) signs are employed, indicates that 
the upper choice of sign goes with state A while the 
lower goes with state R. 

In the weak field limit, the perturbation expansion 
has been carried out with the results shown in ‘Table LV 


+0,005 T 


— 


he 
i" 





2. G4#PC(R/R,)"); 
In the calculations, (ak,) 


M((R/R,)” 1 as a function of n 
1.00% 
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up through the third order. For economy of space, the 
second and third order perturbations are given nu- 
merically for the HD parameters listed in the caption 
of Table III; general expressions for the second order 
HD perturbations have been calculated and listed by 
Lewis.” The auxiliary quantities used in Table IV are 
defined as follows: 


225 1 25 
di? — Cf d + C fl 
4 a) 


iv) 1 75 
Cy +-td +—dP+ 
16 4 16 16 


X= 


15 5 15 75 
7 Cpe ~—Cad,+ Cad2— dd», 
« 4 4 - 


9 21 9 
c _ t ¢ ve + d;? + d? 
16 16 4 


Cyla— Cf, 


t Heyda— Heads Sead + Mdrds, 


R'/(724+-R")),  r=r'/(r? +R”), 
S’/(s*4+-S")§, s=s'/(s"*+S%)!, 
P’/(O+T)', t=t/(+T), 
O'/(u?®+U")§,  p=p'/(u?+U")}, 


td, { hd, 


W5.4, 


3 
4op Cd 


S’= (54/4) cp— (51/2)ds, 


Tad 


1 
( ) 2ca+5d2—Wi, a, 
U’ 


Ws, + 


1 5 
Cp + V2d;, 
v2 4 


Wy 4=+4V!4+4c,—di—de, +XI4+-40,—di—de. 


V. SOLUTION OF SECULAR EQUATION 


Although the perturbation theory expansions are the 
most useful in analyzing the experiments with either 
strong or weak fields, the secular equation must be 
fields. This has been done 


solved for intermediate 


RAMSEY AND H. 


R. LEWIS 


numerically with an IBM-650 on the basis of the 
parameters given in‘ the caption of Table III. The 
results are shown graphically in Fig. 1. It will be noted 
that levels J and N provide rather extreme examples of 
the no-crossing theorem. 


VI. RESONANCE FREQUENCIES 


In the high field limit, expressions for the transition 
frequencies can be obtained by differencing the energies 
of Tables II and III. In the strong field limit 9 magnetic 
resonance transitions are allowed with Amy=Am,=0, 
Am,=+1, twelve transitions are allowed with Amy 
=Am,=0, Ama=+1, and twelve transitions are al- 
lowed with Am,= Am a=0, Ams= +1. 

In the weak field limit the selection rules are AF=0, 
+1 and Am=0, +1 while the third quantum number, 
+, is subject to no additional prohibitions in the transi- 
tion. Consequently there are 75 allowed weak-field 
transitions whose frequencies are given by the appro- 
priate differences within Table IV. 


VII. VIBRATIONAL AND CENTRIFUGAL AVERAGES 


For the interpretation of the HD results, it is fre- 
quently necessary to average various powers of R over 
the zero-point vibration and centrifugal stretching of 
the molecule. This can be done with the aid of the 
relations derived by the author in an earlier paper.® 
Since it is frequently the ratios of the HD averages to 
those for H, that are required, these have been calcu- 
lated with the aid of Eq. (22) of the earlier paper® and 
with similarly chosen molecular parameters.’ These 
ratios are given graphically in Fig. 2. If HD values alone 
are desired, they can be obtained by the combination 
of Fig. 2 with the H, results given in the earlier report.’ 
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The interactions which occur between nuclear and electronic motions in electronically degenerate states 


of octahedral molecules are investigated. 


INTRODUCTION 


N 1937, Jahn and Teller'? showed that electronically 

degenerate states of nonlinear molecules are un- 
stable with respect to certain asymmetric displacements 
of their nuclei. This effect has been adduced in the 
interpretation of certain magnetic effects,*~* and pre- 
sumably also accounts for certain facts of stereo- 
chemistry.°” 

Recently*" it has been shown that when due account 
is paid to the role of nuclear kinetic energies, this 
“instability” may often be regarded, not so much as 
leading to configurations of lower symmetry, but rather 
as giving rise to a special coupling between low-fre- 
quency electronic motions and vibrational modes. A 
very similar situation was investigated much earlier 
by Renner,” with reference to the vibrational structure 
of linear triatomic molecules in II states. In the present 
note we analyze the form which this coupling takes for 
the degenerate states of octahedral complexes. 

We consider a particular electronic level which is 
g-fold degenerate in a regular octahedral field. For 
simplicity, we suppose this level to be well separated 
from other electronic levels. An orthonormal set of 
functions ~x°, (K=1, ---,g), is then chosen to repre- 
sent the electrons when the nuclei are held in an octa- 
hedral configuration which, without loss of generality, 
we may take to be stable with respect to totally sym- 
metric displacements. These functions may be ‘‘con- 
tinued” in a unique fashion by the addition of power 
series in the nuclear displacements, so that they repre- 
sent the electronic state for distorted nuclear arrange- 
ments also.’ The latter set of functions, which we call 
vx, (K=1,---,g), contains the nuclear coordinates 
parametrically only in so far as it includes “high- 

'H. A. Jahn and E. Teller, Proc. 
220 (1937). 

?H. A. Jahn, Proc. Roy. Soc. (London) A164, 117 (1938) 

4 J. H. Van Vleck, J. Chem. Phys. 7, 61 (1939). 

4 J. H. Van Vleck, J. Chem. Phys. 7, 72 (1939) 

5A, Abragam and M. H. L. Pryce, Proc. Phys. Soc. (London) 
A63, 409 (1950) 

®W. Moffitt and C. J. Ballhausen, Ann. Rev. Phys. Chem. 7, 
107 (1956). 

7U. Opik and M. H. L. Pryce, Proc. Roy. Soc. (London) A238, 
425 (1957). 

A.D. Lielfr and W. Moffitt, J. Chem. Phys. 25, 1074 (1956 

9W. Moffitt and A. D. Liehr, Phys. Rev. 106, 1195 (1957). 
A.D. Liehr and W. Moffitt, J. Chem. Phys. (to be published) 
"W. Moffitt and W. Thorson, J. Chim. Phys. (to be published). 


2 R. Renner, Z. Physik 92, 172 (1934) ; the authors are indebted 
to Dr. D. A. Ramsey for drawing their attention to this article. 


Roy. Soc. (London) Al6l, 


frequency” polarizations of the electronic motions: if V 
is the electronic Hamiltonian, which differs from the 
total Hamiltonian in the absence of the nuclear kinetic 
energies alone, then 
Vor=LveV x1, 
where the Vx, are power series in the nuclear displace- 
ment coordinates and span a gXg matrix representation 
of V referred to the wx as basis. With a “normal” 


choice for the nuclear coordinates Q,, (r= 1, «+ -,p), the 
matrix V takes the form 


Vot , > kO2+ Vv", 


where Vo, k, are constants and V’ contains, in addition 
to the usual anharmonic terms, certain other, and in 
particular linear terms which characterize the Jahn- 
Teller effect. Since it is the appearance of linear terms 
in V’ that is immediately responsible for “instability,” 
we shall take for it the simplified form 


i DAW, (2) 


(K, L=1, ---,g), (1) 


which may be said to define the “linear” Jahn-Teller 
effect ; here /, and Q, are both real, the one a potential 
constant and the other a nuclear coordinate, and v, is 
a dimensionless gX g Hermitian matrix. We shall choose 
our origin for the energy in such a way that Vo=0, and 
may note that V’ contains nontotally symmetric dis 
placements only. It should be remarked that this simple 
form for V’ may lead to certain “accidental” degener- 
acies which are removed by the inclusion of quadratic 
and higher terms. Also that, just as the set ~x° and 
therefore its continuation Wx are arbitrary to the extent 
of a unitary transformation, so is V’. In the sequel, we 
shall specify V’ in that representation which displays 
its structure most conveniently. 

When the composite electronic and _ vibrational 
(hence “vibronic”’) problem is considered, we must add 
to V the kinetic energy 7 of the nuclei, namely, 


T= LP F/ un 


where P, is the momentum canonically conjugate to 
the nuclear displacement Q),, of effective mass y,. The 
full Hamiltonian is therefore 


H=T+V=Hot+V’, 
Ho: 4 Dl PY + r'w/'V/)/tr, 


where we have set k, 


(3) 


uw,*. It has been shown® that, 
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when V’ is represented by the gXg matrix referred to 
the wx, the use of this Hamiltonian is the analog for 
electronically degenerate states of the Born-Oppen- 
heimer approximation. Since we take V’ to be linear 
in the O,, it is clear that those vibrational modes whose 
coordinates do not appear in V’ are unaffected by the 
Jahn-Teller effect ; we therefore omit them from Hp. 

If the nuclei are very heavy, or if V’ is very large, 
the nuclei may be treated as moving on the potential 
energy surfaces defined by the latent roots of the matrix 
V. This situation has been treated in some detail 
already by Van Vleck** and by Opik and Pryce.” The 
vibronic problem is also simple when the matrices v, 
all commute, since the matrix H may be brought to 
diagonal form by means of a unitary transformation. 
Kach nonvanishing element then represents a set of 
displaced harmonic oscillators. However, the physical 
situation is often complicated by the fact that the 
various v,’s do not commute. Accordingly, the forces 
tending to distort the octahedral configuration will 
compete with each other: an interesting coupling be- 
tween electronic and nuclear motions arises. 

In what follows, we shall list the forms taken by V’ 
for the various degenerate states of octahedral com- 
plexes (of point group O,). After briefly reviewing the 
appropriate potential energy sheets in each case, we 
shall discuss in greater detail the concomitant vibronic 
problems. However, before proceeding, we shall define 
the notation we adopt for the vibrational modes: Jahn 
and Teller showed that only nuclear displacements of 
species ¢, and 79, appear linearly in V’. If our molecule 
consists of six equivalent atoms VY, octahedrally ar- 
ranged about a central atom X, then there is only one 
mode of either species. In any case, we shall suppose 
that if there are more modes, only one of each type is 
involved ; this merely requires us to distinguish between 
the effective masses of each, The 12, mode is triply 
degenerate and the specification of suitable normal co- 
ordinates is therefore arbitrary to the extent of a real 
orthogonal transformation. We take as a suitable set 
Q;, Qe, and Qs, which transform like—or, for XY¥¢ 
molecules, are to be identified with—Van Vleck’s Q,, 
Qs, and Qs, respectively. The «, mode is doubly de- 


generate, and we choose as our coordinates g, and de, 
which transform, respectively, like Van Vleck’s Qs and 
Q». The convenience of our alternative notation will 


appear almost immediately. 
E, AND E,, STATES 


There are two doubly degenerate, single-valued 
representations of the point group O,, namely /, and 
E,. Electronic states may be said to have either sym- 
metry under two different conditions. In the first place, 
when spin-orbit and spin-spin forces are very weak : the 
species symbol then refers to transformation properties 
of the orbital coordinates alone—for the effective 
Hamiltonian is invariant under the full spin rotation 
group, so that we may confine ourselves to a two- 
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dimensional manifold subtended by the eigenfunctions 
with a particular set of values S, Msg. In the second 
place, the spin-orbit forces may be very strong for a 
molecule with an even number of electrons: the species 
symbol then refers to properties under transformations 
applied simultaneously to both space and spin 
coordinates. 

In either event and for both E, and F, states, the two 
contributions to the vibronic Hamiltonian may be 
written 


Ho =3L(pr’+ po®) thew (qr?+ qe”) |/ me, 


Hs (4) 
V'=1,(qio1+-q202), 


where oj, 02, and o3 are the Pauli matrices 
0 1 0 —-1 1 0 
( op : ) (, - ) 
It may be noticed that only the ¢, mode is active in 
the Jahn-Teller effect. 

The potential energy sheets have been described 
elsewhere*7°""; suffice it to say that they have cylin- 
drical symmetry “accidentally,” with a continuous 
series of minima on the circle of radius |l1./k,.| in 
Yi, Y2 space. These correspond, in general, to con- 
figurations of symmetry D., and at three different 
points to the higher tetragonal symmetry D4,. 

This same symmetry is shown by the vibronic prob- 
lem: it is easy to see that 

A=2m;+0;=2h '(qipo- Gopi) +s 
commutes with H=H »+V’ and has an infinite dis- 
crete spectrum formed by the odd integers, both posi- 
tive and negative. Indeed, the operator O= Ro, com- 
mutes with H and anticommutes with A, R being a 
reflection in the g; axis, so that each energy level is 
doubly-degenerate and characterized by equal and 
opposite values of A. 

This vibronic problem arose in a different context,® 
and has alreaay been solved numerically elsewhere." 
We shall therefore devete the remainder of the section 
to rederiving the results of second-order perturbation 
theory, introducing a method which will be useful in 
the sequel. 

Suppose that / of (4) is small, so that we may de- 
velop the eigenvalues of H as a power series in /. This 
means that the Jahn-Teller effect is weak and may be 
treated as simply modifying the normal pattern for the 
relevant vibrational mode. We adopt a representation 
in which H is diagonal, so that its rows and columns are 
labeled not only by K, referring to the electronic func- 
tions, but also by n, b—here /, is an eigenvalue of Ho 
and the index 6 serves to distinguish its various eigen- 
functions. In the present example, /,= (n+ 1)hw, and 
b takes (n+1) different values, the eigenvalues of mz, 
say. Now, the matrix elements of V’ in this representa- 
tion connect only states for which the quantum number 
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n changes (by unity). The second-order energy eigen- 
values and the correct zeroth-order functions are there- 
fore determined together as the latent roots and latent 
vectors of the matrix H,—the second-order energy 
matrix—-whose elements are typified by 
(Knb' H,| K'nb')=>> > SF, 
L 


m a 


a 


* (Knb| V’| Lma)(Lma! V'| K’'nb’). 


Now, since the elements of V’ vanish unless m= n+1, 
we may replace (E,—EF,,)"! by (En—En)/(hw)*. Ac- 
cordingly our typical element becomes 


(Knb\| V'(E,—Ho) V'| K'nb’), 


by matrix multiplication, and this is just the appro- 
priate representative of 


WC Ho,V"I,VY (hw)? 


Ho», (5) 
which we have therefore identified with the second 
order energy matrix. It should be remembered, how 
ever, that #7) has been defined over a manifold with a 
fixed value of m, and it is therefore generally only in 
this sense that the identification is made. 

For the present problem it is easily seen that the 
energy matrix, correct to the second order in /,, may be 


written Ho+ H», where 
H» 12(1+ m303)/uwe’. (6) 


In this approximation, both m; and a; commute with 
the Hamiltonian— indeed, together with Ho, they form 


a complete set of commuting observables. The second 
order energies are therefore found by inserting on the 


right-hand side of (6) the eigenvalues —n, —n+2, -°-, 
or n for ms and +1 for og. It might be noticed that the 
term in m3o3, which is responsible for the splitting of 
each level n, after the first (w=0), is entirely analogous 
to the term describing spin-orbit coupling in a diatomic 


molecule. 


Tig, Tis, Ts, AND T,, STATES 


As in the case of the & species, we speak of electronic 
states as having symmetry 7 either when spin-orbit 
interaction is very weak, or when it is very strong. In 
both cases, and irrespectively of whether the states are 
more specifically characterized by subscripts 1 or 2, 
g or u, V’ contains both e, and r2, modes and may be 
written 


V’=1,(qrert+qree) +1, (QititQOotat+Qs73). (7) 
H,, contains, in addition to the term so designated in 
(4), also 
A (PY+ P2+P#) +4 wo? (OP +02+0#) |/ur. 
(8) 


Hy" 


The matrices ¢ and 7, in their order of appearance, are, 


OC! 


AHEDRAL COMPLEXES 


respectively, 


l,l \3 it @ 0 

(0 ( 0 1 0); 

2\0 2 2 00 0 
0 0 0 00 1 0 1 
(0 0 1), (0 () 0), ( 0 
01 0 1 0 0 0 0 


regarding 


They have the following useful properties: 
T1, T2, T3 aS the components of a vector ¢, 


eXe=—14, e7=2, (9) 


where the three components of the vector matrix are 


0 0 0 0 0 @ 0 i 0 
(0 0 i), ( 0 0 0), (: 0) 0), 
0 1 0 i0 0 0 0 O 


respectively. These may be identified with the angular 
momentum matrices, in units of #, for a P state, since 


AMKA= 1A, A=—1(1+1)=2. 


linally, we note that e’+e’=1, the unit matrix. 

The potential energy surfaces may be constructed 
somewhat arduously. Opik and Pryce have given the 
stationary points, of which three represent equivalent 
tetragonal distortions (D4,) due to the e, mode alone, 
four represent equivalent trigonal distortions (44) due 
to the r2, mode alone, and the six remaining stationary 
points represent configurations of lower symmetry (C,) 
obtained by combining both modes, They have shown 
that the last six are never stable. The tetragonal con 
figurations are stable if and only if 1,*k./l?k,<4 
whereas the trigonal arrangements are stable if and 
only if 1,°k./l?k,> }. It is clear that the solutions of the 
vibronic problem are not simple 

Let us first consider the case where /, vanishes, so 
that we have only to deal with tetragonal distortions 
due to the e, mode. The Hamiltonian is now diagonal, 
since Ho, €,, and ¢2 are all diagonal. The vibrational 
spectrum is therefore very simple, and indeed differs 
from that of the undistorted octahedron (1,=0=1,) 
only in a uniform shift —/,2/2k, of all levels. The de- 
generacies are not split at all, to this approximation, 
and each row of the Hamiltonian refers to states which 
are distorted along one of the three equivalent te- 
tragonal axes. 

Next, consider the case where J, 
only to deal with trigonal distortions. Since the com- 
ponents of ¢ do not commute, the problem involves a 
coupling between the electronic and the nuclear degrees 
of freedom. Its general solution is not obvious, and must 
probably await numerical treatment-—as was the case 
for the vibronic problem (4). However, it is not difficult 
to obtain the results, correct to second order, of the 


0), so that we have 


eigenvalue problem whose Hamiltonian is 


Ho'+1,(Qrrv+Qurat+ Qsra), es 
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in the event that /, is small. Adopting a representation 
in which Ho’ is diagonal, it is easy to verify, by use of 
equations (5) and (9), that the second-order energy 
matrix is 


Hy? =412(M -2—2)/pw,’, (11) 


where M is the vector hQ X P representing the angular 
momentum of the nuclei in Q-space and 4, ina certain 
sense, may be regarded as the electronic angular mo- 
mentum, both being in units of . The second-order 
problem is therefore closely analogous to Russell- 
Saunders coupling in atoms: it has spherical symmetry 
“accidentally.” Indeed, M?, 22, (M+2)*, and Ms+As, 
together with Ho’, form a complete set of commuting 
observables. In this approximation, therefore, the 
energies are just 


(ny +} )hey +41, L(L+1)—M (M+1)—6)/pwo,, (12) 


where L(L+1) and M(M-+1) are the eigenvalues of 
(M+2)? and M?, respectively. For a given value of 
n,, M ranges from n,,n,—2,---, to 0 or 1, depending 
on whether n, is even or odd; for a given value of M, L 
takes the three values M+1, M and M—1 when M >1, 
or the single value 1 when M=0. 

At the other extreme, namely when |/,| is very large 
(though /, still vanishes), the stabilization which may 
be attained on assuming one of the four equivalent 
trigonally distorted configurations is much greater 
than hw,. The potential energy sheets are cubic hyper- 
surfaces, all of whose equipotentials are determined by 
constant values of O+07+0,? and Q,0.0;. Their 
minima are determined by the conditions 


14] * 0:,00:=—A*, A=21,/3k,, 


which are satisfied at the corners of a tetrahedron in 
Q)-space ; each corresponds to a molecule of symmetry 
Daya, rather than O,, which is some 1,A= 21,?/3k, more 
stable than the octahedral arrangement. In the event 
that 1,A>>hw,, the motion is confined to regions about 
the four minima, at least for low energies. For example, 
near the point Q:=Q.=Q;=—4, the form taken by 
the vibronic problem may be obtained as follows: we 
first introduce new coordinates referring to displace- 
ments from this point, namely 


Do=Q2td, 


|Qe| ‘ 1Qs|, 


D,=Qi +4, D3=Qs+A, 


whose canonically conjugate momenta are P;, Ps, P; as 
before. At low energies, the D’s are small with respect 
to A, which prompts us to make a similarity transforma- 
tion such that (74+ 7r2+7;) of 


V'= L,{ —A(rm+ Tet 13) +-Dirit+ Dotet D373} 


is diagonal. The new form taken by V’ is most easily 
prescribed in terms of “normal” coordinates referred to 
the Dya symmetry group. We define 


Qs= (D+ Det+Dy)/N3, 


and its conjugate momentum Py, which refer to a 
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parallel displacement (a:,) with respect to the three- 
fold axis, and 


Qi= (—2D,+-D2+D;)/V6, 
Q:= (D2—D;)/v2, 


together with their conjugate momenta P,, P., which 
refer to perpendicular (¢,) displacements with respect 
to Dya. The transformed V’ may now be written 


0’ =1,{ —Atat (1/V3) QaFs+ (Qi7it+Qz72)}, 


where 7), 72, 7s are, respectively, the matrices 


‘we. 2-9 1,0 is 2 0 86 
. (: 0 -2), (-: 0 -2i), (0 —{ 0), 
V6\1 -2 of V6 i2i 0 0 0-1 
Correspondingly, in the new coordinates and momenta, 
Ho’ becomes 


SC(P 2+ Pet Pi) +y,%07(Qr+Q2+Q?) ur 
+1,A—(2/N3)leQs. 


It will be noticed that the state which labels the first 
row of the matrix V’ has a term —2/,A from the latter 
which, together with /,4 from Ho’, amounts to the net 
stabilization /,A. The remaining states lie some 3/,4 
above this level. Moreover, the term linear in’ Q; in 
the leading element of V’ is exactly canceled by the 
corresponding term in Ho’, showing that the first state 
is stable with respect to smal] displacements. The 
remaining states are unstable by the same token. Since 
1,A>>hw, in this limit, it is easily shown that the lower 
energy levels of the trigonal site are given by the formula 


—1LA+[m,(L)+1 jhe (1 )+[n- (||) +4 iw,(||), (13) 


where n,() is an integer representing the vibrational 
quantum number for the doubly degenerate ¢€,(Dsq) 
mode of angular frequency w,(1) = (2/3)'w, and n,(||) 
is the vibrational quantum number for the ai,(Dja) 
mode of angular frequency w,(||)=w,. (Formally, the 
vibrational levels are now split by the possibilities of 
internal tunneling from one to another of the four 
equivalent sites—in which case we return from Dgq 
to Oy by converting the symmetry number 4 into a 
degree of freedom. However, in our limit A is large and 
therefore the neglected terms in V’ (at first quadratic 
in the Q,) are likely to influence the behavior as much 
as any we should consider at this time. We shall not, 
therefore, pursue this analysis now although the effect 
of a low-frequency internal degree of freedom may 
prove to be of interest in discussing, for example, para- 
magnetic relaxation phenomena.”) 

Finally, we consider the case where /, and J, are of 
comparable magnitude, but both are small so that 
second-order perturbation theory may be used. To this 
approximation, it is easy to see that the tendencies for 
distortions via the ¢, and 72, modes do not interfere. 


8 J. H. Van Vleck, Phys. Rev. 57, 426 (1940). 
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As a result, we simply add to (12) the term 
(n.+1)hw.—3l2/pw?. 


No additional splitting occurs, and the problem retains 
its spherical symmetry. 


(14) 


G,’ AND G,’ STATES 


When spin-orbit interaction is strong and the number 
of electrons is odd, the electronic eigenfunctions ~x° 
span two-valued irreducible representations of the 
point group O, or, equivalently, singie-valued repre- 
sentations of the double group O,” formed on augment- 
ing O, by Bethe’s fictional symmetry element, a rota- 
tion through 27 about an arbitrary molecular axis." 
The two-dimensional representations E,9', Liu’, E29’, 
and EF,’ are unaffected by the Jahn-Teller effect, which 
is electrostatic not magnetic in origin.*!6 However, 
states whose symmetries conform to either of the two 
four-dimensional representations, G,’ and G,’ are for- 
mally unstable with respect to displacements of both 
€, and 72, symmetries. In the case of either odd or even 
states, it is easy to show that V’ may be written in 
the form 


V’=1.(qupitqap2) + pats (Quort+Q202t- Oia), 


where the vector matrices » and @ are just Dirac’s 
4X4 matrices.'” These satisfy the commutation relations 


Le,o]=0, 


Moreover, since the square of each component of each 
vector is unity, g and o may be treated as independent 
sources of electronic “spin” angular momentum, in 
units of 4h. 

As in the case of /, and E,, states, the vibronic prob- 
lem has a high “accidental” symmetry. In the qu, g2- 
subspace, we again encounter cylindrical symmetry, 
since the observable 


(15) 


oXo=2i9, sXa=2ia. 


A: 2ms+ ps 
commutes with the Hamiltonian Ho+V’. In the Q- 


subspace, the problem exhibits spherical symmetry, 
since the vector 


J=M+ie, JxJ=iJ 
commutes with the Hamiltonian and its components 


obey the commutation rules characteristic of angular 
momentum. Further 


[A,J]}=0, 


so that we may label energy levels by the good quantum 


4H. A. Bethe, Ann. Physik 3, 133 (1929). 

16H, A. Kramers, Proc. Amsterdam Acad. Sci. 33, 959 (1930). 

16 E. Wigner, Gott. Nachr. 546 (1932). 

7p, A. M. Dirac, Quantum Mechanics (Oxford University 
Press, New York, 1947). 
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numbers J, J;, and A. Since J is half-integral, we see 
that all levels are at least doubly degenerate, as indeed 
they must be on other grounds.'®'® Further, if in their 
respective subspaces R is a reflection in the q, axis and 
S is a reflection in the Qs, Qs plane, it is easy to see that 
the operator O= Rp,So, commutes with the Hamil 
tonian and with J*, However, since O anticommutes 
with both A and J;, it is evident that each level is 
2(2/+-1)-fold degenerate. 

The potential sheets naturally exhibit similar fea- 
tures. They are doubly degenerate and may be expressed 
by the function 


bho +k Re (ler'+1 PR’), 
R’=07+07+0%'. 
Their critical points lie on the spherical surface 


r=, R=\I,|/kr, 


pis q+ q2*, 


and on the circle 
R 


respectively. The former are stable when /,?/k,>1,°/k, 
and the latter are stable when the sense of this in- 
equality is reversed. 

Once again, the solutions of the vibronic problem are 
easily obtained when /,, /, are small. The corresponding 
second-order Hamiltonian is 


Hy= —12 (1+ maps)/pwe 


(1¢ 
~1,2(3+-2M -@)/2p,,?. 56) 


It is evident that my, ps, J?, M’, and J; all commute with 
H,; together with Ho they form a complete set of com- 
muting observables. The energies, correct to second 
order in /, and J, are therefore 


(net 1)hw.— 12 (1+ mips) /pwet (n,+} ho, 

—1°034+-4J (J+1)—4M (M+1) |/4yw,*. (17) 
Here m; ranges from —n,., —n.+2, «++, to m5 py takes 
the two values +1; M, for given n,, may be n,, n,—2, 
-++, to 0 or 1, depending on whether n, is even or odd, 
respectively; and finally, J/=M-+4, the latter value 
being excluded when M=0. 

In the event that /, is negligibly small, the effective 
Hamiltonian is just (4), whose solutions are known." 
Again, when /, vanishes although /, may be appreciable, 
it is not difficult to tabulate the energy eigenvalues, 
owing to the spherical symmetry in Q space, (The 
analogous problem for 7° states poses much greater 
difficulties since this symmetry is absent.) These solu- 
tions have been obtained and will be published else 
where. However, when neither /, nor /, may be regarded 
as small, the problem is unlikely to be solved by any but 
rather arduous numerical methods. 
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Radiative Corrections to the Ground-State Energy of the Helium Atom* 
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The radiative corrections of relative order Z%c* (absolute order 
Z'c# ry), corresponding to the Lamb shift terms arising from the 
nuclear Coulomb potential, and some of the Za’ corrections, 
arising from radiative interactions between the electrons, are 
calculated for the ground-state energy of the helium atom. The 
Z*c¢ corrections are all calculated, but of the Zo# corrections, which 
are expected to be much smaller, we retain only those containing 
Ina as a factor may be estimated rather easily—and 
neglect the rest, regarding unity as being small compared to Ina. 

The Z% corrections require the calculation of an “average 
excitation energy” similar to the one defined by Bethe for the 
hydrogen atom. It is found that virtual transitions to states (1s) 
X (continuous p)'P are the most important, and these are calcu- 
lated using the momentum matrix-elements obtained by Huang, 


these 


A 


ECENT improvement! in the determination of the 
first ionization potential of helium has renewed 
interest in the theoretical calculation of the ground- 
state energy of the helium atom, Several investigators’ ° 


® variational calculation of 


have extended Hylleraas’ 
the nonrelativistic eigenvalue to the point that Kino- 
shita’s® value, 

198 316.97 cm™! (1) 


Iw R ’ 


obtained with a wave function of 39 parameters, is 
probably within about 0.3 cm”! of the true eigenvalue. 

The relativistic corrections, of relative order Z*a? and 
Zo have all been calculated?’ and evaluated with the 
wave function,’ as also the ‘mass- 
which is a correction of the same nu- 


39 parameter 
J 


polarization,’ 
merical order of magnitude. ‘The sum of the relativistic 
and mass-polarization corrections calculated by Kino 
shita® is 


Al r= (—5.3624-0.2) cm". (2) 


Comparing (1) and (2) with the experimental value! 
T exp = (198 310.541) cm™, (3) 
and remembering that the variational eigenvalue (1) is 


* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission 

t Now at the Institute for Advanced Study, Princeton, New 
Jersey 
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who used a six-parameter Hylleraas wave function for the ground 
state, and a product wave function with Z=2 for the s-electron 
and Z=1 for the p-electron (full screening), for the excited states. 
Transitions to states other than (1s)(continuous p)'P are also 
considered, and the value of the ‘average excitation energy”’ for 
helium is found to be 80.54-10 ry, where the limits represent an 
estimate of the probable error of the result. The radiative cor- 
rection to the ionization potential, which will be the difference 
of the corrections for the two-electron atom and the ion, is found 
1.26+0.2 cm™, where the error includes an estimation 
of the Ze# terms which are not calculated. 

The corresponding radiative corrections are calculated, less 
accurately, also for Lit, and the results generalized for helium-like 
ions of higher Z by an extrapolation formula. 


to be 


a strict lower bound to the “nonrelativistic ionization 
potential,” we see that A/p(2) is not large enough to 
bring the theoretical ionization potential down to the 
experimental value (3). Therefore, we must invoke the 
radiative corrections arising from quantum electro- 
dynamics to avoid disagreement between theory and 
experiment, These have been estimated by Giinther® 
as —1.6cm™' and by Hakansson"’ as between —0.7 cm™! 
and —1.7 cm“, respectively. While the sign and order 
of magnitude are in the direction of improved agree- 
ment, the uncertainty in these numbers is quite large 
and we see that a more detailed examination of these 
higher order corrections is warranted, particularly in 
view of the planned refinement of the experimental 
determination (3). 

All the corrections of relative order Z*a* (absolute 
order Z‘a’ ry) and some of the Za’ corrections are 
calculated in Sec. II. For the one-electron ion that 
remains when a two-electron atom is ionized, the 
radiative correction to the ground-state energy of 
relative order Z%a’ is just the (lowest-order) Lamb shift, 
which has been calculated by many authors''’” 

8 2 l Ky 19 


Zo! 2 In In t ry, (4) 
$ fF Ja Fry 30 


Et, l 


where Ko=19.77 Z* ry is the “average excitation en- 
ergy” fora 1S state as defined by Bethe," and evaluated 
by Hakansson" and Harriman.” There are no terms of 
relative order Za’. 

For the two-electron atom, the only radiative cor- 
rections of relative order Z*a’ are also Lamb shift terms 
arising from the nuclear potential, described by the 
Feynman diagrams in Figs. 1(a) and 1(b), giving for 

*M. Giinther, Physica 15, 675 (1949) 

“” H, Hakansson, Arkiv Fysik 1, 555 (1950) 

" H. A. Bethe, Phys. Rev. 72, 339 (1947) 

Bethe, Brown, and Stehn, Phys. Rev. 77, 370 (1950). 

J. M. Harriman, Phys. Rev. 101, 594 (1956). 
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the total correction of relative order Z’aé 


8 1 ky 19 
E1,2=—Zob(5(41)+6( re) oo} 2 In-—In—+ fy, (3) 
3 a ry 30 


where (6(1:)+4(r2))oo is the expectation value, in 
(Hartree) atomic units, of the operator [6(1r,)+6(r2) | 
for the ground state of the helium atom. The average 
excitation energy po is defined in a manner analogous to 
that for one-electron atoms," and may be written in 
the form 


Inky fen inna far Jf nt fa wro=K,—Eo, (6) 


where the integrals are to be interpreted in the Stieltjes 
sense and extend over all states m to which dipole 
transitions are possible from the ground state, and fio 
is the nonrelativistic oscillator strength (without re- 
tardation) for transitions from the ground state to the 
state n. The calculation of ko is described in Sec. III. 

For the two-electron atom, there are, in addition, a 
large number of terms which contribute to order Za’. 
These arise from radiative interactions between the two 
electrons, and a complete treatment of these terms 
would require the use of a fully relativistic treatment 
for two electrons in an external field. Now, for high Z, 
these corrections will be small compared to the Z%aé 
corrections and even for low Z, these corrections which, 
in a simple approximation, are proportional to the 
expectation value of the operator (12), are numerically 
not very important because (4(f2))oo is many times 
smaller than (6(1,)+4(t2) )oo, the factor appearing in the 
Z’eé corrections. For He, 


(6(1) { 6(f2) oo 34.066 (ris) /OOy 








Fic, 1, Feynman diagrams for helium atom Lamb shift. 
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while for Lit, 


6(r,) +8( 2) oo 25.2(6( 812) 00. 


Moreover, since the Za’ corrections which contain Ina 
may be calculated rather easily, we retain only these, 
regarding unity as being small compared to Ina. The 
sum of the Za’ Ina corrections will be shown to be 
28 I 
08 (5( ty») oo In= ry 


b] a 


The radiative correction to the ionization potential 
of a two-electron atom is then 


Al, | Da / / E132, 


and the results are summarized in Sec, [V. 

In Sec. V, we discuss the radiative corrections to the 
ionization potentials of helium-like ions of higher Z, on 
the basis of a calculation for Lit and an extrapolation 
formula. 


II. 


The Lamb shift for a one-electron atom is so well 
known that we need only quote the result (4). 

For the two-electron atom also, the major contri 
bution is from virtual photons of “low” momentum, 
and this is calculated by the method of Bethe." Using 
this for photon momenta 0<k<A, where AX~am so 
that retardation may be neglected, we obtain the non 
relativistic contribution to the self-energy correction 
for the electrons (in natural units h=c=1), 


e aR | De. no" |? 
rE f ore: 
4r?m? netkt  k? ¢ 


de? 


W s, NR 


K(E,—Eo) (8) 


> | pro"? |?+| pro” 


3am? n 


xX (H,— £4) In , 


’ ‘ 
nh “0 


where we have neglected (/,,— 9) in comparison with 
\ in the numerator of the logarithmic term. 
We consider next 


emits the photon and the other absorbs it. A large part 


processes in which one electron 
of this effect has already been included in the relativistic 
corrections, Eq. (2), by virtue of the Breit operator; 
this operator is exactly the part obtained by neglecting 


(En 


ko) compared with & in the energy denominators 


of the exact expression. Subtracting this off, we obtain 
as a further correction" similar to (8), 


e 9 et d*k 
_— a | 
dr’*m* n elk k? 
O| p.Ve'* = \n)in| pe 


x (En 
K,— Eot+k 


Salpeter, Phys. Rev. 87, 32% (1952). 


ik re Q) 
~fy). (9) 


MELE 





1258 P. K 


If we explicitly calculate (8) and (9), it is seen that (9) 
exactly cancels the part of (8) which arises from the 
interelectron interaction if we replace the exponential 
factors in (9) by unity. However, this cancellation 
occurs only when retardation is neglected in (9), and 
there will be a finite difference for “high” photon 
momenta. If we combine (8) and (9) together, we obtain 


Je , 
Wwe > | (O| pit pe|m)|? 


3am’ » 


KE) In 
| E,— Eo| 


X (Ep (10) 


Apart from the slowly varying logarithmic factor, the 
sum over m can be expressed in closed form. It is there- 
fore convenient to write 


> | (0! p } P2|) 2( KE, ko) In 


‘ 7 
n 


A 
(> | CO} pit peo| 2) |?(2,— Eo)} In—, 


k 


(11) 


0 


this being the definition of ko, which is easily seen to be 
equivalent to (6) since 


{ » 


fno=4|(n| prt p2|0)|?/(,— Eo). (12) 


Then we may write 
e d 


((V1?4+-V2?+-291° 92) V)oo In—, 
3m’ ko 


Wwr (13) 


since 


>, O| pit Poin) |2( Ey, Ko) 
4((V 2+ V,"+ 241° V2) V doo, 


where V is the potential in the helium atom, including 
the Coulomb interaction between the electrons: 


Zé Zé é 
t , 
r\ T2 Tie 
(14) 
VPV =4re'|Z5(1;) S(t) |, Va V2V = 4re*5 (842) 


Thus 

40° Z A 
(6( 4) +-5( 12) )oo In 

3m ko 


Wwe (13’) 


We now consider contributions from high photon 
momenta k>A. In this region the electron, after emitting 
an energetic virtual photon, is practically free in the 
intermediate state, so it is permissible to treat it by 
Born approximation. This is essentially a scattering 
approximation, and the results on the radiative cor- 
rection to electron scattering'® may be used. These 


16 Z. Koba and S. Tomonaga, Progr. Theoret. Phys. Japan 3, 
200 (1948); R. P. Feynman, Phys. Rev. 76, 769 (1949); J. 
Schwinger, Phys. Rev. 76, 790 (1949). 
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refer to the scattering by a static potential, described 
by the Feynman graphs (a) in Fig. 1. If we include the 
vacuum polarization, represented by the diagram in 
(b), we obtain for the contribution to the Lamb shift, 
due to the nuclear potential, 


2 


(im _+—— Juve+va Vodoo (15) 
2 6 5 


3m? 5 


Wz, 3 


from photons of momentum greater than A, where Vo 
is the nuclear potential only. Added to (13’), this yields, 
for the Z*a* corrections to the ground-state energy 


422 m 19 
(in + oe) +6(T2) oo, (16) 
3m? 2ky 30 


W 2 


which is identical with (5), when written in atomic 
units. The Za’ Ina correction arising from a similar 
process, described by the Feynman diagrams [ Fig. 1(c) ], 
is similarly found to be 

8am 


Wi. r=-— In 
3m’? 2x 


(6(T12))oo, (17) 


which is exactly what we would have obtained by 
including the interelectron interaction in the potential 
in (15). The low-momentum contributions to this term 
were exactly cancelled by the correction (9) to the Breit 
interaction. In the self-energy terms which lead to (16) 
it can be shown that'* retardation may be neglected for 
all values of the photon momentum & and the value of 
\ does not appear in (16). Retardation can be similarly 
neglected in the terms which lead to (17). In the terms 
leading to (9), however, an actual exchange of mo- 
mentum k& occurs between the two electrons and a 
retardation factor is present explicitly. This retardation 
factor decreases the contribution of these terms severely 
if k is large compared with am, the Bohr momentum. 
In keeping with our scheme of neglecting unity com- 
pared with Ina in terms of order Za’, we put A=am, 
retain (9) without any retardation correction (since 
k<) and omit the high-frequency terms (k>A), which 
correspond to (9), completely. 

Finally, we must consider the processes involving the 
exchange of two transverse photons between the 
electrons. These contribute corrections of order Za* but 
a nonrelativistic calculation reveals no terms containing 
Ina. However, we do obtain a term containing Ina if we 
consider processes involving negative energy states, and 
these can be estimated quite easily by ordinary per- 
turbation theory."* These processes are described by the 
Feynman graphs in Figs. 1(d), in which the time-order- 
ing is significant, and if the photon momenta are taken 
as k, q—k, contributions to order Za’ |na come only 
from values of g<am, am <k <m. Then the contribution 


16H. A. Bethe and E. E. Salpeter, Encyclopaedia of Physics 
(Springer Verlag, Berlin, 1957), Vol. 35, p. 186. 
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to the level-shift is found to be 


2a? m 
Wr= anes n( 6) 
m?* am 


and if we add the Za’ corrections (17) and (18), we 
obtain 


(18) 


W 1, o’ = — (14 /3)a? In(1/a)(6( 812) )o0, (19) 


which, written in atomic units, is (7). 


Ill. 


The calculation of the average excitation energy ko, 
defined in (6), requires a knowledge of the oscillator 
strengths for transitions to all states which may be 
reached by dipole transitions from the ground state 
1 ‘So. These must all be 'P states, and may be classified 
in two groups: 

(a) Those states which give rise to lines of the He 
atomic spectrum, in which one electron remains in the 
lowest (1s) state while the other electron is excited to 
a higher p state. This may be either (i) one of the higher 
discrete states, in which case the configuration of the 
excited state is (1s)(p)'P, or (ii) one of the continuum 
states, in which case the excited state configuration 
is (1s)(continuous p)'P. 

(b) In addition, there are the states in which both 
electrons are excited to higher levels. By the Laporte 
rule, the only such states that combine with the ground 
state 4So are the singlet configurations arising from 
(ms)(np), (mp)(nd), (md)(nf), etc. There are then 
different subgroups arising from the various possibilities 
that (i) both m and » are discrete levels, or (ii) one is 
a discrete level, and the other belongs to the continuous 
range, or (iii) both belong to the continuous range. 

Since exact eigenfunctions of the helium energy 
levels are not known for any of the states, we are obliged 
to make use of oscillator-strengths derived from matrix- 
elements calculated with approximate wave functions. 
The calculation for the (1s)(continuous p)'P states, 
which are responsible for by far the largest contributions 
to the integrals in (6), will be considered in detail, but 
for the others we either make use of previous calcu- 
lations or give rough estimates. We now discuss the 
contributions of the various groups of states. 

(i) The oscillator strengths for transitions to the 
discrete states of the “principal series” have been cal- 
culated previously for n= 2, by Wheeler,'’ who used a 
six-parameter wave function for the ground state, and 
for n=3 to 7 by Vinti,'® using a two-parameter wave 
function. We have used these numerical results and for 
n=8 to © the asymptotic form f,xo=C/n*. From 
requirements of continuity it follows” that the constant 
C equals 2df/dE evaluated at the series limit. Our 
results (next section) with a six-parameter ground-state 


17 J. A. Wheeler, Phys. Rev. 43, 258 (1933) 
18 J. P. Vinti, Phys. Rev. 42, 632 (1932). 
© J. Hargreaves, Proc. Cambridge Phil. Soc. 25, 91 (1928). 
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function give C=1.958; using a two-parameter func- 


tion, Vinti obtaining C=2.09. Summing over all the 
discrete states, we obtain the two sums 


wo 
b Wno nd 


n=? 


1.19 ry?, 


> wn? In(wao/ry) fro= 0.59 ry’, 


n=~=2 
the contribution of m=8 to © to these two sums being 
only 0.062 ry* and 0.037 ry’, respectively. About half 
2. The 
error of the two sums in (20) is probably of the order 
of +0.2 ry’. 

(ii) Oscillator-strengths for transitions to (1s) (con 
tinuous p) 'P states have been calculated by Wheeler" 
and by Huang,” using a Hylleraas six-parameter wave 
function® for the ground state and a product wave 
function of hydrogen eigenfunctions with charge Z for 
the 1s-electron and with charge (Z—1) (full screening) 
for the p-electron, for the excited state. Since this must 
also be a singlet state, we must use the appropriate 


the contribution to these sums comes from n 


symmetric combination 


We, m= [tho(1)0¢, m(2) + t40( 2), m(1) |/v2 (21) 


for the evaluation of matrix-elements, where 


Uuj=7 Ze ary €0 47”, 


(e? 1) 


16m* (1-+-| m!)(Z—1)[ B+ (Z—1)* } 


«er (4-! *Py™(cosb)e'*R,(r), (23) 


Ww here 


1k 
2iR, rf e7"’ (x+ik)'*' Z-1 k(y ik)! i(Z UIkdy, 
ik 


and where we use (Hartree) atomic units throughout, 
unless otherwise specified, k= (2e)'. The normalization 
of v is fu,*v,dr=5(e—e’), 

While Wheeler calculated only the dipole matrix 
element, Huang considered the equivalent forms 


1 | 0 7] 
(n t 0») (n|\X:+4%_/0), (24) 
E,— Eo \ \0x, Ox! 


n 


Mon 


which lead to identical results when exact eigenfun 

tions are employed, but may here differ from each other 
(and from the correct value). According to Chandra- 
sekhar,”? the values derived 
operator are more reliable. Huang found that, while the 


from the momentum 


»S.S. Huang, Astrophys. J. 108, 354 (1948) 
4S. Chandrasekhar, Astrophys. J. 102, 223 (1945 
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Vic, 2. The weight function w*(df/dw) plotted against the 
energy E of the excited electron. The four graphs correspond to 
momentum and dipole matrix elements obtained with the one 
and six-parameter wave functions 


dipole and momentum matrix-elements gave almost 
identical results over the range of frequencies in which 
the oscillator-strength is appreciable, at high fre- 
quencies the f-values derived from the two matrix 
elements, while small and showing the same general 
dependence on energy, differ considerably,” the values 
obtained from the dipole moment being appreciably 
higher. Since high excitation energies are weighted 
quite heavily in the calculation of the mean excitation 
energy ko, this leads to quite different values of ko in 
the two In Fig. 2, we exhibit the 
w'(df/dw) =w*(df/d \nw) for the two matrix-elements in 


the two cases when a six-parameter and a one-parameter 


Cases values of 


function are used to describe the ground state. 
Tabulated below in Table I are the contributions to 
the integrals fw*df and Jw Inwdf calculated with the 
different oscillator strengths. As a check, we also give 
the (Rar /3)(6(4,)+6(1e))oo for the 
sponding wave functions, since we have the sum rule 


fewtdfu §nZ(6(4;) + 6( Te) do 


It is seen that the oscillator-strengths derived from the 
momentum matrix element give quite good agreement 
with the sum rule, provided there are no large con 
tributions from states other than (1s)(continuous p) '/’, 
whereas the dipole matrix elements violate (25) rather 


values of corre 


badly 
The reason for the the 
f-values at high frequencies is not hard to find. The 


differences between two 


wave function v of the excited electron in (21) may 
” There is a misprint in Huang’s paper. Equation (25) on p 
358 of reference 20 should read 


UM? vil #, M2 = (4/E)yiln?, M,? = (16/2) y.1.’, 


instead of 
WV J¢ V2 J9 


rhe results in his Table IT are, however, correct 
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always be written as 


v=vot ‘2, (26) 


e—Ho 


where v is a plane wave solution of (e—Ho)v=0, and 
V is the potential seen by this electron. For high exci- 
tation energies, the second term is negligible compared 
to the first, so the matrix element Mo (24) takes the 
form 


fadrdrLut(nye ik tat ago* (rye **" \0b( 41,82) 


where $(1,f2) is the ground-state wave function and 9 
is taken as (x;+%2) or [1/(2,— Eo) |(0/0x,4-0/dx2) 
according as the dipole matrix element or the momentum 
matrix element is desired. In either case, we see that 
the Fourier transform with respect to one of the argu- 
ments of the ground-state wave function is involved; 
if the ground state is described by a variational wave 
function which yields a good value for the energy 
operator, we may be confident that it will furnish a 
good description of the actual wave function for those 
Fourier components which contribute strongly to the 
energy operator, but there is no guarantee whatever 
that it will yield accurate values for the Fourier com- 
ponents to which the Hamiltonian is relatively insen- 
sitive, in particular for the very high momentum com- 
ponents which contribute little to the ground state. 
However, by writing the Schrédinger equation satisfied 
by the ground-state wave function in momentum space, 
we have a means of determining the asymptotic form 
of the transition matrix element, when the excited 
electron may be described by Born approximation, 
without explicitly requiring a knowledge of the high- 
momentum behavior of the ground-state wave function. 
For, written in momentum space, the momentum 
matrix element is 


D, forse" o.p3)(0 + po) (Pips), 


where y is given by (21), in which we take™* v= (4k)! 


X5(p—k), k= (2e)!, so that 
dD, (Sub)! f eput( (0 +k) (pik), 


Pane I. The two integrals involving the weight functions 
All quantities are in units of ry? 


| wi! 


oo Dipole 


. w 
| w? In—df 
‘ ry 
Momentum 


12 383.32 
28 542.85 


Ground.-state 
wave function 4(ro 


102.51 
121.76 


Momentum 


165.24 93.25 719. 
188.21 122.41 954 


Dipole 


1-parameter 
6- parameter 


8 The factor under the square root sign makes the normalization 
Sv evdr=6(e—), which is the normalization employed in (23). 
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where the ground-state wave function ¢ satisfies the 
equation 


(2Eo— pr —k*)o( pik) =F [eu A —Zo(pitq, k) 


—Zo(pi, k+q)+4(pit+q, k—q) }. 


Now the ground-state wave function falls off rapidly 
when either of its arguments greatly exceeds the Bohr 
momentum. Therefore, if & is much larger than the Bohr 
momentum, the contribution to D; of the second term 
on the right-hand side, which is essentially from values 
of q~k, will be much larger than those of the other two. 
This term contributes exactly 


(Sirk) !Zk pe? f ; d®sd*pus* (p) (K+ p?— 2K») 
xX |k—s!~*o(p,s), 


and the leading term in powers of 1/ is 


Dyj= (8)'e Zk jk mf f d'sd puc*(p)(p,8) 


which in coordinate space has the simple form 
Dy; =8Zk jk 12 f dtrut()6(00) 


This can be calculated quite easily with even the most 
accurate known wave function and leads to an asymp- 
totic form for the oscillator-strength which is found to 
be not nearly as sensitive to the details of the ground 
state wave function as that obtained directly from the 
matrix elements. In Table II, we give the coefficients 
for the asymptotic behavior of the oscillator-strength 


df/de 


Cc, 27) 


where ¢ is measured in rydbergs, together with the 
corresponding coefficients obtained directly from the 
asymptotic forms of the matrix elements. It is evident 
that the correct asymptotic coefficient must lie close 
to the value derived directly from the momentum 
matrix element and it would appear that a value of 
C=286(ry)' could not be far wrong. An asymptotic 
curve with this value of C is indicated by the dotted 
line in Fig, 2. 

Huang’s momentum matrix element, which we have 
used in our calculations, appears to be reliable both at 


TABLE IT. Values of the coefficient C in Eq. (27) in (ry)? 


Matrix element 


Wave function Dipole Momentum New method 


300.1 
591.4 


181.8 


1-parameter 255.4 
200.9 288.3 


6-parameter 

10-parameter : 
Chandrasekhar 
Kinoshita 


286.4 
285.7 
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low excitations, where it agrees with the dipole result 
and may therefore be trusted, and also at very high 
energies, where it agrees with the correct asymptotic 
value, and also gives good agreement with the sum 
rule (25). However, we see from Fig. 2 that it is exactly 
the intermediate region, where the reliability of the 
result is not so well established, that is of greatest 
importance for our integrals (6). The agreement 
between the dipole matrix elements and the momentum 
matrix elements at low excitations indicates that the 
assumption of full screening is a fairly good one for 
these states, whereas the asymptotic behavior obviously 
depends only on the first term in (26) and is independent 
of the choice of distorting potential. But it may be 
questioned whether the assumption of full screening is 
a valid one in the intermediate range. However, lacking 
a more certain guide to the intermediate region, we 
retain the f-values obtained from the momentum 
matrix-element with the wave function (21) as the best 
representation of the oscillator-strength over the whole 
range. In order to obtain an estimate of the possible 
limits on Inko, we make modifications in the f-values in 
the intermediate range, holding fw’df constant at the 
value prescribed by the sum rule (25) since this is 
known very accurately. These modifications are shown 
in Fig. 3, and the values of Inky obtained thereby are 
given in Sec, LV. 

(iii) We finally consider transitions to doubly excited 
states. Vinti'® has discussed the oscillator strengths for 
transitions to the discrete doubly excited states, 
explicitly calculating the first few and estimating the 
rest. Using his results, we estimate the contribution 
of all discrete doubly excited states to S wd and 
Sw \In(w/ry)df to be about 0.39 ry* and 0.62 ry’, 
respectively. 

(iv) For the doubly excited states in which at least 
one electron is in the continuum, w is not bounded. 
Therefore, even though their f-sum is small, as shown 
by Vinti, it is possible that they may make large con- 
tributions. We therefore proceed as follows. Green 
et al.* have expanded the six-parameter helium ground 
state wave function in a series of central field functions 
representing various configurations. Irom the coef 
ficients of the higher terms in these series one can 
estimate that the f-values for transitions to (2p)(nd), 
etc. should be less than 10~* times those for (1s) (mp). 
We therefore restrict ourselves only to doubly excited 
sp-states. For, transitions to these states we should get 
a reasonable order of magnitude estimate by using the 
simple hydrogenic wave function with Z’=Z— 4 for 
the ground state (the overlap integral between this 
function and the much more complicated six-parameter 
function, for instance, is as large as 0.993). In this case 
the matrix element to a doubly excited state (ms) (mp) 
is simply the product of an overlap integral &, (between 
function for Z’=Z 


the 1s hydrogenic fs and the 


“1, C. Green et al., Phys. Rev. 85, 65 (1952) 





1262 P. K. KABIR AND 
Taste LI. Various contributions to the two integrals involving 
the weight function (in units of 121,28 ry’). 


fou 


0.0098 
0.0032 


farina 


Kange ry 


0.0048 
0.0051 


Discrete single excitation 
Discrete double excitation 
(1s) (continuous p) 'P 

e&=0—10 ry 

e= 10—400 ry 

«= 400 ry a 


0.3478 
2.3470 
1.7812 


4.4859 


0.1981 
0.5743 
0.2370 


Sum 1.0224 


* «le the energy of the p-electron, For « >400 ry, the asymptotic form of 
Huang's formula was used, and the integration performed analytically 


ns-function for Z’=Z) and a one-electron dipole 
matrix element Mo». We find (for Z= 2) that &?=0.98, 
?/ =0,01, by; =0.002, and therefore that the sum of ®,? 
for all s-states in the continuum is considerably less 
than 0.01. For states in which the s-electron is in the 
continuum with high excitation energy, one can show 
that the oscillator strength decreases more rapidly with 
increasing excitation energy than for the (1s)(con- 
tinuous p)-states. We finally consider states in which the 
s-clectron is in a low excited state and the p-electron in 
the continuum. These states will contribute of the 
order of 1% to the integrals fw*df and fw? In(w/ry)df, 
but it can be shown that (at least for the product type 
ground-state wave function) df/dw arising from these 
states has almost the same shape as that arising from 
(1s)(continuous p). Thus the contributions of these 
states to the ratio of the two integrals, which occurs in 
the definition of the mean excitation energy ko, is much 
smaller. ‘To summarize, we expect the error introduced 
into our value of ko, due to the neglect of doubly excited 
states to be of the order of one percent or less. 


IV. 


The contributions of the states other than (ii) have 
already been given. The contributions of the states (ii) 
were calculated on the Cornell IBM 650 computer 
using Huang’s formulas, and the integrals evaluated by 
Simpson’s rule. 

In Table III, we show the contributions of different 
states to the desired integrals, calculated with the 
momentum matrix element, in units of the sum-rule 
value $2Z(6(1,)4+-4(12))oo= 121.28 ry? calculated with 
Kinoshita’s 39-parameter wave function. 

As discussed already in the previous section, the con 
tributions of the other states, while amounting perhaps 
to as much as two or three percent of those from the 
(1s)(continuous p) '/ states, are proportional to them 
and consequently have a much smaller effect on the 
value of Inko. The ratio of the two integrals in Table III 
thus yields 
ko 


In(ko/ry) = 4.39, 80.5 ry, 


*5 For a more detailed discussion, see P. K. Kabir, Ph.D. thesis, 
Cornell University, 1957 (unpublished), 
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which is nearly equal to the ‘‘mean excitation energy” 
for Het: 19.7727? ry=79.08 ry. The main uncertainty, 
however, arises from the question of the reliability of 
the oscillator strengths for transitions to (1s) (con- 
tinuous p) 'P states with intermediate excitation ener- 
gies. In order to determine the effect of this uncertainty, 
we recalculate the value of Inko in the two cases where 
the f-values in the intermediate range are altered so as 
to yield the curves marked A and B in Fig. 3, respec- 
tively. These curves are so adjusted as to give the same 
area as the original curve, since this is determined by the 
sum rule (25) 
The values of log(ko/ry) thus obtained are 
Modification In(ko/ry) 


1 4.3 
B 5.0 


The curves A and B represent rather extreme distor- 
tions of the original curve and it is unlikely that the 
value of Inko lies outside the limits given by them. 
We therefore write 


In(ko/ry) =4.39+-6, (28) 


where 6 most probably lies between +0.2 and almost 
certainly between —0.2 and +0.6. Substituting this 
value in (5), we obtain for He 


Ex,2= (5.009 —0.8236+0.005) cm, 


where the error corresponds to a probable uncertainty 
of 0.1% in the value of (6(1)+4(12) oo, calculated with 
the 39-parameter wave function. Now, for Z=2, 


E1,.1= 3.535 cm™! 
and 


Ez, o = — (0.210+4-0,043n+-0.002) cm™, 


allowing an error of 1% in (6(ty2))o9 evaluated with the 
39-parameter function, where we have rewritten (7) as 


Ey, = - (28, 3)a*(5 (112) ool In( 1/a) { n | ry. 


—E—+ in Ry 


1 





4 a 
10 10? 





Fic. 3, The heavy curve is the “Momentum-6” curve of Fig. 2. 
The thin curves are two arbitrary modifications. The dotted curve 
is the asymptotic form of the weight factor 





GROUND-STATE 


The term 7 is included to take account of the Z*a’ ry 
corrections which we have not calculated. Thus, the 
radiative correction to the ionization potential of the 
helium atom, to order a’ ry, is found to be 


Al,= Et, as Et, e— Ex, 2 


= (—1.264+0.8236+-0.043n+0,007) cm, (29) 


where 6 is estimated to be of the order of +0.2, and 7 
is a number of the order of unity. If we add (29) to (1) 
and (2), we obtain a value for the theoretical ionization 
potential 

Twn = 198 310.35 cm 


which is in excellent agreement with the experimental] 
result (3). However, the quoted experimental error is 
almost as large as the total electrodynamic correction; 
consequently a significant comparison of our calculation 
with experiment must await a refinement of the experi- 
mental determination, in which case also a more 
accurate evaluation of Inko will probably be necessary. 
Principally, this would require the development of an 
improved treatment for the (1s)(continuous p) 'P states 
with intermediate excitation energies. 


V. 


In order to estimate the corresponding radiative cor 
rections for helium-like ions of higher Z, the value of 
Inky was calculated, less accurately, for Lit. A. six- 
parameter wave function was constructed for the ground 
state, and oscillator-strengths for transitions to (1s)- 
(continuous p) 'P states were calculated with the same 
approximations used in the case of helium. Transitions 
to discrete states of the principal series were estimated 
using two-parameter wave functions to describe both 
ground and excited states. No other states were con- 
sidered. The value of ko thus obtained was ko, 1it 

191.6 ry which, within the accuracy of our calcula 
tion, is the same as the “average excitation energy” for 
the one-electron ion Li**. Since in the case of helium 
also, we found the “average excitation energy” 
very nearly the same as that of ionized helium, we may 
conclude that the average excitation energy for helium- 
like ions of higher Z will all be very close to Ko= 19.772? 


to be 
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ry, since the effect of screening will become less im- 
portant as Z increases. For the energy correction, we 
also require the probabilities of finding an electron at 
the nucleus and at the position of the other electron, 
respectively. Using the results for Lit and O*F obtained 
by Kinoshita ef al.2* with the 10-parameter wave 
functions of Chandrasekhar and Herzberg,? we construct 
the extrapolation formulas 

273 0.653 


6(r) { 6(r») 00 t 
w Z 


0.138 


Ag 1.877 1.189 


(6(ryo) 00 
Sar L F Ag 


and if we adopt the value of 19.777? ry for the mean 
excitation energy ko for all Z, we obtain 
8Z a3 1 


7.490+-2 InZ+ 
3m Z 


Al, (11.93 — 2.61 InZ) 


1 


(6.12—0.55 InZ) | ry, 


Z. 


leading to values of A/; as shown below, in cm™! 
together with the corresponding Lamb 
shifts” ?? for Lit and O*F, 
Zz 3 A 5 6 7 8 
Al, 8.2 27. 66 134 236 385 
(Al Lote 6.6425 565 4-600 


‘observed 


These values lead to improved agreement in each 
instance, but since the experimental errors are larger 
than the radiative correction in each case, a meaningful 
comparison of these results with experiment is not yet 


possible. 
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Kadiochemical determinations of yields in the fission of natural 
uranium with 5-, 10-, and 13.6-Mey 
for 35 mass chains from mass numbers 72 to 159. The total 
fission cross sections at the three energies were found to be 3.5, 


deuterons have been made 


46, and 440 mb, respectively, by integration of the mass-distribu 
These 


fast-neutron background, 


tion curve cross sections include contributions from the 
which is negligible at the two higher 
energies but which constitutes nearly all of the observed fission 
at 5 Mev 
resemble those for other fissile nuclei, some important differences 


Although in gross features the yield-mass curves 


are apparent. The highly asymmetric yields change nearly as 
rapidly with energy as those of the valley; the deuteron yield 
curves are the broadest that have been observed at these energies 

From analysis of yield measurements for nearly complementary 


masses it has been found that fewer neutrons are emitted in 


I. INTRODUCTION 


HE study of yields in the deuteron-induced fission 

of uranium can be used as an indication of the 
mode of interaction of the deuteron with the target 
nucleus, The radiochemical determination of the mass 
distribution of fission products is capable of high 
resolution over a wide range of yields. The yield 
curves are useful in a variety of work on the fission 
process. The valley-to-peak (v/p) ratio can be related 
to the excitation energy of the fissioning nucleus, and 
information obtained the average 
number of neutrons emitted in a given fission mode, as a 
function of the mass ratio of the fission products. In 
a related paper,' data are presented on the distribution 
* and 


can be about y, 


of nuclear charge in the deuteron fission of U™ 
fha™, 

Until recently, the deuteron has been used infre- 
quently as the bombarding particle in fission studies at 


low energies?’ (<25 Mev) although a number of 

* Supported in part by a grant of the National Science Founda 
tion and by the U. S. Atomic Energy Commission at Clark 
University and by the U. S. Atomic Energy Commission at the 
Massachusetts Institute of Technology 

t Presented at the New England Section meeting of the 
American Physical Society, April 6, 1957, at Tufts University 

} Present Geophysics Research Directorate, Air 
Force Cambridge Research Center, Bedford, Massachusetts 

§ Present address, Radiation Laboratory, University of 
California, Berkeley, California 

‘J. M. Alexander and C D 
(1957), following paper 

*E. M. Douthett and D. H. Templeton, Phys. Rev. 94, 128 
(1954) 

*W. M. Gibson, University of California Radiation Laboratory 
Report8UCRL-3493, 1956 (unpublished) 
' 4K. V. Luoma, University of California Radiation Laboratory 
Report UCRL-3495, 1956 (unpublished). 


address, 


Coryell, Phys. Rev. 108, 1274 


modes leading to highly asymmetric products as compared to 
the most probable modes. The average number of neutrons per 
fission is found to be 3.5, 5.0, and 5.0 with deuterons of 5, 10, 
and 13.6 Mev. 

The measured valley-to-peak yield ratios at 10 and 13.6 Mev 
are smaller than would be expected from deuteron capture. It is 
concluded that at these energies a small but significant contribu 
tion is made by fission following a (d,p) or (d,m) stripping reaction. 
From known (d,p), (d,n), and fission cross sections, the proton 
energy spectrum in (d,p) stripping on heavy nuclei, and estimated 
branching ratios for modes of decay of a heavy excited nucleus, 
it is calculated that the fraction of fission events following deuteron 
capture is 0.8+0.2 with 13.6-Mev deuterons and 0.75+0.25 
with 20-Mev deuterons, the remainder following a (d,p) or (d,n) 
stripping reaction. 


high-energy experiments®’ have been reported. This 
is due in part to the complications that arise in 
interpreting results. Since an important interaction of 
a deuteron with a heavy target nucleus is stripping,* 
uncertain energy deposition in the residual nucleus 
preceding fission is possible. From fission-fragment 
ranges, however, Douthett and Templeton? in 1954 
concluded that their results in the 18-Mev deuteron 
fission of natural uranium were consistent with fission 
following deuteron capture. In more recent work* in 
which mass distributions were measured in deuteron 
fission of U™%*, Pu, and Pu’ the results are less 
readily understood from this point of view. 

The fission asymmetry or v/p ratio has been inter- 
preted’-” as a measure of the excitation energy of the 


51). H. ‘T. Grant, Nature 144, 707 (1939); R. S. Krishnan and 
T. E. Banks, Nature 145, 860 (1940); J. C. Jacobsen and N. O. 
Lassen, Phys. Rev. 58, 867 (1940); F. F. Van Goetsenhoven, 
quoted in Ph.D. thesis of D. R. Wiles, Massachusetts Institute 
of Technology, 1953 (unpublished); A. W. Fairhall, Phys. Rev. 
102, 335 (1956) 

® R. H. Goeckerman and I. Perlman, Phys. Rev. 76, 628 (1949) ; 
M. Lindner and R. N. Osborne, Phys. Rev. 94, 1323 (1954); 
Kurchatov, Mekhedov, Kuznetsova, and Kurchatova, Proceedings 
of the Conference of the Academy of Sciences of the U.S.S.R. on 
the Peaceful U ses of Atomic Energy, Moscow, July, 1955 (Akademiia 
Nauk, S.S.S.R., Moscow, 1955) [English translation by Consul 
tants Bureau, New York: U. S. Atomic Energy Commission 
Report TR-2435, 1956], Nuclear Science Abstracts, Vol. 9, p. 
7937 (1955). Hicks, Stevenson, Gilbert, and Hutchin, Phys. Rev. 
100, 1284 (1956). 

7H. G. Hicks and R, Gilbert, Phys. Rev. 100, 1286 (1956) 

*D. C, Peaslee, Phys. Rev. 74, 1001 (1948), 

* Fowler, Jones, and Paehler, Phys. Rev. 88, 71 (1952). 

” Turkevich, Niday, and Tompkins, Phys. Rev. 89, 552 (1953) 

" Katz, Kavanagh, Cameron, Bailey, and Spinks, Phys. Rev. 
99 98 (1955). 

2 Jones, Timnick Paehler, and Handley, Phys. Rev. 99, 184 
(1955) 
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fissioning nucleus and is largely independent of the 
exciting particle or the heavy fissionable mass. It was 
felt that if the v/p ratio could be measured with 
deuterons of several energies, at the Coulomb barrier 
and below, and if cross sections for the (d,p), (d,n), 
and fission reactions were known or could be measured, 
an estimate could be made of the fraction of fission 
events that follow capture and stripping. 

Another motivation for this work was to measure », 
the average number of neutrons emitted in a given 
fission mode, as a function of the fission mode. Smooth 
mass distributions are usually obtained by reflecting a 
measured yield about an axis of symmetry, which is 
a measure of v. Tewes and James" and Schmitt and 
Sugarman" found that it was not possible to use a 
constant symmetry axis and still obtain a reasonable 
fit to all of their data. The results could be explained 
by assuming v to be smaller for highly asymmetric 
fission modes than for more probable modes. In this 
work we have measured a number of yields of approxi- 
mately complementary masses to obtain evidence of 


appreciable change in v as a function of the mass ratio 


of products formed. 

This paper gives details on the radiochemical yields 
determined by the first three authors at Clark Univer- 
sity ; the yields obtained by the fourth author at M.LT. 
are taken from the following paper.’ 


Il. EXPERIMENTAL PROCEDURE 
A. Irradiations 


All deuteron irradiations were carried out in the 
external beam of the Institute of 
Technology cyclotron. Uranium foil’® 0.7: mil thick 
(27.8 mg/cm’) of natural isotopic composition was the 


Massachusetts 


target material in all irradiations except two early 
experiments at 13.6 Mev in which natural UO;(~50 
mg/cm*) was used. The target was wrapped in an 
Al-foil envelope (8.5 mg/cm*) and was secured to the 
water-cooled target holder by 13.7 mg/cm* of Dural 
foil. The deuteron beam, which has a maximum energy 
of 15.2 Mev inside the cyclotron, traversed a 10.3-mg/ 
cm? Dural window and a few centimeters of He at 1 
atmosphere before impinging on the target assembly. 
The calculated deuteron energy'® on striking the U 
foil is 13.6 Mev and the foil is calculated to be 0.5 Mev 
thick. The UOs targets were of the order of 1.5 Mev 
thick. The beam energy was computed to be 9.9 and 
5.2 Mev with 106 and 169 mg/cm? total Al and Dural 
absorber. Background runs were made with 308 
mg/cm? Al and Dural! absorber. The range of a 15.2-Mev 
deuteron in Al or Dural was taken to be 202 mg/cm’. 
The U foil is calculated to be 0.8 Mev and 1.2 Mev 


14H. A. Tewes and R. A. James, Phys. Rev. 88, 860 (1952) 

“R.A. Schmitt and N. Sugarman, Phys. Rev. 95, 1260 (1954) 

Obtained from Metals and Controls, Inc., Attleboro, 
Massachusetts 

16 Aron, Hoffman, and Williams, U. S. Atomic Energy Commis 
sion Report AECU-663, 1951 (unpublished) 
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thick at 9.9 and 5.2 Mev, respectively. Kafalas and 
Irvine’ have measured energy straggling in Cr 
absorbers. Assuming that these data are equally 
applicable to the Al and Dural absorbers, we calculate 
the energy bands to be 13.6+0.6 Mev, (9.9_0.7*°*) Mev, 
and (5.2_,,+') Mev. For convenience we refer to the 
latter two energies as 10 Mev and 5 Mev. 

Irradiations were for 10 to 60 min at beam intensities 
of about 20 microamperes. In most runs the target 
area was smaller than the beam area. In these cases 
only relative yields of fission products were determined. 
For the cross-section measurements, the target area 
was substantially larger than the beam area and 
accurately positioned to capture the entire beam. 
The beam intensity was monitored by a thermocouple 
that had been calibrated against a Faraday cup." 


B. Chemical Separations 


After irradiation, the target foil and Al envelope 
were dissolved in 4M HCI and conc. HNQOsg. Dilute 
HO, was added to convert all the U in solution to the 
hexavalent state. The solution was diluted with HCl 
to make a stock solution from which aliquots were 
withdrawn for various chemical operations. The chem- 
ical methods are briefly described in the Appendix. 


C. Counting 


All counting was done on a set of three intercalibrated 
thin-wall, cylindrical, flow Geiger counters, } in. in 
diameter and 5 in. long, of a type that has been 
described.” The counting gas was 98.7% He and 1.3% 
isobutane at one atmosphere. For high counting rates 
the usual 2 in. of Pb shielding was used. Anticoincidence 
shielding in addition to massive Fe shielding was used 
to reduce background for samples of very low activity. 
Background rates were about 35 counts per minute 
inside 2 in. of Pb and about 2 counts/min with anti 
coincidence inside 6 in. of Fe, The plateau slopes of 
the counters were about 2% per 100 volts over a 
200-volt region. 

Samples that had been obtained on thin filter paper 
(~8 mg/cm’) were mounted on_ half-cylinders of 
Lucite (420 mg/cm’) that fit the 
counters in close cylindrical geometry. All counting 
corrections applied were those developed especially” 
for these conditions, Nuclides were identified within a 
given chemical fraction by half-period and absorption 
characteristics. In were there 
deviations from literature values.” 

7 P, Kafalas and J. W. Irvine, Jr., Phys. Rev. 104, 703 (1956) 

16N.S. Wall, Massachusetts Institute of Technology (private 
communication, 1956) 

1% Sugihara, Wolfgang, and Libby, Rev. Sci. Instr. 24, 551 (1953) 

A. D. Suttle, Jr., and W. F. Libby, Anal. Chem. 27, 921 
(1955). 

4a W. EF. Libby, Phys. Rev 
29, 1566 (1957 

” Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
469 (1953) and K, Way ef al., Nuclear Data Cards (distributed 
veriodically by the National Research Council, Washington 
; ¥ 
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Fic. 1. The factor by which an observed activity must be 
multiplied in order to remove the backscattering contribution 
from thick Lucite is plotted as a function of the reduced sample 
thickness, 1/14, where / is the sample thickness in mg/cm? and 
x, is the absorption half-thickness in the same units. o Sr™ 
(4=1.463 Mev), @ As” (Hg=0.700 Mev), © Pr'® (2g=0.932 
Mev), @ Br™ (/4g=0.940 Mev) 


Suttle and Libby” have shown that in cylindrical 
geometry with thick samples, truly exponential absorp- 
tion of 8 particles occurs, and Libby* has found that 
the half-thickness in mg/cm? of Al(a44!) for a given 6 
particle is related to the maximum £ energy £g in 
Mev by the relation: 


xh! 38E43. (1) 


In other absorbers of weight-average atomic weight M, 
the absorption half-thickness in mg/cm’, x,™, is given*! 


as 
127 
aM u( “ ). (2) 
100+-M 


Libby’s formulas*' apply to samples in which the 
thickness is greater than one absorption half-thickness. 
Under these conditions the contribution from back- 
scattered radiation is small. For samples thinner than 
this, backscattered 8 particles contribute appreciably 
and an experimental absorption curve for a single 8 
will show curvature due to the softer scattered compo- 
nent. We have measured as a function of sample thick- 
ness the contribution of backscattered 8 rays in Sr® 
and some other monoenergetic 8 emitters by measuring 
the deviation from linearity in the absorption curve. 
From these measurements a backscattering correction 
factor can be obtained. Figure 1 shows the correction 
factor as a function of reduced sample thickness //x, 
(sample thickness divided by absorption half-thickness). 
Counting rates were corrected for this effect assuming 
that the same correction was applicable to all 8 energies. 
This problem arose since many chemical fractions 
contained several 8 components due to different 
nuclides or complex decay schemes and it was not 
convenient to make the sample thick with respect to 
all energies. While the Libby method” *! was developed 
for simple decay schemes (one § only), it has been 
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used successfully also for complex decay schemes™* 
in which the abundances were known. 

Corrections for external absorption by counter wall 
(2.70 mg/cm’), air (0.5 mg/cm*), and sample cover 
(0.9 mg/cm?* of Mylar), as well as self-absorption in 
the sample, were made using the Libby method. 
Experimental half-thicknesses were used when they 
had been measured; otherwise Eqs. (1) and (2) were 
used to calculate a half-thickness. 

Observed activities were corrected also for saturation, 
counter dead-time (0.18% per thousand counts/min), 
and geometry factor. Total fission yields were then 
computed for the mass number by applying corrections 
for parent half-period and for estimated fractional 
chain yield! of the species measured. Finally, formation 
cross sections were calculated from known beam 
intensities and the number of U atoms in the target. 


III. RESULTS 


The formation cross sections for each mass chain 
measured are listed in Table I and the distribution for 
35 mass points is shown in Fig. 2. By integrating each 
mass distribution, we obtain the total fission cross 
section to be 3.5, 86, and 430 mb at 5, 10, and 13.6 
Mev, respectively. 

Each datum in Table I is the mean of at least two 
determinations (three or four in the 13.6-Mev case) 
except in the case of those shown without error. 
The error indicated is simply the mean deviation of 
replicate experiments and is not intended to represent 
the errors of the experiment. On an absolute basis 
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Fic. 2. Yield-mass distribution in deuteron-induced fission of 
natural U with deuterons of 5, 10, and 13.6 Mev. Open symbols 
are data obtained at Clark University; closed symbols are M.L.T. 
data.’ The yields of Ru'® and Ce! are considered to be only 
upper limits. The yield of Ru™ has been neglected in drawing the 
smooth curve. The 129-chain yield has been taken as twice the 
Sb™ yield (see Table I, footnote m). 
™W. F. Libby, U. S. Atomic Energy Commission (private 
communication, 1956). 





FISSION YIELDS 


TABLE I. Chain yields of products formed in the fission of natural 
uranium with deuterons of 5, 10, and 13.6 Mev. 


Nuclide 
isolated and 
measured* 


13.6 Mev Da(bkgd) 


10 Mev KR 
(mb) Dea(5Mev) 


(mb 


Mass 
No. 


49-hr Zn 0,005 
38-hr As» 
2.40-hr Bre 
53-day Sr 
58-day Y 
10-hr Y 
65-day Zr4 
17-hr Zr 
+72-min Nbe 
43-day Ru 
4.5-hr Ruf 
l-yr Ru 
*30-sec Rhe 
$4-hr Cd 
43-day Cd 
9-hr Sb 
28-day Sb» 
93-hr Sb 
9.3-hr Te® 
4.6-hr Sb 
+72-min Te® 
8.14-day I 
2.4-hr It 
20.5-hr I 
12.80-day Ba 
33.1-day Ce 
13.7-day Pri 
280-day Ce 
*17-min Prk 
11.3-day Nd 
54-hr Pm 
27.5-hr Pm 
47-hr Sm 
15.4-day Eu 
15.4-hr Eu 
18.0-hr Gd 


0.017 
0.19 40,04 
1.76 +.0.06 
2.3401 
29 

205 +15 3.5 +0,2 


+0.2 


233 +16 2 
14142 6 
13443 6 
4 
7 


120 +20! ’ 

48+0.5 0.73 40,03 
0.046 +-0,004 
1.2+0.1 
0.35 +-0,02 


0.4 +0,2! 


1.56 4.0.06 


120 


3.0+0.3! 
1640.1 

0.8 

0.5 
0.334001 
0.132 +0,002 
0.076 40,002 
0,039 +0,001 


183 


0.66 +0,08 
0.45 +-0.06 
0.21 +0.01 


Mean 
ratio: 
bkgd/ 
5 Mev 0.92 


Total fission 


cross section 3500 ub 86 mb 430mb 


* Observed half-lives are given. See reference 22 for literature values 

» Yield of As?’ calculated assuming branching ratio of 12-hr Ge™ to 
59-sec Ge?’ is 0.52 as given by N. Sugarman, Phys. Rev. 89, 570 (1953) 

© Yield of Br® calculated under the assumption (reference 1) that 45°% 
of the 83 chain passes through 26-min Se®™. 

4 Counted through 10.1 mg/cm? of Al to minimize Nb* contribution. 

* Counted equilibrium mixture 

‘ Counted through 26.2 mg/cm? of Al to absorb conversion electrons of 
Rh 0m, 

«Counted equilibrium mixture through 26.2 mg/cm? of Al to absorb 
radiations of Ru! and Ru!, 

»b Mass assignment not certain, not observed in thermal fission but found 
in 14-Mev neutron fission of U*, J, Barnes and M., Freedman, Phys, Rev. 
84, 365 (1952); sum of the yields of the 9-hr and 28-day species plotted as 
point for mass 126 in Fig. 2. 

' Measured I! in equilibrium with 77-hr Te*; yield is that of parent. 

) Measured Pr’ in separated cerium fraction in which 33-hr Ce! had 
decayed; yield is that of parent. 

* Counted equilibrium mixture through 
radiations of Ce! and Ce, 

! Upper limit, contribution of long-lived impurities possible 

™ According to Pappas (reference 52), in thermal-neutron fission of 
U the mass-129 chain yield should be taken as twice the Sb!™ yield. The 
yields in this table are for Sb'™; in Fig. 2 the chain yield has been plotted 


70 mg/cm? of Al to absorb 


the cross sections for producing each nuclide are 
probably no better than +25%,. The largest fraction of 
this error is attributed to uncertainties in the beam 
intensity. The relative yields are believed to be good 
to +10% except in the case of certain nuclides obtained 
with very low counting rates (Zn, As’’, Ru™, Ru, 
Cd#*™", Ce™) and those for which chemical yield data 
were uncertain (Pm, Pm! ). Thus, the absolute 
fission cross sections obtained by integration of the 
smooth curves are probably not better than + 30%, 
The results of the background runs (more absorber 
than the range of the deuterons) are also given in 
Table I. In column 6 are given the ratios of saturation 
activities D, for the nuclides measured in both the 
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background and 5-Mev irradiations. Presumably the 
fission observed in the background runs was due to fast 
neutrons. The constancy of the ratios averaging 0.92 
indicates that nearly all the observed fission at 5 Mev 
can be attributed to fast neutrons. The true deuteron- 
fission cross section at 5 Mev is probably less than 0.5 
mb. 

From a consideration of the magnitudes of the fission 
cross sections, it is clear that neutron fission could not 
have contributed significantly to the observations made 
at 10 or 13.6 Mev. If the mean fast-neutron fission 
cross section of U** is taken to be 0.5 barn,™ it is 
calculated from the saturation activities of the back 
ground run that the neutron intensity on the entire 
target with 308 mg/cm? Al absorber was 2.3 10"/min 
or about 3X10-* of the deuteron intensity. The 
assumption has been made that the percent fission 
yields of the various nuclides observed in the back 
ground irradiation are the same as those in the 5-Mev 
irradiations, 

The smooth-curve mass distributions in Fig. 2 are 
based on directly measured experimental points. No 
assumption was made about the symmetry of either 
peak or about a symmetry line between the peaks. 
Some general observations can be made in regard to 
the distributions shown. 

1. The general shape of the curves in the neighbor- 
hood of the peaks is the same at all energies. 

2. In all three mass distributions it appears that the 
heavy peak is somewhat narrower than the light 
peak although the difference is probably within 
experimental error. The same effect, due to a low 
shoulder on the heavy side of the heavy peak, has been 
observed® in the thermal-neutron of Pu 
and a similar effect has been reported by Petruska 
et al.** for U™ fission. 

3. The curves at 10 Mev and 13.6 Mev are closely 
superposable except for an increased relative yield 
for the lightest nuclides (As’’,Br®) at 13.6 Mev. ‘The 
close similarity is not understood. 

4. The wings of the curves spread much more than 


19g 
246 


fission 


those, for example, for the thermal fission’’ of | 
Far out on the wings the logarithmic values of the 
yields are linear with mass number. The limiting slopes 
d logy/dA for the linear region as calculated from Fig. 2 
and from other work in the literature are given in 


“7. J. Hughes and J. A. Harvey, Neutron Cross Sections, 
Brookhaven National Laboratory Report BNL-325 (Superintend 
ent of Documents, U.S. Government Printing Office, Washington, 
D. C., 1955) 

% —. P. Steinberg and M. S. Freedman, Radiochemical Studies 
The Fission Products, edited by C. D. Coryell and N. Sugarman, 
(McGraw-Hill Book Company, Inc., New York, 1951), National 
Nuclear Energy Series, Plutonium Project Record, Vol. 9, Div. IV, 
Part VI, Paper 219 

26 Petruska, Thode, and 
(1955). 


27 E 


Tomlinson, Can. J. Phys. 33, 693 
P. Steinberg and L. E. Glendenin, Proceedings of the 
International Conference on the Peaceful Uses of Atomic Energy 
Geneva, 1955 (United Nations, New York, 1956), Vol. 7, p. 3 
paper No. P/615 
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TaBLe II. Limiting slopes dlogy/dA on light and heavy wings 


Slopes d logy/dA 


Light Hea 
Type of fission wing wing Keterence 
U* (5.Mev d,/ 
U2 (10.Mev d./ 
U*™* (13.6-Mev d,/ 
U*® (thermal n,/ 
Ph (6-11 Mev n,/ 
Th (8.0.Mev p,/ 


0.26 
0.20 


0,22 This work 
0.15 This work 
0.18 0.15 This work 
0.53 0.435 27 
0.32 10 
0.450 13 
Th® (9.3.Mey pt) 0.28 13 
Th® (13.3-Mev p,F) 0.29 13 
The (17.8 Mev pF) 0.28 13 
Ph* (21.1-Mev p,/ 0,25 13 
U** (22-Mev X,F)* 0.17 11 
U™* (48-Mev X,F)* 0,21 14 
Pu™ (thermal n,/ 0.29 25 


* bremsstrahlung fission (X,F) 


Table Il. The 13.6-Mev deuteron curve is the broadest 
one (lowest absolute slope) for which yield data are 
available out so far (A<83, A>153) with the possible 
22-Mev 
from 


exception of the photofission of U* with 
bremsstrahlung." The slope computed data 
reported" for 48 Mev, however, is higher than this. 

5. The v/p ratio is a sensitive indicator of excitation 
energy of the fissioning nucleus (see Sec. B under 
Discussion below). The wings appear to be almost as 
sensitive to energy change. In Fig. 3 the ratio of 
formation cross sections 13.6 Mev to 5 Mev is plotted 
logarithmically as a function of mass number. The solid 
curve is the ratio of smooth curves taken from Fig. 2. 
The open circles represent points calculated from the 
Clark experimental data of Table [. Closed circles are 
similar points from M.I.T. data.’ Ratios measured at 
both Clark and M.I.T. are indicated by open circles 
when agreement is good. The detailed shape of the 
curve is not known with certainty. The ratio for both 
the very light and very heavy masses is large although 
115. In the 


none is as much as one-half the ratio at 


1000, 
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Number 


Fic. 3. Ratio of formation cross sections, 13.6 Mev to 5 Mev, as 
a function of mass number. The solid curve is based on the smooth 
curves of Fig. 2. Open circles are calculated from the data of 
lable I. Closed circles are similar values for M.I.T. data.’ Ratios 
for masses measured at both Clark and M.I.T. are indicated by 
open circles when agreement is good 
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very asymmetric regions (A<83, A>153) the ratio 
curve is linear with A, increasing with increasing 
asymmetry. The limiting outer slopes d log (o13.6/05)/dA 
for light masses (—0.065) and heavy masses (+ 0.063) 
have the same magnitude within experimental error, 
implying that light- and heavy-mass yields change in 
the same way as the deuteron energy is changed. 
The comparison is not altogether valid since the 
fissioning nuclei with 5- and 13.6-Mev deuterons are 
not the same (239 and 240, respectively; see Sec. B, 
Discussion). However, on the average 1.5+0.7 fewer 
neutrons are emitted at the lower energy (see Sec. A, 
Discussion) which should compensate for the difference 
in mass. There are insufficient data available in the 
literature to compare these results with those for other 
fissile nuclei or other bombarding particles. 


IV. DISCUSSION 


A. Average Number of Neutrons Emitted as a 
Function of Mass Ratio of the Products 


Enough data have been obtained for a reasonably 
precise determination of v, the average number of 


Tasie III. Number of neutrons emitted, v, in a given fission 


mode* for deuteron energies of 5, 10, and 13.6 Mev. 


Fission mode ‘. 
(designated by mass 


of light fragment 5 Mev 10 Mev 13.6 Mev 


vee 2.9+0.8» 
2.2+0.7» 
4.0+1.5 
5.0+0.7 
5.0+0.7 


2.0+0.6! 
31+0.8 
4.1+1.0 
3.04+0.5 


* The fissioning nucleus has been taken to be mass 239, 240, and 240 
for deuteron energies of 5, 10, and 13.6 Mev, respectively 
» Obtained by extrapolation of smooth mass-distribution curve, 


neutrons emitted in a given fission mode. Determina- 
tions can be made by adding the masses of complemen- 
tary products (i.e., those of the same yield) and subtract- 
ing the sum from the mass of the fissioning nucleus. 
The v values obtained are given in Table III. The 
error in v has been estimated in the following way: 
If an error in the yield of a light product is assigned, 
this can be converted to an error in mass by assuming 
the smooth curves of Fig. 2 to be the best fit to the data. 
The error in the mass of the heavy complementary 
product is obtained by determining the range of heavy 
masses corresponding to the range in yield of the light 
mass. The error in v is taken to be the root-mean-square 
error in the masses of light and heavy products. The 
error in relative yields has been assumed to be +10% 
for masses 89 and 105 and +20% for masses 72, 77, 
and 83. In general either the yield of the complementary 
heavy mass was measured or that of an adjacent mass. 
In only three cases, noted in the table, were v values 
obtained by extrapolation. It has been assumed that 
the mass of the fissioning nucleus was 239, 240, and 
240 at 5, 10, and 13.6 Mev. From the discussion in B 
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and C below, it is clear that at least part of the fission 
observed at 13.6 Mev (and hence at 10 Mev) follows 
a stripping reaction. The average mass of the fissioning 
nucleus then must be less than 240 at the two higher 
energies so that the corresponding v values are some- 
what too large as given in Table III. The magnitude of 
the systematic error is difficult to assess but it is 
probably about 0.2. 

The trend is that neutron emission is less probable 
when highly asymmetric products are formed. (as has 
been suggested”:* from experimental data for other 
types of fission).’* This indicates that less energy 
(deformation and internal excitation) is available for 
neutron boil-off in far asymmetric fission as has been 
predicted in the statistical theory of fission.** Another 
important test lies in the determination of vy in the 
region of symmetric fission; this remains to be in- 
vestigated. Since v is relatively constant in the region 
of high yields, # (the average number of neutrons per 
fission) is taken to be the average of the v values for 
masses 89 and 105, namely 3.5, 5.0, and 5.0 for the 
three energies, each probably rehiable to +0.5 neutron. 
The present experiments cannot distinguish between 
prefission neutron emission and the neutrons that 


accompany fission, nor is it possible to determine the 


individual contributions of light and heavy fragments 
to v. It is of course necessary to estimate 7 in order to 
calculate the correction for fractional chain yield. 
If the valley-to-peak ratio and curve A of Fig. 4 are 
taken as a measure of excitation energy, 7 increases by 
1.5+0.7 units with a 7.5-Mev increase in excitation 
energy. This is consistent with the di/dk value of 
0.15 calculated by Leachman” for low-energy neutron 


4 
40 


fission 


B. Fission Asymmetry, v/ p Ratios 


Phere is substantial empirical evidence **” that the 
valley-to-peak (v/p) yield ratio in asymmetric fission 
is a measure primarily of the excitation energy of the 
fissioning nucleus and is fairly independent of the heavy 
fissile nucleus involved. In Fig. 4 the v/p ratios that 
have been reported in the literature are plotted as a 
function of the excitation energy of the fissioning 
nucleus assuming the bombarding particle is captured 
in each case. The excitation energies were computed 
from mass data.*! No single line can be drawn through 
all the points in the region of excitation greater than 
15 Mev. In this region the data seem to fall into three 
groups. Group 1 includes data for which the fissioning 
nuclei are on the neutron-rich side of the valley of 


neutron counting trom 
Isle, Pyle, Choppin, and 
do not show this trend, 
effect would be difficult to 


38 Experimental data obtained by 
spontaneous fission of Cf*® [ Hicks 
Harvey, Phys. Rev. 105, 1507 (1957 
but v is small in this case and the 
observe 

”P. Fong, Phys. Rev 

”R. B. Leachman, Phys. Rev 

' Glass, Thompson, and Seaborg, ] 
1 (1955 


102, 434 (1956); 89, 332 (1953 
101, 1005 (1956 
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IELDS 


OF N 1269 


a | } 

0.001 1 i 1 

5 20 25 
Excitation Energy (Mev) 


« 
] 


lic. 4. Valley-to-peak ratio is plotted against excitation energ 
in Mev as calculated from nuclear masses" assuming capture of 
© fissioning nuclei on the neutron 
@ fissioning nuclei which are 
| proton induced fission 


the fission-inducing particle 
rich side of the valley of stability; 
tability or are neutron-deficient ; 
Ihe dashed lines 1, B, and ¢ 
that with few represent the three 
experimental error (usually +20% in yield and +0.5 Mey in 
energy). The numbers refer to the following work: 1, reference 13; 
2, reference 27; 3, reference 10; 4, A. S. Newton, Phys. Rev. 75, 
17 1949 5 R W Spence S Atomic nergy 

Report AECU-649, 1949 (unpublished) ; 6, reference 3; 7, reference 
12; 8, this work; 9, reference 38; 10, reference 11; 11, reference 34; 
12, reference 4; 13, H. C. Richter and C, D. Coryell, Phys, Rev 
95, 1550 (1954); 14, J. R. Cuninghame, J Nuc. Chem. 4 
1 (1957) 


near 


of U™ and U™* are arbitrary line 


exceptions groups vithin 


Commission 


Inorg 


stability. Group B includes fissioning nuclei which are 
near stability or are neutron-deficient. Group C includes 


data for the proton-induced fission of U¥® and U** 
which seem to constitute a separate class. The coverage 
of published data is fairly complete. The dashed line 
1, B, and C are arbitrary lines that with few exceptions 
represent the three groups within experimental error 
(usually + 20% in yield and +0.5 Mev in energy). 
The grouping can perhaps be explained by prefission 
events. Compare two compound nuclei excited to the 
same energy (~ 15-30 Mev), one of which is neutron 
rich and the other neutron-deficient. If neutron emission 
can compete more strongly with fission’ in the 
neutron-rich nucleus, it is possible that fission occurs 
from a state of lower average excitation energy for a 
neutron-rich nucleus as compared to that of a neutron 
This smaller v/p 


ratios for neutron-rich same apparent 


deficient nucleus would lead to 
nuclei of the 
excitation energy. 

‘Taking curves A and B to represent extreme ranges 
and our v/p ratios of 0.021, 0.14, and 0.17 with deuterons 
of 5, 10, and 13.6 Mev, we find the expected excitation 
energies of the fissioning nuclei to be 10, 14-16, and 
14.5-18 Mev, respectively. The range for the 13.6-Mev 

"EF. J. Winhold and [. Halpern, Phys. Rev. 103, 990 (1956) 

‘Glass, Carr, Cobble, and Seaborg, Phys. Rev. 104, 434 (1956 
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case is shown as a horizontal line in Fig. 4. Mass 
calculations" show that deuteron capture at 10 and 
13.6 Mev leads to excitation energies of 18 and 21.6 
Mev. The discrepancy can be explained if it is assumed 
that some of the fission events followed a (d,p) or (d,n) 
stripping reaction. 

In a study of the energy spectrum of the protons 
emitted in the stripping reaction of 14-Mev deuterons 
on natural U and other heavy elements, Aschenbrenner™ 
found that, on the average, the excitation energy left 
in the residual nucleus was about 10 Mev. The v/p 
ratio with 10-Mevy excitation energy from Fig. 4 is 
about 0.021. If 20% of the fissions at 13.6 Mev occurred 
with 10-Mev excitation and 80% with 21.6-Mev 
excitation, the v/p ratio would be 0.2(0.021) +0.8(0.25), 
which within experimental error is the same ratio we 
observe at 13.6 Mev. 

On the other hand, it is clear that the contribution of 
fission following stripping could not be large. It might 
he argued that the fission we observe follows a stripping 
reaction that leaves the residual nucleus excited to, say, 
14 Mev. Aschenbrenner’s results indicate that in 
heavy nuclei the number of low-energy protons emitted, 
which would correspond to large excitation of the 
residual nucleus, is relatively small.*® The magnitude 
of the 13.6 Mev 
(430 mb) seems very much too large to have followed 
only a small fraction of stripping reactions. We 
conclude that at 13.6 Mev, fission predominantly 
follows deuteron capture, although some contribution 


observed fission cross section at 


from fission following stripping is necessary to account 
for our 0/p ratios. In an accompanying paper’ sub 
stantially the same conclusion is drawn independently 


from charge-distribution data. In Sec. C below, some 
quantitative estimates are made of the contributions 
of capture and stripping preceding fission. 

Although this argument is based on proton spectra, 
the same notions should be applicable to neutron 
spectra and fission following a (d,m) reaction 

Because of the general similarity of the mass distribu 
tions and the v/p ratios, we feel that 10-Mev and 
13.6-Mev fission are nearly the same although the part 
played. by stripping may be somewhat different in the 
It is of interest to note that the calculated*® 
cross sections of the compound nucleus 
100 and 670 mb with 10- and 13.6-Mev 
1.5X10~" cm), in about 
ratio as the total fission cross sections of 


two cases. 
formation 
Np™ are 
deuterons respectively (ro 
the same 
lable I 
With 5-Mev deuterons the calculated*®® formation 
cross section is less than 10~* mb. Our results indicate 
that nearly all the fission we observe can be attributed 


“FA. Aschenbrenner, Phys. Rev. 98, 657 (1955) 

For example, the cross section (reference 34) for total proton 
production [(d,p) reactions and electric breakup] of Pb®* bomb 
arded with 14.8-Mev deuterons is 363 mb. Less than 10% of 
these stripping processes leave the residual nucleus with more 
than 14-Mev excitation energy 

*°M. M. Shapiro, Phys. Rev. 90, 171 (1953) 
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to neutron background. The v/ p ratio is consistent with 
fission induced by neutrons of about 5 Mev. As pre- 
viously stated the contribution of fission following 
(d,p) stripping must be small. 

Jones et al.” have argued that if the logarithm of the 
v/p ratios is plotted against (Z*—5)~!, where E* is 
the excitation energy (in Mev) of the fissioning nucleus, 
a straight line results. Since the quantity (Z*—5)~} 
has the dimensions of a reciprocal temperature, it is 
suggested that the slope of the line is a measure of the 
difference in energy required for symmetric versus 
asymmetric fission. When v/p ratios recently obtained 
in this work and elsewhere are plotted on such adiagram, 
we find that no straight line can be fitted. In fact the 
data shown in Fig. 4 are more consistent with a straight 
line when the abscissa is taken to be (/*)~! (as in 
U** photofission") although there are large random 
deviations. 


C. Analysis of Cross Sections for 
Deuteron Reactions 


As indicated in the discussion above, the magnitude of 
the v/p ratio strongly suggests that most of the fission 
events follow the formation of a compound nucleus in 
which the whole deuteron is captured. However, it is 
well known that deuteron bombardment often results 
in excited nuclei in which only the proton or neutron 
has been captured, and the other particle is rejected 
by the residual nucleus* (stripping). Experimental 
studies of proton spectra and proton angular distribu- 
tions from the (d,p) reaction on heavy nuclei (forward 
peak in angular distribution of low-energy protons) 
show that some interactions of the stripping type 
result in highly excited nuclei. It is the purpose of this 
section to make a quantitative estimate of the contribu- 
tion to fission from the various possible excited nuclei. 

Three different excited nuclei can be formed from a 

target T: (1) [T+ )]}* resulting from (d,p) stripping, 
(2) [T+ p]* resulting from (d,n) stripping, and (3) 
[7 +d }* resulting from deuteron capture. The excited 
nuclei are assumed to have the properties of the 
compound-nucleus model, that is, the energy is distrib- 
uted throughout the system and there is no memory 
of the mode of formation. Experimental cross sections 
for deuteron reactions and the spectra of protons and 
neutrons resulting from stripping processes furnish 
enough information to calculate cross sections for 
rarious modes of excited-nucleus formation and the 
probability of resulting decay processes. The existence 
of direct interactions such as (d,/) and (d,He*) does not 
invalidate this treatment provided that few fission 
events follow these processes. 

Let o1, a2, and a; be the cross sections for excited- 
nucleus formation by (d,p) and (d,n) stripping and d 
capture, respectively; ‘gn, ‘g2n, etc. be the probability 
that the ith excited nucleus emits one neutron, two 
neutrons, etc., possibly followed by y emission; ‘g, be 
the probability that only y emission occurs; and ‘gr 
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be the probability that fission occurs whether ac- 
companied by the emission of particles or not. Measured 
reaction cross sections will be denoted as follows: 
o.a,r), the fission cross section; o(4,n), the (d,m) cross 
section, etc. Restricting the incident deuteron energy 
Ea to less than 25 Mev and considering only fissile 
nuclei, we obtain the following relations : 


O(d, F) = 91 | ‘Op) + o2(*qr) . a3(*gr), 


F(a, n) = 02(*gy) +03(*Gn), 


7 (d, 2n) o2(*dn) +o3(*Gon), 


19 ‘ 
0 (d, 3n) o2(*gon) +03(*qan), 


T (d, p) a1 (‘gy). 


Theoretically” the probability of charged-particle 
evaporation (‘ga, ‘gp, etc). from high-Z nuclides is 
expected to be extremely low, as borne out by the 
magnitudes of (d, a xn) and (a, p xn) cross sections.2 4 
These probabilities can therefore be considered to be 
negligible. Thus, we may normalize: 


dat dn + ‘don + ‘Op Ry (6) 


Gt dnt "Gant "qe=1, (7) 


7] n + "Qo n + 4g an “f- “Or 1 . 


When the energy of the protons /, is less than Eq 

-2.23 Mev, the residual nucleus is excited 
the threshold for neutron emission and this or fission 
is very likely to occur; otherwise only y emission can 
occur. For Eqs. (9) and (10) this principle is used 
to give gy. 


(8) 


above 


O(d,p)> Wa p(En> Ea 2.23) 
1 - = 
Jy E ; 


0 (d, p) T(d, p) 


Pas_e [V. Summary of cross sections and decay probabilities used 
in the calculations for the U™* target 


( ross section 


(mb) 13.6 Mev 


430+ 150 
22+10 
O(d, 2n 55 + 5 
Old. 3n) 0 
1804-30 


20 Mev 


9004 


Reference 


300 This work, 7 


3, 4, 39 


Od, F 
O(d, ] 
5 a 

3,4, 39 
100+ 20 39 


Oid,j 


Decay 
J robability 


0.40 40.10 0.20+0.10 34 
0 0 b 
0 at) b 
0.95+0.03 0.98 4-0.02 3, 33, 38 
0.008 +0.007 0.003 40.003 3, 33, 38 
" 0.054-0.04 0.01+0.01 3, 33, 38 
an 0 0.01+0.01 3, 33, 38 


‘Dy 


®W. W, Crane and G. M. Iddings of California Radiation 
Laboratory, Livermore (unpublished data 


Estimated 


University 


47 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physic 
John Wiley and Sons, Inc., New York, 1952), p. 373 

%S. E. Ritsema, University of California Radiation Laboratory 
Report UCRL-3266, 1956 (unpublished 
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PaBLe V. Calculated cross sections for excited-nucleus formation 


the source of fission, and probabilities of decay for the U™* target 


Mode 13.6 Mey Mev 


200 mb 
70+50 mb 
$754 200 mb 

O.1+0.1 
().04_0 o4*?! 
O.8+0.2 
0.5+0.2 
competitive O.1+0.1 
decay 0.5+0.2 
probabilities 0 
0.2+0.2 
0.3402 


4504 500-4 200 mb 
70+ 50 mb 
7004350 mb 
0.2+0.1 
0.02_0.02°°" 
0.7540.25 
0.45+40.25 
0.3540.20 
0.454-0.25 
O1+401 
0.304015 
0.154010 


(d,p) stripping 
dn) stripping 
d capture 
fractional 
source ol 
fission 


O(d, n)> O(a, n)(En> ha 2.23) 


“dy (10) 


T(d, n) Tidn 


Since (d,p) stripping and (d,m) stripping are similar 
, differing only in the effect of the Coulomb 
field, their qg’s should be similar. Relative magnitude 
of these 'g, and *g, values can be estimated from 
proton and neutron spectra and fission thresholds, 


kK 1 *q ny 
K 2 “dy ° 


processes 


‘On (1 1) 


‘dy (12) 


Unlike stripping processes, the deuteron-capture 
process gives a compound nucleus with a definite 
excitation energy /*. The probability of fission of this 
heavy nucleus is so great (0.9 to 1.0) at the excitation 
energies of interest that it can be accurately estimated 
from a-particle excitation functions’*** of Np*’, 
Pu®*, Pu, and U™*. 


(13) 


“Op - [ Ova, F)/ > %C0 r) Ime 


The probabilities of neutron boil-off (not followed by 
fission) are so small that a large error (factor of 2 or 
3) is permissible in their estimation. Relations analogous 
to Eq. (13) can be used for this purpose. 

The present status of experimental information 
severely limits the accuracy of the calculation. Never 
theless, as far as the source of fission is concerned 
[percent of the fission events resulting from (d,p), 
(dm) and d capture |, an informative solution can be 
obtained. This is true because one process (d capture) 
is the predominant source of fission and its error is 
out in of its fission 


thus canceled the calculation 


contribution. 


(fi) ai dr ar ‘gv. (14) 


(fraction of fission from a,) 

Calculations were made for ky=20 Mev and 13.6 
Mev; at lower energies the uncertainty in the 'q, 
factor was too great. Table IV summarizes the experi 


mental quantities and the approximations; 
Table V gives the results. The solution was obtained by 


used 
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Protons 


Relative Number 








Energy E, or E, 


A comparison of proton and neutron spectra from 
stripping reactions. The proton spectrum was taken from 
reference 34 and the neutron spectrum is hypothetical. Excited 
nuclei which result after events in region I can only emit y’s; 
nuclei from events in region II probably emit only one neutron ; 
those in region III probably emit two neutrons or undergo fission 


Fic. § 


successive trials; a value was taken for a3, the unknowns 
were determined, and the resulting calculated value 
of 74 was required to be consistent with the trial value. 

The fission cross sections were taken from a smooth 
curve drawn through the values of Hicks and Gilbert? 
and the values reported here. The (dn) and (d,3n) 
cross sections for U™*® have not been measured, so an 
arithmetical average was taken***9 of oc, ,) and ova, an 
for Tha™, Pu, Pu’, Pu’, and U™. 

The 
were used to estimate 'y, with the assumption that 
protons from electric breakup are unimportant.” If 


proton spectra measured by Aschenbrenner 


this assumption is incorrect, one would expect the 
contribute more 
2.23 which would 


electrically broken deuterons to 
protons to the energy region L, < lq 
increase the value of 'g,. This in turn would decrease 
the calculated value of o, and its corresponding con 
tribution to the fission processes. Similar experiments 
now in progress at Los Alamos by Stokes, Boyer, and 
Northrup‘ 
electric breakup. The Los Alamos group is also measur 
ing the coincidences of protons and fission events 
induced by 14-Mev deuterons on U*® and U*®, 
Neutron spectra have not been measured ; therefore, 
eq. (9) could not be used. The A values in Kqs. (10) 
and (11) were assumed to be Ay=1, Ae=90.75, on the 
following reasoning. The only difference between (d,p) 
stripping and (d,n) stripping is the effect of the Coulomb 


should give more direct information on 


field on the proton. Therefore, one would expect the 


protons from (d,p) stripping to carry away from the 


excited nucleus more kinetic energy than neutrons from 


(d,n) stripping. This implies that the neutron spectra 


would be similar to the proton spectra with, however, 


a larger contribution from lower energy particles 


Thus, neglec ting the differen es in ex ited nuclei 1 and 


#1, M. Slater, University of California Radiation Laboratory 
Report UCRL-2441, 1954 (unpublished) 
Stokes, Boyer, and Northrup, Bull. Am 
2, 207 (1957). — 
Vole added in prov Dr J 
inform us that their value of /; ts 


mate of Table \ 


Phys. Soc. Ser. II 


\ Northrop and Dr R. H. Stokes 


~0.04, in accord vith the esti 
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2, one would expect 'g, to be larger than *g,; the sum of 
‘ge and ‘qo, to be smaller than the sum of *¢p¢ and 
‘Gan; and *g, to be rather close to 'g,. This is illustrated 
in Fig. 5 which shows a comparison of the proton 
spectrum and the neutron spectrum which may 
reasonably be expected. Vertical lines separate regions 
where the residual nucleus is expected to yield mainly 
(1) y emission, (2) one-neutron emission, (3) fission 
and two-neutron emission. 

Considering the above approximations and the 
precision of the available cross sections, one sees that 
the calculated o’s and q’s are accurate to only about 
50%. Thus a detailed discussion of the variation of 
these quantities with energy is not possible at this 
time. It is considered significant, however, that a large 
fraction of the fission events follow deuteron capture. 
This result is borne out by the deuteron fission yields: 
(a) the v/p ratio discussed in Sec. B which shows an 
excitation energy of the compound nucleus only slightly 
less than that calculated by deuteron capture, and (b) 
fractional chain yields which show! that the charge of 
the average excited nucleus which undergoes fission 
is greater than the charge of the target nucleus. 

The determination of 0), 72, and 3 involves a number 
of approximations. However, the reliability of the 
results may be substantiated by the following considera 
tion. Since 04, a2, and a3 are determined by the target 
deuteron interaction and are independent of the mode 
of decay, their values for U“* should be nearly the same 
as those for a nucleus of comparable size such as Bi’. 
More complete cross-section data*! are available for 
deuteron reactions with Bi*’ and a-particle reactions 
with several Pb isotopes. Thus, a more accurate 
calculation of cross sections for excited-nucleus forma- 
tion may be made. Indeed it is found that o, o2, and 
a; for Bi’ are within 25% of those obtained for U™*. 
Hence the approximations shown in ‘Table IV are 
justified, 
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APPENDIX. SUMMARY OF CHEMICAL 
SEPARATION PROCEDURES 


Che chemical procedures used are based on standard 
methods “~“ ir the removal of fission-product elements 
from solutions of the U target. Minor modifications 
were introduced in some cases to reduce contamination. 
A summary of the methods and specific references 
follow. 

Zinc.—Precipitated as ZnHg(SCN),, scavenged with 
Bi.S;, precipitated as ZnS, repeated evaporation with 
HBr, scavenged with Fe(OH);+ BaCOs. Final sample” 
ZnHg(SCN)«. 

Arsenic.—Precipitated as As»S;, extracted as AslI, 
from 3M HCl+conc. HI into CHC1;,“° reduced with 
Cr** to elementary As. Final sample As. 

Bromine.—Oxidized with KMnQ, to Bro, extracted 
into CCl, purified from I, by reduction with NH,OH 
‘HCI and back-extracted into H»O, extracted into 
CC|,. Final sample” AgBr. When the target was UOs, 
dissolved with cold 6M HCl; when the target was 
metallic U, dissolved with HCI—HNOs; containing 
H,O2. An NaOH trap was used in the latter case to 
catch any volatile Br species. Under these circumstances 
no Br loss is expected. 

Strontium and Barium.—-Precipitated as (Sr,Ba) 
(NOs3)2 with fuming HNOs, scavenged with Fe(OH)s, 
precipitated Ba as chromate, Sr as oxalate, final 
samples® BaCl,-H2O and SrC,0,4- H20. 

Zirconium.—Scavenged with LaF, precipitated 
BaZrk’s and Zr(OH), followed by BaSO, scavenging, 
extracted Zr from 2M HC! into 0.4M thenoyltrifluor- 
(TTA) 


) 


acetone solution in benzene.” Final sample 
ZrOrv. 

Ruthenium.—Distilled RuOy, HCIO4— HgPO, 
solution plus NaBiOs, precipitated Ru,O; and RuO, 


with ethanol, reduced to elementary Ru with Mg 


from 


Final sample” Ru. 


Cadmium.-Precipitated CdS, dissolved in 6M HCI, 


® Selected papers from reference 25 

Selected papers from Los Alamos Report 
1954 (unpublished) 

4 Selected papers from University of California 
Laboratory Report UCRL-4377, 1954 (unpublished 

5 J. M. Siegel and L. FE. Glendenin, reference 25, Paper 226 

 R. J. Prestwood, reference 43, p. 91 

? Glendenin, Edwards, and Gest, reference 25, Paper 232 

'* .. E. Glendenin, reference 25, Paper 236 

“” G. M. Iddings, reference 44, p. 45 

“LL. FE. Glendenin, reference 25, Paper 260; M. A 
reference 43, p 91 


LA-1721 (rev.) 
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scavenged with PdS and basic Fe acetate. Final sample® 
CdNH4PO,: HO 

Antimony.—Extracted Sb(V) into isopropyl ether 
from 1M HCl, reduced with NeHy- HCl to Sb(ITI 
and back-extracted into KSCN 
scavenged with elementary Te, reduced with Cr*' 


aqueous solution, 
Final sample® Sb. 

Todine.—Carrier as I~, oxidized by 
reduced to ly, CCl, reduced with 
NaHSO; and back-extracted, oxidized with NaNO 
(Br~ not oxidized) to I, extracted, and cy¢ le repeated 
Final sample™ AgI. Iodine was separated only from 


ClO” to 1O, 


extracted with 


metallic U targets. Target was dissolved in 20 ml 4M 
HCI+-10 ml conc. HNO,+1-3 drops 30%, HeO». In 
some irradiations an NaOH trap was used to catch 
possible volatile I species, in others there was no trap 
The observed I fission yields were the same within 
experimental error with and without the trap 

Rare earths (except cerium) and yllrium.-About 20 
my each of carrier Y, Gd, Eu, Sm, Nd, and Pr added 
to aliquot of target solution. Rare-earth hydroxides 
precipitated in presence of Sr and Ba. Hydroxides 
dissolved in cone. HCI and solution passed through 
the anion exchanger Dowex-1. Rare earths precipitated 
as fluoride, H,yBOs, 
Zr3(PO,4)4. Successively precipitated as fluoride and 
HC] 


precipitated as hydroxide, adsorbed on the cation 


dissolved in scavenged = with 


hydroxide, passed in con through Dowex-l, 
exchanger Dowex-50 from acid solution,” transferred 
resin cm? X45 cm) of 50-X 12, 
colloidal mesh, in ammonium form. Rare earths 
eluted with 0.70M ammonium lactate, pH 3.32, at 
room temperature, flow 0.15-0.20) ml/min 
Radiochemically pure fractions obtained in 
yields of 60-80%. Y eluted after 2 column volumes, 
Pr after 12. Final sample (RE)o(C2O4),: 10HLO. Pm 
carried on Lag(C204)3-10H.20. 

Cerium. —-Precipitated as Ce (III) hydroxide, scay 
enged with Zr(1O3)4, oxidized by BrO, 
Ce(103)4, HC] 
Repeated hydroxide-iodate cycle. Final 
Cey(C,04)4: 10 HO. Mass 143 measured by 
13.7-day Pr from previously separated Ce fraction 
Final sample Pre(C204)3°10 H,O 


to column (1 Dowex 


rate” 
( hemi al 


, precipitated 
Dowex ] 


sample ° 


passed in cone. through 


eparating 
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Nuclear Charge Distribution in the Fission of Uranium and Thorium 
with 13.6-Mev Deuterons* 


J. M. ALexanvert anv C. D. Corvei 
Laboratory for Nuclear Science and Department of Chemistry, Massachusetts Institute of Technology, Cambridge, Massachusetts 
(Received July 18, 1957) 


Measurements have been made of independent fission yields and valley-to-peak ratios in 13.6-Mev 
deuteron fission and fast-neutron fission of U®* and Th. From these measurements the conclusion is 
drawn that deuteron capture precedes a large fraction of the deuteron-induced fission events. The primary 
distribution of yields along a mass chain can be adequately explained by the postulate of equal charge 
displacement with the same distribution curve found applicable in low-energy neutron fission, best results 
requiring a slightly greater tendency for neutron emission in the heavy fragments. 


I. INTRODUCTION 


XPERIMENTAL studies of the fission process in 
heavy nuclei (A > 230 with less than about 30 Mev 
incident energy) have always revealed the familiar 
double-humped yield-mass curve. The valley yields 
(minimum at symmetric fission) have been found to 


be extremely sensitive to excitation energy and to be 
related in only a secondary way to the charge and mass 
of the fissile nucleus.' The fission yields of shielded 
nuclides have been measured in several cases of low- 
energy (<3 Mev) neutron fission, and these yields 
show a strong sensitivity to the charge and mass of 
the particular fissile nucleus? The yields of shielded 
nuclides also have a strong energy dependence,’ * due 
to variation in the number of neutrons emitted in 
fission, 

Measurements of valley yields and yields of shielded 
nuclides thus furnish two excellent supplementary 
tools for the study of fission induced by deuteron 
bombardment. This study was undertaken to obtain 
information concerning the nature of the deuteron 
interaction with the heavy target nucleus, and to 
extended knowledge of the distribution of fission yields 
along a mass chain 


Il. EXPERIMENTAL PROCEDURE 


The mounting of J and Th foils for deuteron bom- 
ment was identical to that described in the preceding 
paper.' For fast-neutron bombardment 10-gram samples 
of cp. Th(NOs)4:4H,O were placed in plastic tubes 
directly behind the Be target of the M.L.T. cyclotron. 
The energy of the neutrons extends from 0 to 19 Mev. 

The irradiated samples of U or Th metal were 


* Supported in part by the U. S. Atomic Energy Commission 

t Present address: Radiation Laboratory, University of 
California, Berkeley, California 

1 Sugihara, Drevinsky, Troianello, and Alexander, Phys. Rey 
108, 1264 (1957), preceding paper. See this paper for general 
references 

*E. P. Steinberg and L. E. Glendenin, Proceedings of the 
International Conference on the Peaceful Uses of Atomic Energy, 
Geneva, 1955 (United Nations, New York, 1956), Vol. 7, p. 3, 
Paper No. P/614 

3. P. Ford, U. S. Atomic Energy Commission Report AECD 
3597 (unpublished) 

‘A.C. Wahl, Phys. Rev. 99, 730 (1955) 


dissolved in HCl (6 to 12M) in most experiments. 
Under these conditions a black residue is formed 
which must be dissolved before aliquots are taken, A 
few milligrams of Nak were sufficient to bring all the 
Th into solution, and 1 ml of HNO; completed the 
dissolution of U. When halide activities were separated, 
there was a possibility of loss by volatilization in the 
addition of HNO;. This was avoided by having I 
and Br- carriers present during the dissolution process 
which was carried out in a distilling flask with a 
2M NaOH trap to catch any Br, or I; that may have 
been carried over. The basic solution was then added 
to the original solutions before any separations were 
made. Chemical separations were performed according 
to methods outlined in the appendix. 

After short bombardments (1 to 10 minutes) samples 
were separated with measured chemical yields for 
the determination of Br, Br, Sr’, Ag!®, Ag!®, 7! 
14 7% Ba, and Ba; and after longer irradiations 
determinations were made of Br™, Br, Rb*® Sr, 
Ag", Ag! [181 [18 C5186 Cs!87, and Bal. 

End-window proportional counters were used for 
the counting of radiation, usually from the first-shelf 
position. Corrections for scattering and absorption® 
relative to the standards (Ba'” and Sr**) were calculated 
to be less than 5% in all cases except Br, Cs'*, and 
Cs'*7, These nuclides have soft 6 radiation, and the 
absorption correction was in some cases as much as 
40%. For the nuclides I, I, and I'*°, y radiation 
greater than 0.6 Mev was counted in order to eliminate 
the contribution of Xe daughters. Corrections due to 
the resolving time of the counters were never greater 
than 5%, 


Ill. EXPERIMENTAL RESULTS 


Table 1 summarizes the experimental results for 
fission yields relative to Ba'” for U™* fission and relative 
to Sr® for Th fission. The deuteron energy in Mev is 
given in subscripts. The errors shown in the table 
represent the mean deviations of separate determina 

*A. C. Pappas, Technical Report No. 63, Laboratory for 
Nuclear Science, Massachusetts Institute of Technology, 1953 


(unpublished) ; Atomic Energy Commission Report AECU-2806 
1953 (unpublished 
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TABLE I. Deuteron and fast-neutron fission yields for natural uranium and thorium 


Nuclide isolated 
and measured 


35.8-hr Br> 
143-min Br‘ 
31.5-min Br 
19.5-day Rb 
54-day Sr 
7.6-day Ag 
3.2-hr Ag? 
5.3-hr Ag 
21.1-min Ag® 
8.07-day I 


(1.0+0.1)* 10°% 


0.19+0.01 
0.2340.01 


1.12+0.20) K 10°' 


0.61+0.07 
0.37 +0.02 
0.35+0.03 
0.25+0.01 
0.2740.02 
0.62+0.01 


Uranium fission yields 


(relative to Ba!) 
dio 


9110 

0.15+0.03 

0.21+40.02 
«2.9K 10" 

0.52+0.05 

0.30 

0.30 

0.32 

0.30 

0.77 


2.3-hr I! 
52.5-min | 
6.7-hr I 
13.7-day Cs 
30-yr Cs 
85.0-min Ba 
12.8-day Ba 


1.07+0.10 1.21 


0.057 +0.006 
1.33+0.16 
1.24+4-0.05 
1.05% 


1.52+0.03 
1.22+0.10 
1.05» 


* The accompanying paper (reference 1) gives e\ 


» Measured relative to Br®, 


0.049 +0.001 


idence that the fission in this case i 


Thorium fission yields 
(relative to Sr®™) 


Asitact ny" dine fast » 


(1.140.3)«10™ 
0.3440,02 
0.40 
2.5X10°' 

100 

0.31 

0.31 

0.25 

0.27 

0.36 

0.82 

1.008 
1,208 
0.04+0.01 
1.25+0.02 
0.85 

0.87 : 1.12 


<3.6X%10 
0.29+0.01 
0.46 

«1.8104 
100 
0.046 
0.051 
0.067 
0.071 


«7X10 
0.11+0.01 
0.20+0.01 


0.57 40.04 
0.040 
0.044 
0.033 
0.035 

0.48 

0.96 


7.6+0.4)& 10 
1.04 


(1.74+0.7) X10°* 
1.09+0.08 
1.20+0.13 
1.00 


largely induced by fast neutron 


© The fraction of the 83 chain passing through 26-min Se® was found to be 0.45 +0.09 
4 3,2-hr Ag"? was separated from 21-hr Pd'? during equilibrium; the yield is therefore that of Pd 


¢ A correction has been applied (references 17 and 18) for 28% of the.115 chain which #8 decays through 


20-8ec Ag 


{2.3-hr 1 was separated from 77.7-hr Te'** during equilibrium; however, a correction was applied for the yield of I) 


« The yields were measured by comparison to uranium fission and are based on estimated values of 1.50 for P™ and [* from big 
4 5% correction was applied for the yield of La! in deuteron fission 


» Yields were normalized to 1.00 for Ba! 


' Upper limit, contamination from Ra®* possible 


tions. Duplicate analyses were made in two or three 
different experiments for all measurements of uranium 
yields in 13.6-Mev deuteron fission. When no error is 
given, the result is a single determination. Systematic 
errors due to relative counting efficiencies are probably 
about 10% for all activities except the soft 6 emitters 
Br, Cs*, and Cs'*’. In these cases this error may be 
as great as 25%. The yields given in Table I (with the 
exception of Br, Rb**, and Cs'**) have been corrected 
for charge distribution® as will be described and isomeric 
decay.” They can therefore reasonably be assumed to 
represent the cumulative yields of the respective mass 
chains. 

Figure 1 shows the dependence of cumulative fission 
yield on mass number for Th” fission ; a corresponding 
figure for U** fission was shown and discussed in the 
preceding paper.’ All measured yields for Th™ were 
reflected about mass number 114.5 by analogy to the 
deuteron and fast-neutron fission! of U™*, in which 
cases the reflection principle was justified for this 
mass region. A close similarity to pile-neutron fission* 
of Th™ is observed in the position of the peaks and in 
the general shape of the curve. The very broad region 
of low yields in the valley of near-symmetric fission is 
quite striking and a more detailed study of yields in 
this region would be interesting. 

Table II gives the fractional chain yields for the 
six species accessible in this study. The estimation of 
fractional chain yields f of those nuclides shielded 


® The correction was less than 2% except for the yields of 
Bal and Te'!* 

’ Twenty-eight percent of the 115 chain decays through 20-se« 
Ag''5™ directly to Cd!" (see references 17 and 18) 

* A. Turkevich and J. B. Niday, Phys. Rev. 84, 52 (1951) 


Pot reterence 1 


against formation in 8 decay by the occurrence of 
stable isobars of Z—1 (Br*, Rb**, Cs!*) requires 
knowledge of a cumulative chain yield by interpolation 
of the smooth yield-mass curve. The fractional chain 
yields of I’, Te™, and I were measured by the 
counting of iodine samples separated immediately 
after bombardment and comparing to samples separated 
much later. Only those y’s with energies greater than 
0.6 Mev were counted, in order that the 2.3-hr I, 
52.5-min I, and 6.7-hr I'* components would be 
favored with respect to 20.9-hr I and the 8,07-day 
I. The soft y’s of 5.3-day Xe™ and 9.2-hr Xe 
the 


were completely eliminated and decay curves 


resolved as suggested by Wahl.‘ The measurements of 


yes 


ve Fission 


Relat 


i 4 1 | 
100 10 120 I~ 140 sO 
Mass Number A 


Fic. 1, Cumulative chain yields for Th™ fission vs mass number 
A, relative to Sr™.@ measured points for 13.6-Mev deuterons, 
and © the same plotted against 229-4; @ measured points for 
fast neutrons (0-19 Mev), and “A the same plotted against 
229-A. Compare Fig. 2 of reference 1 for corresponding data 
for U™* fission 
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lium fissi 


diane 


1.340.135) 104 
43«K10% 
0.114001" 
0.45" 
0.41+40.04 
0.037 40.005 


of data described in the text 


nal chat ‘ omputed tor 


laspie I] 


n yield 


dio 


12x10? 
8x10 


0.030+0.001 


culations 


aa: te. 


Fractional chain yields 


Dotan 


“<1K10% 
0.04 


0.144-0.02 
1.24+0.5)10 


described in the text 


fractional chain yields for I and I are unaffected 
by counting corrections because only the relative 
activities of different samples are required. ‘The major 
ource of error in these measurements is the resolution 
of the decay curves with the aid of half-periods taken 
from the literature.‘ 

A correction for the yields of Xe and Xe™ was 
applied by successive approximations as follows: The 
distribution of yields along these chains was assumed to 
be identical to the Gaussian charge distribution found 
in low-energy fission,’ and sucéessive approximations 
were based on this curve. First the Xe independent 
yields were assumed negligible ; the measured fy: 0r fyi 
then determined a value of Z—Zp; from this value of 
of Z—Zp the fxo or {xe was estimated from (2+1) 

Zp; the measured fy or fy was correc ted by this 
amount and the process was repeated until stable 
values of f,« resulted. This correction was about 10% 
for the 13.6-Mev deuteron yields of I'** and negligible 
in all other cases. 

The measurement of the extremely low yields of 
Br and Rb* is always difficult because of the pos 
sibility of interference from the same species produced 
by neutron activation of natural Br and Rb impurities 
in the material, In Table II the observed 
activity was considered to be due mainly to impurities 


target 


wherever the symbol < appears. The yields could be 
examined for the presence of impurities by comparing 
the energy dependence of the fission cross section to 
the energy dependence of the (d,p) cross section. 
The Br"! (d,p) cross section® decreases by a factor of 
~2 from a deuteron energy of 13.6 Mev to 10 Mev 
whereas the fission cross section drops by ~5. Therefore, 
if Br*! impurity were responsible for the observed 
activity of Br’, there would have been an apparent 
increase of the fission yield by the factor ~2.5 as the 
deuteron energy was dropped from 13.6 to 10 Mev 
\ slight decrease in the fission yield of Br® in this 
energy region proves the absence of appreciable interfer 
ing contamination. On the other hand, the observed 
activity of Rb** seems to have been largely the result 
of contamination and only an upper limit could be 
determined for its yield. Comparison of the fractional 
that Br" 


chain yields in U and Th fission indicates 


Clarke and |. W. Irvine, Jr., Phys. Rev. 66, 231 (1944 


contamination 


COR TV EUL 


1.4K 10°* 
<4 10 
0.15+0.02 
<0.43" 
0.43+0.04 
0.033+0.001 


and ignoring fsy'*, which may 


is negligible in Th 


ields 

fast Hn 
<5.2K 10-5 
<3xK104 
<0.04 


0.077 +-0.04 
6.3+0.3)K 10-4 


be about 0.07, 


and 


that 


Rb*’ 


contamination is probably equally serious in Th and U. 


IV. DISCUSSION 
A. Charge of the Excited Fissile Nucleus 


It has been shown by many investigators that the 
ratio of the cumulative yield in the valley of symmetri: 
fission to the maximum peak yield is mainly determined 
by the excitation energy (J*) of the fissile nucleus. A 
correlation of the experimental information published 
to date! indicates that a given value of the excitation 
energy fixes the valley-to-peak ratio (v/p) within a 
factor of about two. The data from all kinds of fission 
indicate that 2/p for any particular kind of fission is a 
smoothly increasing function of Z* with no peaks or 
dips outside the experimental error in the energy region 
of interest. We have taken as a representation of the 
dependence of »/p on E* the broken curve shown in the 
three parts of Fig. 2. This is a smooth curve passing 
through the points?’ for U%°(n,F) [Fig. 2(A)], made 


bb 


7 
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R : { 


Tn®2(n or d,F) 


U235(n F) U258(n or d,F) 
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lic. 2. Comparison of fractional chain yields f with valley-to 
peak ratios v/p through the effective excitation energy E*. 
Broken line, master curve for v/p vs E*. Points in part A, literature 
data (references 2, 3, 4) for U™* neutron fission. Points in parts 
B and C are the data from Table II, with abscissas taken from 
the fit on the v/p— E* master curve 


R. W. Spence, Atomic Energy Commission Report AECU 


645, 1949 (unpublished 
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TABLE 


UM +n 


0.021+0.004 
(1.2+0.6) XK 10™8 
0.14+4-0.03 


U™* +13.6-Mev d 


0.17+0.03 
0.037+0.01 
0.41+0.05 


Th®?+n 


0.043+0.010 
(6.34+3.0) K 10™ 
0.08+0.04 
<5.2K 10-5 


Th™ +13.6-Mev d 


0.24+0.5 
0.033-+0.006 
0.43+0.05 
(1.4+0.3) x 10™8 


parallel to curve A in Fig. 3 of Sugihara ef al.' With the 
aid of this curve, the £* values were estimated from 
v/p ratios for U™*(m or d,F) and Th™(n or d,F) from 
this work. 

The other curves in Fig. 2(A) show the energy 
dependence of fractional chain yields in U"°(n,F) for 
Br*, Cs8® and I'*4 from the literature.?~‘ In Figs. 2(B) 
and 2(C) are shown the corresponding fractional 
yields from Table II with £* calibrations obtained as 
described above. From the figure it is evident that the 
fractional chain yields increase much more rapidly 
in the deuteron fission of Th® and U“* than one would 
expect from the normalization of excitation energy of 
U*°(n,F). Table III gives the comparison of this 
variation of fractional chain yields and v/p ratio. 
The second and third columns give the values for v/p 
and f observed for fast neutrons and 13.6-Mev deu- 
terons on U** and Th”, and the fourth column the 
ratio of the value at high energy to that at low energy. 
The fifth and sixth columns give the corresponding 
U™® reference values interpolated on the curves in 
Fig. 2(A) for the same excitation energies E*. The 
last column gives the ratios for the U® reference curves. 
The estimated errors shown in columns 2 and 3 have 
been increased from those in Table II to take into 
account systematic errors. The high errors in column 4 
represent the difficulties of quantitative determinations 
of very low-yield species. 

In essence the ratios of f values in column 4 referred 
to those in column 7 indicate how fast fractional chain 
yields increase in deuteron fission compared to neutron 
fission of U™* for a given increase in 0/p ratio. It is 
seen that the f values increase with energy in deuteron 
fission much faster than do the v/p ratios. 

From these large increases of f, the conclusion is 
drawn that in deuteron-induced fission either the whole 
deuteron or at least its proton is captured by the target 
nucleus. This decreases the neutron-to-proton ratio of 
the excited fissile nucleus and correspondingly decreases 
the neutron-to-proton ratio of the fission fragments, 
thus raising the yields of the shielded nuclides near 6 
stability (Z>Zp). The excitation energies' of 16 to 21 
Mev and 14.5 to 18 Mev which correspond to the 
experimental v/p values for Th” (dj5.6,/) and U™* 
(di3.6,/") suggest that of the fission 


most events 


ie f 6-MEV DEUTERONS 


III. Comparison of fractional chain yields f and valley-to-peak ratios v/p in different fission processes 


Reference 
ratio 


Observed 
ratio 


8.142.1 


31416 
2.9+0.7 


[ [28 4+ 45 +n 


0.17 
0.041 
0.41 


8.1 
6.8 
1.46 


0.021 
0.006 
0.28 


Reference 
ratlo 


Observed 


ratio U3 +n mo 4-H 


5.6 
6.1 


0.24 
0.067 
0.45 
4.1X10" 


0.043 
0.011 
0.32 
9x 104 


5.64+1.9 
52428 

5.44+2.8 
>27 


1.56 


by deuteron 


is born out by a more 


follow compound-nucleus formation 
capture. This 


quantitative analysis' of the mechanism of fission 


conclusion 


based on measured cross sections for various deuteron 
reactions. 


B. Charge Distribution 


In the correlation of fractional chain yields, the 
assumption! is usually made that the charge distribu 
tion is independent of the mass of the fission fragments. 
This assumption has led to a remarkable correlation of 
the data from low-energy neutron fission when used in 
conjunction with the postulate of equal charge displace 
ment of a primary fission-fragment pair.2>" This 
postulate requires the following relation for the most 
probable charge Zp of a fission product of final mass A, 
after the emission of v; neutrons’: 


Zp? Z(ay4)- A Ziarget+Ziac 4) ¥) Zc | (1) 


where Ze and Ac denote the charge and mass of the 
compound nucleus formed by the target plus bombard 
ing particle, and Z, is the most stable charge" asso 
ciated with mass number A. 

The postulate of equal charge displacement has been 
put in question in the region of the 50-proton shell by 
measurements! of an appreciable fractional chain yield 
of I'** in the pile fission of U**® and Pu’. Kennett and 
Thode'*® have shown that a postulate of maximum 
energy release in fission predicts variations in Zp neat 
for the 
surprisingly high yield of I'**. However, it is clear from 
any mass formula that this method of calculating Zp 


the 50-proton shell which would account 


predicts longer chain lengths in the heavy fragments 
than in the light. The reason for this is the increasing 
flatness of the isobaric mass parabolas with increasing 
mass. We have tried to correlate the measured fractional] 


"EL. E. Glendenin, C. D. Coryell and R. R. Edwards, in 
Radiochemical Studies: The Fission Products, edited by C. D 
Coryell and N. Sugarman (McGraw-Hill Book Company, Inc., 
New York, 1951), Paper No. 52, National Nuclear Energy Series, 
Plutonium Project Report Vol. 9, Div. 4; L. E. Glendenin, 
Technical Report No, 35, Laboratory for Nuclear Science and 
Engineering, Massachusetts Institute of Technology, 1949 
(unpublished) 

"C.D. Coryell, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Stanford, 1953), Vol 2p 305 


TJ. Kennett and H. G. Thode, Phys. Rev. 103, 323 (1956 
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chain yields in low-energy neutron fission? with Z—Z,’, 
calculating Zp’ by the method of maximum energy 
release.‘* The Levy mass formula'’ was used in this 
calculation, but similar results would be expected 
from other mass formulas. There was a great scatter 
of the data, which seemed to preclude clear dependence 
of fon Z—Z>’, although the points for heavier masses 
tend to show longer chain lengths. No improvement 
was observed by making computations for maximum 
energy boil-off. Until 

evidence continue with 


release before neutron more 
the 
postulate of equal charge displacement to determine Zp. 
As the excitation energy of the compound nucleus 
the of neutrons emitted 


increases, and the analysis of fractional chain yields is 


is adduced, we shall 


is increased number also 
made more difficult. Large uncertainties due to shell 
closure are introduced in the quantity Z(4,4+) of Eq. 
(1). If post-fission neutron emission is more pronounced 
from either the heavy or the light fragments, the 
assumption of a charge distribution curve independent 
of mass is more likely to be in error. Any correlation of 
the independent yields must be made with the know] 
edge of these sources of difficulty. 

Goeckerman and Perlman'® have shown that fission 
of Bi by 190-Mev deuterons is best explained by the 
postulate of unchanged charge distribution rather than 
that of equal charge displacement. This postulate 
requires equal charge-to-mass ratio for fission products 
and the fissile nucleus, 


Le 
Zp" ( Jas 
Ac~i 


where @ is the average number of neutrons per fission, 
or if primary products are considered, 


A ba ( Jit 


These equations predict shorter chain lengths in the 


Li 
(3) 
Ay 


heavy fragments than in the light, which the equal 
charge-displacement postulate (as modified by Pappas®) 
also predicts if many more neutrons are boiled off the 
heavy fragment than the light. 

There must be a transition in the charge distribution 
from equal chain lengths observed in low-energy fission 
to shorter chain lengths observed for heavy fission 
products in the 190-Mev region. Independent yield 
measurements by Gibson'® in the fission of Np?*? 
suggest that the 
distribution is almost complete when the excitation 


transition to unchanged charge 


energy of the compound nucleus is ~25 Mev. This 
conclusion is based on the fractional chain yields of 


“H. B. Levy, Phys. Rev. 106, 1265 (1957); J. Riddell, Atomic 
Energy of Canada, Ltd. Report CRP-654, 1956 (unpublished) 

'° R. H, Goeckerman and I. Perlman, Phys. Rev. 76, 628 (1949) 

'6W.M. Gibson, University of California Radiation Laboratory 
UCRL-3493, 1956 (unpublished) 
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3.2-hr Ag! and might be invalidated by the presence 
of an isomer of Ag", which is not unlikely in the light 
of the large number of isomers in this region.'7-'* 

Fractional chain yields have also been measured** 
in the 14-Mev neutron fission of U?*. Figure 3 shows 
these yields in relation to position in chain as calculated 
by Eq. (1), filled squares for equal charge displacement, 
and by Eq. (2), open squares for unchanged charged 
distribution. The latter postulate is seen to give a 
discontinuity between data for heavy and light frag- 
ments, while the former gives a reasonable fit to the 
charge distribution curve found to apply to low-energy 
neutron fission. The assumption was made in Fig. 3 
that »;=0.57=2.5. The fit would be improved if 
were taken as 3 for the heavy fragment and 2 for the 
light. This tendency has been predicted by the statis- 
tical theory of fission." 

The excitation energy of the compound nucleus in 
this case of neutron fission is ~21 Mev, which is about 
the same as the excitation energy in 13.6-Mev deuteron 
Sand Th*®”. Therefore the yields from 
deuteron fission reported in this paper would be 
expected to lead to a similar correlation. However, the 
postulate of unchanged charge distribution has been 


fission of U*8 


reported to be more successful'® in the @ fission of 


Np**? at an excitation energy of ~25 Mev. 

Figure 4 shows the fractional chain yields from this 
work for U*** fission correlated with Z— Zp predicted by 
the two postulates in question, and Fig. 5 is a similar 
plot for Th*® fission, The species whose yields are 
plotted are identified by symbols along the left side at 
the same ordinate level. The smooth curves shown on 
the two figures are the same, and identical with that of 
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Fic. 3. Comparison of fractional chain yields for 14-Mev 
neutron fission of U® with postulated Z7—Zp values. Literature 
data (references 3, 4), assuming that »;=0.57=2.5 and that Zp 
is calculated by two different postulates: @ Eq. (1), equal 
charge displacement, and (1) Eq. (2), unchanged charge distribu 
tion. Horizontal bar, Zp uncertain because of shell effect on Z4 
Smooth curve taken from Glendenin (reference 2) 


17 4. C. Wahl and N. A. Bonner, Phys. Rev. 85, 570 (1952) 

‘8 Alexander, Schindewolf, and Coryell, Massachusetts Institute 
of Technology Laboratory for Nuclear Science Progress Report 
for May 1957 (to be published) 

" P. Fong, Phys. Rev. 102, 434 (1956) 
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Glendenin.’"' Capture of the whole deuteron in 13.6- 
Mev deuteron fission followed by the emission of 2.5 
neutrons from each fragment was assumed for the 
calculation of Zp by equal charge displacement, and 
for fast-neutron fission, the emission of 1.75 neutrons 
from each fragment. Because of the effects of nucleon 
shells” on Z,4, the value of Zp computed by Eq. (1) 
has uncertainties for primary fragments with composi- 
tions very near a shell edge, as reflected in the abscissa 
spread for certain species. This point is discussed 
further by Pappas.® It is clear that a charge distribution 
independent of mass cannot be obtained by the conven- 
tional application of unchanged-charge-distribution 
equations (2) or (3). A ratio of ~4:1 must be taken 
fOr Viight: Vieavy In order to get a reasonable fit if primary 
products (before neutron emission) are considered. 
This alternative seems very unlikely. 

Unfortunately, in the application of equal charge 
displacement [Eq. (1) | only Br® and I'* are unaffected 
by uncertainty in Z(4;4+) due to shell closure. Within 
the uncertainty, all the points except fi" in Th(fast 
n,F) lie on the distribution curve found to apply at low 
energies. As in neutron fission of U**, a better fit 
would be obtained if vheavy/Miight © 2.8/2.2 .The explana- 
tion for the low yield of I'* in this case might be a 
fine-structure peak at mass 134 due to preference for 
the 82-neutron species Te!**. Such is the explanation 
given for the same effect in U**°(thermal n,/), although 
it is not apparent why fine structure would be found 
in Th?*(n,F) but not U?**(n,F). 

It should be noted that if (d,p) stripping preceded 
fission in most cases, the application of equal charge 
displacement would move all points 0.5 unit toward 
greater Z—Zp which would give a smooth charge- 
distribution curve that would sum to more than 1.3, 
which is impossible. 

We conclude that equal charge displacement gives 
a reasonable picture of the results. The question now 
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Fic. 4. Comparison of fractional chain yields in U** fission 
with postulated Z—Zp values. Circles, 13.6-Mev deuterons, 
v=5.0, squares, fast neutrons, )=3.5; filled symbols Zp by Eq 
(1), equal charge displacement, and open symbols Zp by Eq. (2), un 
changed charge distribution. Smooth curve taken from Glendenin 
(reference 2) 
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Fic. 5. Comparison of fractional chain yields in ‘Th®* fission 
with postulated Z—Z, Circles, 13.6-Mev deuterons 
p= 5.0; squares, fast neutrons, P= 3.5; filled symbols Zp by Eq, (1) 
and open symbols Zi by hq 2 . 
Smooth taken trom 


values 


equal charge displacement 
unchanged charge distribution 
Glendenin (reference 2) 


curve 


arises about the best choice of Z‘ai+) for those 
nuclides affected by shell closure. It might be expected 
that Z(ai4n) would be taken from a single Z4 vs A 
line,”’ or that it would possibly show a gradual transition 
with excitation energy from the Z,4 of one shell region 
to that of the next. The latter effect would cause the 
yields of Cs'**, I'*, and Rb* to rise more rapidly with 
energy than other yields the same distance from Z p 
Comparison of Cs!** and Br® yields in this work and in 
U?%5(n F) does show this effect 
Wahl‘ treated the fractional chain yields in | 

(14-Mev n,F) and showed that the Z—Z>, correlation 
could be taken to be the same as that for low-energy 
fission by assuming ? of about 5, but he considered that 
there was insufficient evidence that the nuclear-charge 
distribution pattern remains the same. Ford’ presents 
the case for close similarity in the distribution patterns, 
using data for Br®, ['#, [#4 Cs!*6 
(14-Mev n,F). The conclusion from the present work, 


and from | 

based on still more extended study, is that the postulate 
of equal charge displacement can be extended to fissile 
compound nuclei with atomic numbers 90 to 93 and 
excitation energies 10 to 20 Mev, with no large change 


being required in the charge-distribution curve derived 


from low-energy fission yields 
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APPENDIX. SUMMARY OF CHEMICAL 
SEPARATION PROCEDURES 


Ihe chemical procedures for the separation of Br, 
Sr, I, and Ba have been outlined in the preceding 
paper.’ The procedures employed for the separation 
of Rb, Ag, Cs anes 


* Selected papers 


and are standard methods with 
from Radiochemical Studies: The Fission 
Products, edited by C. D. Coryell and N. Sugarman (McGraw-Hill 
Book Company, Inc., New York, 1951), National Nuclear 
Energy Series, Plutonium Project Record, Vol. 9, Div. IV 

2 Selected papers from Los Alamos Report LA-1721 
1954 (unpublished 
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slight modifications as indicated in the following 
outline. 

Rubidium and cesium.—Precipitated as cobaltinitrites, 
Cs separated from Rb as CsBizIy; supernate containing 
Rb scavenged by 5 more CsBizIy precipitations. 
BieS; and I, removed from the Rb fraction. Ba and Sr 
specifically removed as carbonates. Rb»SnCl._pre- 
cipitated. Final sample RbCIO,. 

CsBiyly dissolved ‘in HCl and scavenged with 
Fe(OH); and Bi(OH);. Cs precipitated as the silicotung- 
state followed by several precipitations of CsClOs. 
Vinal sample CsClO,. 

Silver.—Precipitated as AgCl. Two cycles of AgeS 
precipitation followed by Fe(OH); scavenging. Ag 
reduced to metal by Zn powder. Final form AgCl. 
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The 615-kev isomeric state in Ta’ was excited by 6-Mev bremsstrahlung gamma rays 


Ihe half-life 


and gamma ray spectra were measured with a NaI(TI) scintillation detector. The measured half-life is 


18.14+0.3 psec 


The relative intensities of the 134-kev, 346-kev, and 482-kev gamma rays and the 56-kev 


x-ray from internal conversion are 57, 16, 100, and 32 and agree with the results obtained from the excitation 


of this state by beta decay of Hf 


INTRODUCTION 


HE (7,7) process in nuclei has been demonstrated! 
with incident gamma rays of discrete energies 
by the process of resonance elastic scattering (the ¥ 
and y’ having the same energy). A search for this 
elastic scattering using incident gamma rays with a 
until 


recently’ because of the large background from non 


continuous energy spectrum was unsuccessful! 


resonant interactions. In the present work, information 
about the related process of inelastic nuclear gamma-ray 
scattering is obtained by using a pulsed beam, the 


inelastic gammas causing transitions to an isomer 


state which persists after the beam pulse. The purpose 


INI* and to 


is to investigate the reaction ‘Ta!"'(y,y')Ta 
compare the properties of the isomer with those of 


la''* produced by 8 decay of Hi'™ 


Excitation of the 615-kev isomeric state in ‘Ta'*! by 


bremsstrahlung gamma rays has been reported* ° 


* Research supported by the U. S$. Atomic Energy Commission 

t Socony Mobil Postdoctoral Fellow 

'K. G. Malmfors, in Beta~ and Gamma-Ray Spectroscopy, 
edited by K. Siegbahn (Interscience Publishers, Inc., New York, 
1955), p. 521 

? FE. Hayward and E. G. Fuller, Phys. Rev. 106, 991 (1957) 

'S. H. Vegors, Jr., and P. Axel, Phys. Rev. 101, 1067 (1956 

‘'T. F. Godlove and J. G. Carver, Phys. Rev. 99, 1634(A) (1955) 

R.A. Becker and N. H. Brown, Phys. Rev. 90, 328 (1953) 


\n estimate of the yield is given 


but owing to background difficulties no detailed analysis 
of the gamma-ray spectrum has been obtained. The 
Ta'*"* half-life as determined by pulsed gamma-ray 
excitation has been reported as 16+3 ysec, 18.54+2.5 
usec, and 20.5+0.4 usec. 

Ta'** is also formed by beta decay of Hf'™ and the 
isomeric activity has been studied extensively from 
in this manner.** Gamma-ray 
multipolarities have been assigned on the basis of 


sources obtained 
internal conversion coefficients and angular correlation 
measurements. The decay scheme of the 615-kev 
isomeric state as reported by Boehm and Marmier® 
is shown in Fig. 1. Half-life determinations by delayed- 
coincidence measurements between the Hf'*' beta rays 
and the Ta'*'* gamma rays have varied from 22 psec 
to 18.8+-0.5 psec 
METHOD 

The Yale linear electron accelerator was used to 
produce electron pulses which had an amplitude of 
250 milliamperes, a duration of 1.2 usec, a repetition 


*S. DeBenedetti and F. K McGowan, Phys Rev 70, 569 
(1946). 

’H. S. Murdoch, Proc. Phys. Soc. (London) A66, 944 (1953) 

* De Brunner, Heer, Kundig, and Riietschi, Helv. Phys. Acta 
29, 463 (1956) 

°F. Boehm and P Phys 103, 342 (1956) 
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rate of 100 cps, and an average energy of 6 Mev. The 
bremsstrahlung beam from a thick gold target was 
collimated in the forward direction by a 3.5-inch 
diameter port through an 8-foot concrete and earth 
wall and impinged upon a metallic Ta sample 3.3 
meters from the Au target. 

The decay of the 615-kev isomeric level was detected 
by a Nal(Tl) crystal, 2}-in. diam by 1}% in., mounted 
on a Du Mont 6393 photomultiplier. The pulses were 
analyzed by a multichannel time-of-flight and pulse 
height analyzer system that has been described pre 
viously.” The photomultiplier tube was gated off 
during the gamma-ray flash of the accelerator pulse. 

An initial experimental difficulty was due to phos 
phorescence in the Nal(Tl) crystal induced by the 
gamma flash from the beam pulse. By appropriate 
collimation and geometry adjustment, this was reduced 
until the effect was primarily due to scattering of the 
flash from the Ta sample. This residual effect was shown 
to be small by substituting a nonisomeric W scatterer 
for the Ta sample. 





Fic. 1. Decay scheme 
of the 615-kev isomeric 
state of Ta'*' reported 
by Boehm and Marmier.* 
The numbers in paren 
theses are the relative 
intensities of the gamma 
rays 
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HALF-LIFE DETERMINATION 


Five decay curves were obtained at various bias 
settings and examples of the data are shown in Fig. 2. 

The time calibration was made with a U. S. Army 
Signal Corps BC-221 frequency meter, and the channel 
widths were also measured directly by comparison with 
the output of a crystal controlled time mark generator 
on a dual sweep oscilloscope. The measured channel 
width is 1.935+0.003 psec 


The data were fitted to exponential decay curves 


superposed on small time-independent backgrounds by 


the method of least squared deviations, and chi-squared 
tests" demonstrated satisfactory statistical fits. They 
were also analyzed by Peierls’ mean-life method." 
The results are shown in Table I with the statistical 
uncertainties obtained from Peierls’ method. The two 


Instr. 27, 437 (1956 
(McGraw-Hill Book 


pp. 775 


Schultz, Pieper, and Rosler, Rev. Sci 
UR. D. Evans, The Atomic Nucleus 


Company, Inc., New York, 1955), first edition 775 ff 


LON 


hic 2 
curves ol 


Pypical decay 

Ta'**, The 
solid lines are the least 
squared deviation fits to 
the experimental points 
Ihe energies indicated 
are the lower 
The ordinate scale is, 
correct for the 80-kev 
curve; the 140-kev and 
240-kev have 
been displaced upward 
by factors of 2 and 4 
respectively, Time gates 
1, B, and C were used 
for pulse-height analysis 
as indicated in Table II 
The abscissa is in units 
of 1.935-usec channels 


biases 


240 bev 
curves 


140 bev 


Background (60 kev) 





— as 


10 


methods and chi-squared test were used to affirm that 
an exponential curve fitted the data 

The background example shown in Fig. 2 was 
obtained with a tungsten sample of approximately 
the same thickness in g/cm? as the ‘Ta and with a bias 
of 80 kev. The constant background for the other runs 
was less than 3%, of foreground over the region analyzed 
and plotted 

The combined result is 18.1-0.3 usec for the ‘Ta! 
half-life 


4i* 


GAMMA-RAY SPECTRA 


A typical pulse-height spectrum as shown in Fig. 3 
indicates the presence of 482-kev, 346-kev, and 134-ke, 
gamma rays and 56-kev x-rays 

The peak at 134 kev is a composite of the 133-key 
and 136-kev transitions shown in Fig. 1 
446 


lo evaluate 
the 


Compton edge from the 482-kev transition, a pulse 


the correction to the peak at kev due to 
height spectrum (taken in the same geometry) from 
the 478-kev the 


B'’(nja)Li™® is shown superposed. This was 


gamma ray emitted ih reaction 


obtained 
by surrounding the Au target with a beryllium (y," 
neutron source and a hydrogenous neutron moderator 
Tai" 


Pasie I. Hall-life of 


ted are standard de 





DRAPER 


1000 





Pulse Height 


hic. 3. The histogram is a typical gamma-ray spectrum of 
Ta'™* for IIL of Table Il. The smooth curves show the 478-kev 
gamma-ray calibration spectrum from the reaction B”(n,q)Li™, 
and the background obtained when the Ta was replaced by a 


W sample 


Neutrons were otherwise absent” from the experiment 
since the bremsstrahlung gammas are below the 
neutron binding energy of all materials except Be and D. 

To compare the observed gamma-ray intensities 
with the results obtained from an analysis of the 
decay scheme® of Hf", it is necessary to consider the 
absorption of the isomeri« within the Ta 
sample. Under the assumption of uniform isomeric 
excitation throughout the sample, the counting rate 
is reduced by the factor exp(—yD)/uD due to this 
absorption. The quantity wD/v2 is the thickness of the 
sample in units of the isomeric gamma mean free path 
and the factor V2 takes account of the 45° orientation 


gammas 


of the sample with respect to the beam axis and the 
sample-detector axis. 

The variation of photopeak efficiency with gamma 
energy for the Nal crystal has been measured in this 
laboratory’ and with an interpolation of 
Bell’s results."4 Since the former calibration did not 
extend below 280 kev, Axel’s calculations'® were used 
to correct for the escape of iodine x-radiation. 

Table II lists the results obtained for a series of runs 
using different time gates and sample thicknesses. 
Various time intervals after bombardment were used 


agrees 


for pulse-height analysis in order to verify that the 


various gamma rays had the same isomeric lifetime 
Runs were made with two different sample thicknesses 
to check the corrections for self absorption in the 


sample. 
lhe summing of coincident gammas to give 482-kev 


2 The absence of neutron participation in the activation of 
I'a'™* was substantiated by a run in which the gold target was 
surrounded by Be. The change in Ta'"'* activity was negligible 
although the counting rate of a neutron monitor increased 10* fold 

13(. A, Fenstermacher, Ph.D. thesis, Yale University, 1957 
(unpublished) 

“PR. Bell (private communication ) 

1 P Axel, Rev. Sci. Instr. 25, 391 (1954 
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pulses was negligible since the crystal face was 5 inches 
from the center of the sample. 

The intensity of the direct 615-kev transition is 
smaller’ by a factor of 350 than that of the 482-kev 
transition. This direct transition was detected, but the 
counting rate was so low as to permit a verification of 
the factor 350 only to within a factor of 2. 

The experimental x-ray counting rate consists of 
contributions from both internal conversion and 
photoelectric absorption of the isomeric gamma rays. 
The expected x-ray intensity from internal conversion 
was obtained by using the internal conversion coeffi- 
cients of Boehm and Marmier’ and taking account of 
the fluorescent yield of Ta. The photoelectric contribu- 
tion was obtained by calculating the distribution of 
X-ray sources within the sample due to photoelectri 
gamma-ray absorption and computing the fraction that 
escapes into the solid angle subtended by the detector. 
The details of this analysis are given in the Appendix. 

The sixth column in Table Il shows the measured 
relative gamma-ray intensities averaged for the four 
runs. The agreement between the relative intensities 
of the isomeric gammas from Ta'*'* excited by brems- 
strahlung gammas and by decay of Hf'™ is quite 
satisfactory. 


YIELD 


An estimate was made of the yield of the isomeric 
state. Since thick target brems- 
strahlung spectral intensity are not known the yield 
is quoted for a pulse of 1.510” electrons of average 
energy 6 Mev. The Ta sample was in the forward 
direction 330 cm from the target. The yield obtained 
from analysis of Fig. 2 or Table II is approximately 
one isomeric transition per gram of ‘Ta per four beam 


the details of the 


pulses, 
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Taste II Relative gamma-ray intensities of Ta!*!* isomer.* 


Re lative intensities 


Gamma Average Boehm 
energy of this and 
kev) Ill 1\ work Marmier 


182 100 100 100 100 
346 § 5 16.6 16 16 
133 52.5 8.6 57 8657 
Potal 

59.3 52.0 
Photoelectric x-rays 

24.3 19.8 
Internal conversion 

35.0 32.2 32 


58.2 
26.6 


31.6 


amplifier gain 1 
amplifier gain 3 
amplifier gain 1 
amplifier gain 1 


rime 8-mil Ta 

Time gate B, & mil Ta 

Time gate A, &-mil Ta 

Time gate C, 4-mil Ta 
See reference 9 
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APPENDIX 
Photoelectric Contribution to X-rays 


To obtain the fraction of isomeric gamma 


rays 
absorbed in the sample, the latter is considered as an 
infinite sheet with a uniform isotropic source of isomeric 
gamma radiation. Consider a strip dx in the sample 
as a source of gamma rays which undergo an interaction 


in the strip by (see Fig. 4). The probability that a 


gamma ray emitted toward the right will interact in dy 


is given by 


dx f (s/2 cos@) exp(—ax/cos#) sinéd6ady 


0 

(Sav 2)L Ki(—ax) \dxdy, 
where s is the source strength per unit thickness, a 
is the absorption coefficient and —Ei(—ax) is the 
exponential integral.'® Inclusion of a similar term for 
gammas emitted to the left and integration over x to 
obtain the total number of gamma rays interacting in 


dy gives 


ay) + (1l—e *") 


a| D 


(s/2)dy{ 


a(D—y) Ei( 


J (y)dy ay Ei( 


y+ «(D-y)) 
To obtain the number of A x-rays produced in the 
sample, the number of gamma-ray interactions is 
multiplied by the ratio f of the number of K atomic 
of Functions (Dover Publica 


16. Jahnke and F. Emde, Tables 


tions, New York, 1945), p. 1 


ISOMER 


Fic 4, Schemiatic 
representation of photo 
electric produc tion ol 


x-rays in the Ta sample 








——— 5 —_ 








vacancies'?'® to the number of interactions and by 
the fluorescent yield (F.Y.) of ‘Ta!’ x-rays. The number 
of x-rays that escape from the sample in the solid angle 


{2 subtended by the detector is given by 


b 
(s/2)f(F.Y af e vu] (y)dy, 


where §/v2 is the mass absorption coefficient of ‘Ta 
for 57-key The v2 enters because of the 45° 
orientation of the sample with respect to the axis of 


X-rays 


the detector. The integral was evaluated numerically 
for each gamma ray. Also considered was the absorption 
in the Al packaging of the crystal and the photopeak 
efficiency of the Nal(Tl) crystal for the x-ray 
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Neutrons from the He’ Bombardment of B’’* 


KF. AjzenperG-Sevove,t Boston University, Boston, Massachusetts, and Brookhaven National Laboratory, U pton, New York, 


M. L 


ButLock,} Boston University, Boston, Massachusetts, 


AND 


Ek. Atmovist, halk River Laboratories, Chalk River, Ontario, Canada 
(Received August 15, 1957) 


The neutron spectrum from the B!(He',n)N® reaction has been studied at £ (He) =2.54 and 3.60 Mey 
by the method of proton recoils in nuclear emulsions. The Q value of the B(He*,n)N"® reaction has been 


measured to be 1.464-0.06 Mey 


The mass of N™ is then 12.02255+4-0.00007 amu. The data also indicate 


excited states of 7N™ at 1,064-0.08, 1.564-0.08, (1.97+0.10), 2.354+0.08, 3.18+0.15, and 3.46+0.15 Mev, 


in good agreement with the known levels of the mirror nucleus, ,B", At #(He*) = 2.54 Mev, the angular dis 


tribution of the ground state neutrons is isotropic within statistics in the center-of-mass system, while at 
E(He*) = 3.00 Mey, the angular distribution is peaked forward: 1(0°)/1(140°) =2.940.7, in the center-of 


mass system 


I, INTRODUCTION 


ITH the increasing availability of well resolved 

beams of He’ particles accelerated to a few Mev, 
scores of studies have been made of He*-induced re- 
actions in the light nuclei, in particular by the Van de 
Graaff groups at Oak Ridge, Chalk River, and the 
Naval Research Laboratory. A number of (He’*,p) 
reactions have been studied and have led, for instance, 
to very useful information on the levels of the 7,=0 
nuclei [7,= (N—Z)/2 |: Be®,':? C'?,?-* and N'*. 

On the other hand, there has been very little work 
done on (He*,n) reactions. The only studies made of 
states of T, 1 nuclei through (He*,n) reactions have 
been by the neutron thresholds method,®* and there 
has been no previous attempt to study the reaction 
B'°(He',n)N'. The information on N' has been very 
meager. Alvarez’'® has studied the reaction C!*(p,n)N" 
and the subsequent beta decay of N'*. He found the 
threshold energy for the C'*(p,n)N'™ reaction to be 


20.0 Mev, gt(max)=16.640.2 Mev and = 7(N!*) 


* Work supported by the U.S. Air Force through the Air Force 
Office of Scientific Research of the Air Research and Development 
Command, by the U. S. Atomic Energy Commission, and by 
Atomic Energy of Canada, Ltd 

t Now at Department of Physics, University of Pennsylvania, 
Philadelphia, Pennsylvania, Permanent address: Haverford 
College, Haverford, Pennsylvania 
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= (12.5+1)10~* sec. If one assumes the Wapstra!! 
values for the atomic masses of C!*, H', and n, Alvarez’ 
results lead to a mass of 12.0228+0.0002 amu and to an 
atomic mass excess (M—A) of 21.2+0.2 Mev for N. 
There has been no information on the excited states of 
N?!?, 

We decided to study the reaction B!°(He*,n)N™ to 
determine more accurately the mass of N!*, to locate 
the first few excited states of N'*, and to compare the 
excitation energies with those of the levels!? of the 
mirror nucleus, B!?, and with the first few T7=1 states 
in C'*, and to investigate the mechanism of a (He*,n) 
reaction at bombarding energies near the Coulomb 
barrier. 


Il. EXPERIMENTAL PROCEDURES AND RESULTS 
A. Chalk River Exposures 


The target was a 100-microgram/cm? B" layer 
deposited in the electromagnetic separator at Harwell" 
on 2-4 Au plated on 0.005-in. Cu. The percentage of 
B'° was approximately 99%. The energy of the incident 
He® particles was measured to be 2.596+0.010 Mev, 
and the total exposure was of 4.2 10* microcoulombs 
(with an uncertainty of approximately 30%). A back- 
ground exposure was made at 2.509+0.008 Mev with 
the beam hitting the copper backing for 1.5X10* 
microcoulombs. The neutrons were detected in both 
exposures by the method of proton recoils in nuclear 
The Ilford C-2 nuclear emulsions, 400 
microns thick, were wrapped in aluminum foil and 
mounted by means of binder clips to the blades of an 
aluminum camera. The plates were exposed at 10 angles 
to the incident He* beam (0°, 15°, 30°, 45°, 60°, 75°, 
9°, 105°, 120°, 135°) and at a distance of 4} inches 
from the center of the target. The plates were developed 


emulsions. 
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Fic. 1. Data at 0° (in the laboratory system) and at 2(He?) 
= 2.54 Mev. N is the corrected number of neutrons per 100-kev 
interval. £, is the neutron energy (see text for further details) 


by a method described earlier." The density of tracks 
satisfying acceptance criteria’ varied from 2200 to 
4000 tracks/cm* in the B' exposure depending on the 
angle. In the background exposure the density of tracks 
on the 0° plate was 22 tracks/cm*. The scanning and 
the measurement of the tracks were carried out with a 
Leitz binocular research microscope. An oil immersion 
objective (100X ) was used together with a pair of 10X 
eyepieces. A total of 4813 tracks were measured at the 
ten angles. At five of these angles, only proton recoil 
tracks corresponding to ground state neutrons were 
measured.’® This was done since none of the excited 
states of N'® can be said to have been clearly resolved 
and it is thus only the angular distribution of the ground 
state neutrons which is likely to be meaningful. 
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Fic. 2, The 15° data (see also caption of Fig. 1) 
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Fic. 3. The 60° data (see also caption of Fig. 1 


The range-energy table of Gibson, Prowse, and 
Rotblat'® was used to convert the lengths of proton 
tracks to neutron then 
100-kev 
tracks in each interval was corrected" for variation of 


rhe 


fractional error assigned to the number of neutrons in 


recoil energies. These were 


tabulated in intervals, and the number of 


the n-p scattering cross section and geometry 


each energy interval is the reciprocal of the square root 
of the number of neutrons in the interval. The data are 
shown as Figs. 1-4. The ground state neutron group 
appears at /},=3.9 Mev (0°) to £,=2.8 Mev (135°) 
Background measurements were carried out only at O 
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Eye} =2.54 Mev 


a 
xe otive 
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state neutrons al 
intensit 


hia The angular distribution of the ground 


Lie 2.54 Mev 


units are arbitrar 


in the center-of-mass system. The 


Phe observed background, plotted to scale, is shown on 
lig. 1 as the dark histogram at /,~1.1 Mev. The 
background tracks are probably due to the C!*(He*#,n)O"™ 
1.15%5+4-0.003 Mev®). The high plateau 
on which the neutron groups due to excited states of 
N' are superimposed is due to the three-particle 
breakup B'°+He*-n-+ (C'!+ p) calculated" 
V=0.980+0,009 Mev and an energy cutoff which 
should appear at /,=3.6 Mev (0°) to £,=2.3 Mev 
(135°) and does so. The ground State group which is 


reaction (QV 


with a 


particle-stable is cleanly resolved. The angular distri 
bution of the ground state neutrons at H(He’*) = 2.54 
Mev (this “average” energy value is the incident energy 
The 


less half the target thickness) is shown as Fig. 5 


errors indicated are statistical errors only 


B. Brookhaven Exposure 


Ihe experimental setup used was similar to that 
discussed in part A. The target was a 100-microgram 
cm® B' layer deposited at Harwell on 0.01-inch Ni 
The energy of the He* particles was 3.654+0.07 Mev, 
and the total exposure was of only 8X10* micro 
coulombs (with an uncertainty of approximately 30% ) 
because of operating difficulties. This low exposure 
resulted in a density of proton recoil tracks in the 
emulsions approximately 15° of the density in the 


4 
) 


B(He™ 


hic. 6. Data at O° (in the system) and at #(He 
3.600 Mev. Two observed proton recoil tracks due to neutrons 


vith #, = 13.3 and 14.2 Mev are not shown on the diagram 


laboratory 


OCa, AND ALMOVIST 

Chalk River plates. For this reason, a full spectrum 
was obtained only at 0° (see Fig. 6). In order to obtain 
the angular distribution of the ground state neutrons 
in the least tedious way, scanning was done with an 
objective-eyepiece combination of (45X)(10X). Only 
ground state neutrons were accepted, providing that 
the other usual acceptance criteria’* were met by the 
corresponding proton recoil tracks, and these tracks 
were measured in the usual way with the (100X)(10X ) 
objective-eyepiece combination. The ground state 
neutron groups at all angles measured (0°, 15°, 30°, 
15°, 60°, 90°, 120°, 135°) are clearly resolved'® and it 
is believed that the resulting angular distribution 
(shown as Fig. 7) is meaningful. It is based on a total 
of 386 proton recoil tracks. 
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Fic. 7. The angular distribution of the ground state neutrons at 
(He 3.60 Mev in the center-of-mass system. The intensity 
inits are arbitrary and are not the same as those shown in Fig. 5 


III. DISCUSSION OF RESULTS 
A. Background 


Before trying to determine the location of the states 
of N', the question of background from contaminants 
must be discussed. The Q value of the O'*(He’,n)Ne'* 
reaction is 2.966 Mev,!! means that no 
neutrons due to this reaction can be observed in either 
exposure. The main contamination in the region of 
interest appears to be that from C!? [C!*(He',n)O" 
1.16 Mev}. The C!*(He*,2)O" reaction con 
tributes the neutron group at 1.2 Mev (0°) and prob 
ably contributes to the neutron groups centered at 1.3 
Mev (15°) and 1.1 Mev (60°) [Chalk River exposure }, 
and at 2.2 Mev (0°) [Brookhaven exposure ]. The 
C(He',n)O" reaction has O values of 7.18, 1.91, 1.04, 
0.34, 0.27 (etc.) Mev corresponding to the transitions 
to the ground state and the excited states of O'*. It is 
only the neutron groups corresponding to the excited 
states of O' which would appear in the region of the 
first few states of N'*. Since C" is only a one percent 
isotope of natural carbon, and since very few high- 


which 
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TABLE I 


in Mev) 
60° * 


Vv alues 


15° 


0.34 
0.11 
0.51 
0.90 


0.41 
0.09 


0.96 


« (Het) =2.54 Mev F (Het) =3.60 Me 
energy proton recoil tracks were observed which might 
be ascribed to the ground state of O'*, it is believed 
unlikely that C' neutrons could cause any difficulties 
in the location of the states of N'*. In both exposures 
B'' was present in the target to the extent of approxi 
mately one percent. The ( values of the B!'(He*,n)N" 
reaction are 10.18, 7.81, 6.67, 6.62, 3.80, 3.27, 2.78 
(etc.) Mev. It is the transitions to the higher states of 
N" which would provide neutrons in the region of 
interest. However, the small number of proton recoil 
tracks which could be assigned to the ground state and 
the first few excited states of N' is so small that again 
it is believed that there is little likelihood of a sufficient 
number of neutrons occuring from B!!(He’,n)N" in the 
region of the B'°(He’n)N" reaction to lead to un 
certainty in the location of the excited states of N!’ 
No other contaminants appear likely to be present 


B. Mass of N"” 


The ground state group was well resolved at all 
angles in both the Chalk River and the Brookhaven 
exposures. From the plates exposed at Chalk River 
(data taken at the B'°(He*,n)N!* ground 
state 0 value is 146+0.04 Mev. From the plates 
exposed at Brookhaven (data taken at eight angles), 
QOy=1.46+0.08 Mev (the errors indicated are the 
standard deviations). We adopt Qo=146+0.06 Mey 
Using the Wapstra" atomic masses for B'’, He’, and n, 
we find M(N!*) = 12.022554-0.00007 amu, and (M—A 

21.00-+0.06 Mev 
with the previous values of 12.0228+-0.0002 amu and 
21.2+0.2 Mev obtained by Alvarez.’ 


10 angles), 


These values may be compared 


C. Excited States of N' 


rhe excited states of N'® are not cleanly resolved 
This is due in part to the three-particle background on 
which the discrete neutron groups are superimposed, 
and in part to the small separation of some of the levels 
At no single angle are all the levels clearly visible, but 
by combining the information from all the angles 
studied (see Table I), we obtain excitation energies of 
1.06+0.08, 1.56+0.08, (1.97+0.10), 2.35+0.08, 3.18 
+0.15, and 3.46+0.15 Mev for the N!? levels, assuming 
Qo=1.46 Mev. The agreement with the known levels 
of B'? and with the 7=1 
excitation region is extremely good (see Fig. 8). This is 


states of C!* in the same 


Excited states of N™ from Bb 


BOMBARDMEN 1 


He n)N” 


E,° 


Best value in Mev 


1.064-0.08 
1.56+4.0.08 
1.97+0.10 
2.354-0.08 
$1840.15 
$4640.15 


0.40-+-0.06 
0.10-+0.06 
0.51+40.10) 
0.89-40.06 
1.72+0.15 
2.00-+0.15 
nO 1.46 +0.06 Me 
another indication of the validity of the hypotheses of 
and charge 
independence (A It should 
be pointed out however that we are by no means 
’ with 


the charge symmetry (5B7'* and 7Ng! 
12 triad) of nuclear forces 


certain of having resolved all the states of N 
E.<3.5 Mev 
state at 1.06 Mev is wider than would normally be 


In fact, the group corresponding to the 


expected for a neutron group to a single level at that 


particular neutron energy. However, the unknown 
three-particle background makes it difficult to a 
curately estimate the width of the group. The state at 
1.97 Mev which is postulated on the basis of a single 


high point at a single angle is, of course, very dubious 


D. Cross Sections 
At H(He*)=2.54 Mev, 


section for formation of the ground state at 90 


(0.41_9.1948 


differential cross 
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distribution in the center-of-mass system, the cross 
for formation of the ground state is then 
(5.2 ,¢?") mb. At B(He*) = 3.60 Mey, the differentia! 
cross section for formation of the ground state at 0 
(lab) =0.734-0.30 mb/sterad 

It is of intevest to compare the cross section for 
1 state in C’*, at 15.1 Mev, in 


the reaction B'’(He*, pC? with the cross section for 


section 


formation of the first 7 


the analogous state in N'*, the ground state, formed in 
reaction B'°(He*n)N'? (see Fig. 8). The 
ratio of the two cross sections is predicted'’ to be 
2 [ o(He*,ny) 2a (He’*, pis 1) J T he for 
formation of the 15.1-Mev state of C'? at /:(He*) = 2.54 
Mev is 2.4+0,25 Qur a (He? ny) 

(5.2.,6'*') mb at the same energy is in good agree 
ment with the prediction based on the charge inde 


the isobari 


cross section 


mb.!* value 


pendence of nuclear forces 


E. Angular Distributions 
At E(He?) 


the ground state neutrons is found to be 
the 


2.54 Mev, the angular distribution of 
isotropi« 
within statistics in center-of-mass At 
EB (He’) 
neutrons is peaked forward in the center-of-mass system 
1(0°)/1(140°) = 2.94-0.7. 

The neutron groups at /,= 2.85 Mev 


2.40 Mev (60”), 2.11 Mev (90”), 


system. 


(O° and 15°), 
and 1.66 Mev (135°) 


[ Chalk River exposure |, which correspond to one or 


more excited states of N'* at 1.06 Mev, are super 
| 


imposed on the three-particle background from the 


B'’(He' np)C" reaction. The difficulty in meaningfully 
subtracting the three-particle background and _ the 
impossibility of knowing with certainty whether more 
than one state is involved make it difficult to attach 
much significance to an angular distribution of the 
neutrons to the 1.06-Mev state(s). However, the rela 
tive intensities of the neutron groups were computed, 
and we find that, in the center-of-mass system, the 
intensity of the neutrons to the first excited state of 
N' is essentially the same within statistics at 0 
(258416), 17° (2324-13), 67° (264412), and 97 
(281417) but that there is a fairly large increase in 
intensity in the backward direction (at 140°: 460+ 20). 
[The background was not subtracted in these calcu 
lations. The numbers in parentheses are the relative 
these units are the same 


intensities in arbitrary units; 


as those shown in Fig. 5 
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LLOCK AND ALMQVIS' 

Schiffer ef al. have studied the yield and angular 
distribution of protons from the B'°(He*,p)C!* reaction 
to the ground and 4.43-Mev states of C!* in the energy 
range /(He’*)=1.3 to 4.9 Mev. The excitation curves 
show several broad and overlapping resonances. In 
particular two prominent resonances occur at /(He’) 

2.0 Mev ('~0.5 Mev) and 3.7 Mev (I'~0.7 Mev) 
corresponding to excitations of 23.2 and 24.5 Mev in 
N". The angular distributions of po and p,; show 
asymmetries which become more pronounced at the 
higher energies but no detailed comparison is possible 
with the (He*,n) angular distributions since the states 
reached in C!* via the (He*,p) reaction have a completely 
different character from the N™® states. It has been 
pointed out by Schiffer? that the observed asymmetries 
of (He*,p) reactions may be the result of interference 
between broad overlapping states of the compound 
system together with the added complexity of an 
admixture of some form of direct interaction. One 
might perhaps expect that the complicated readjust- 
ment required of the five protons from B'° [(1s)?(1p4)*] 
and the two protons from He? [ (1s)*] to form the seven 
proton structure N'* [(1s)?(1p,)*(1p,) | would favor a 
compound nucleus process. 

Bromley ef al.® have studied the angular distribution 
of the neutrons to the ground state of O" in the reaction 
C?(Hei n)O" at H(He*)=1.89, 2.16, 2.40, and 2.51 
Mev. At the lower energies, near the threshold, where 
the angular momentum barrier favors the emission of 
s-wave neutrons the distributions are nearly isotropic ; 
however they become strongly asymmetric as the 
bombarding energy is increased. 

The (He*,n) reactions studied to date, therefore, 
show strong asymmetries at the higher energies. This 
may be evidence for a direct interaction mechanism in 
(He*,n) as in (He’*,p) reactions but detailed theoretical 
studies of such reactions are not available to compare 
with experiment. Thus analysis of the mechanism 
involved in these reactions is not possible at this time. 
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Ihe angular distributions of 22-Mev alpha particles and 11-Mev deuterons scatters 
la, Au, Bi, and U have been measured at angles of 20 to 160 degrees in the laboratory sy 
all cases that the deuteron cross sections depart from the Rutherford angular dependence at 
than the alpha-particle cross sections for the same nuclei, indicating 


I. INTRODUCTION 


ANY experimental investigations of the elastic 

+ scattering of alpha particles and a few of the 

elastic scattering of deuterons have been recently per 
formed with cyclotron beams.'~"’ 

Somé prevalent features of the scattering of alpha 
particles have emerged : (1) At fixed bombarding energy, 
the heavier the nucleus and concomitantly the greater 
its charge, the smoother (less oscillatory) is the angular 
distribution. (2) Strong, regular diffraction effects 
appear in the differential cross sections for light and 
medium weight nuclei. (3) The cross sections approach 
the Rutherford cross sections at small scattering angles. 
Insufficient data have been published to make similar 
generalizations about deuteron scattering. 

The present experiments were undertaken with the 
twofold intention of extending earlier work in this 
laboratory* over a wider range of nuclei and of com 
paring the elastic scattering of deuterons with that of 
alpha particles. The target nuclei chosen were ;;Ta'*', 
7Au’, 53Bi™, and 920%, 


isotopic ; 


Each is practically mono 


The energies of cyclotron beams of particles with the 
same charge-to-mass ratio but different charges vary in 
the same way as do the heights of the Coulomb barrier 
for the different particles at a fixed radius; 


’ 


therefore, 
the ratio between bombarding beam-energy and nuclear 
barrier height should be almost the same for cyclotron 
alpha particles and deuterons incident on the same 
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mallet 
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angle 


electric breakup of the deuteror 


nucleus, differing only because of the difference in the 
specific nuclear potentials for the two interactions, the 
shape-elastic potentials.!! 


Il. EXPERIMENTAL TECHNIQUES 
A) Apparatus 


Che beam of the Indiana University 45-inch cyclotron 
is extracted by electrostatic deflection, passes along an 
evacuated tube through a focusing magnet, a shielding 
wall, and an analyzing magnet, and is admitted to a 
15-inch scattering chamber through two sets of adjust 
able collimating slits. Helium and deuterium nuclei are 
The 
targets are supported from the top of the chamber, 
CsI(TI) 


counter, 1s mounted on the bottom 


accelerated to 22 Mev and 11 Mev, respectively 


and the particle detector, a scintillation 
The beam, having 
traversed the chamber, is stopped in a tungsten-backed 
Faraday cage and the collected charge measured with 
a current integrator. Secondary electrons are suppressed 
by a guard ring held at a potential of — 275 volts with 
The beam 


respect to ground and the Faraday cage 


handling techniques employed in this laboratory have 
' 1? "Two different 
slits 
two sets ol Opposing tantalum vanes spaced : 
the 
during the experiments. The 


been described before settings of the 


horizontal beam-collimating which consisted of 


inches 
beam used 


widths 


the 


lit 


apart along direction of were 


were yy inch 


and 7’, inch. The vertical collimation remained alway 


is inch. The area on the target illuminated by the beam 


was 76 Inch high and, at most, } inch wide 


In the deuteron experiments contamination of the 


pa 


deuteron beam by protons was eliminated by sing 


the beam through aluminum leaf 
The scintillation counter was similar to that used in 


laboratory! 


earlier experiments in thi except that the 
measurement of the scattering angle was improved and 
CsI(TI) wa 
which the detector could be returned to a particular 
of the 


dependence of small angle Rutherford 


used as the scintillator. The accuracy with 


setting, measured by means trong angular 


scattering, Wa 
about 0.1 degree. The accuracy of setting was +0.2 
degree 


The exact direction at which the beam entered the 
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hic. 1. Typical pulse-height spectra for alpha particles scattered 
elastically from a 0.00025 in. thick Ta target for the two orienta 
rhe slope of the flat top for A equal to —45° is duc 
to the energy dependence of the scattering cross section 


tions shown 


cattering chamber was found to be sensitive to ana 
lyzing magnet current, and that current was monitored 
and held precisely constant 

Z0KO angle, 


counter was directly in line with the beam, was meas 


the angular scale reading when the 
ured by taking a portion of the angular distribution on 
either side of the beam and matching the distributions. 
rhis procedure served three purposes: it fixed the zero 
anyle; it verified that the beam intere epted the counter’s 
axis of rotation; and it checked the accuracy of the 
cale. The zero-angle measurement was believed to be 
accurate to +0.1 degree 

Pypical pulse-height spectra taken with an R.C.A 
A is 
the angle the target normal makes with the beam dire« 


The ‘Ta, Bi, and [ 


to contribute to the width of the elastic alpha-particle 


6199 photomultiplier tube are shown in Fig. 1 


tion targets were sufficiently thick 


group. The tilt of the top of the wide distribution 

l 15°) is believed due to the energy dependence 
of the cross section, Deuteron spectra did not exhibit 
such pronounced target-thickness broadening because 
of the lower stopping power of the target material for 
deuterons 

The Ta target was a 0.00025-inch rolled foil obtained 
from A. D. Mackay, Inc., 198 Broadway, New York, 
New York 
layers were used in large angle (d,d) measurements 
Phe Bi and | 


onto clean 


Ihe Au targets were of beaten leaf; several 


targets were prepared by evaporating 


the metal sheet steel (shim stock) in a 
vacuum and peeling off the resulting film by manually 


flexing the sheet 
B) Procedure 


At the beginning of an alpha-particle run, pulse 
height spectra were taken with a single-channel analyzer 
at crucial counter and target angles. Then two integral 
discriminators were set to count the entire elastk 
group, one being set just below the group and the other 
somewhat lower so that the difference of their counts 


measured the background level. Typical discriminator 
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settings are shown in Fig. 1 by the arrows marked 
‘discriminator (n)” and “discriminator (n’).” 

A run comprised taking the data for a complete 
angular distribution. In the case of alpha particles, 
data points were taken every 5 degrees between 20 
degrees and 160 degrees; in the case of deuterons, this 
procedure was followed between 20 degrees and 90 
degrees ; however, at angles larger than 90 degrees, the 
intense background dictated that a pulse-height spec- 
trum be taken every 10 degrees. 

The gain of the pulse circuits was measured before 
and after each run. After the run, pulse-height spectra 
were measured again and compared to spectra taken at 
the start of the run. An oscilloscope provided a running 
check of pulse height, and a precision pulse generator 
could be switched on at any time between data points 
to display either discrimination level simultaneously 
with the display of the spectrum. The calibration of the 
beam current integrator was checked before each run. 


1. Alpha Particle Data 


The background decomposed naturally into two com- 
ponents: one small isotropic component and one com- 
ponent varying with angles according to the measured 
elastic cross section. The latter component was strikingly 
reduced (by factors of from 1 to }) by doubling the 
beam-collimating slit openings, and was therefore at 
tributed to slit edge scattering of the incident beam and 
since it could be presumed to vary with angle in almost 
the same way as the principle elastic group, it was not 
subtracted. The isotropic component of background 
was subtracted when it was not negligible. 

The target had to be turned once during an angular 
distribution, altering the number of scattering centers 
encountered by the beam and requiring a normalization 
of the data taken after turning, to that taken before 
turning. This normalization was determined by taking 
a series of counts before and after turning while leaving 
everything other than the target fixed. This practice 
introduced a statistical uncertainty in the relative 
values of points taken before and after the turning 
which varied target to target; however, the 
probable error introduced never exceeded 1.0%, 

After the background subtraction and the adjustment 
of large-angle data for the turning of the target, the data 
were all transformed into the center-of-mass system. 

After the center-of-mass transformation was com 
pleted, the data were multiplied by sin**(@..™./2) to 
display the ratio of the observed angular distribution 
to the Rutherford angular distribution. These ratios 
were multiplied by an arbitrarily chosen constant, a 
scale factor, to adjust the forward angle ratios to 1.0 
and then plotted. The quantity plotted is called the 


from 


relative cross section. 


2. Deuteron Data 


The procedure here differed from that already de- 
scribed, only in the treatment of the background and 
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of the large angle data. The raw data for angles less 
than 90 degrees consisted of counts, exactly like the 
alpha-particle data; however, for larger angles, it con- 
sisted of pulse-height spectra measured with the single- 
channel analyzer. 

Again the background consisted of an isotropic com- 
ponent and a component standing in constant ratio to 
the elastic group and believed to be due to the presence 
of a low-energy tail on the incident beam. The isotropic 
component was, in this case, estimated by studying 
the pulse-height distributions, and it was subtracted 
from the small angle counts. 

The method of converting to counts the spectra 
taken at large angles varied from element to element 
depending on the quality of the spectra. In the cases of 
bismuth and tantalum, curves were drawn by eye 
through the points; the background was estimated by 
drawing a straight line under the peak; and the area 
under the peak but above the background line was 
measured by means of a planimeter. Figure 2 shows 
such a spectrum. The areas so obtained were converted 
to counts by multiplication with a constant number 
(a count density) which was determined by comparing 
areas on spectra with integral counts taken at the same 
angles. 

The spectra obtained from the gold target were poor 
owing to instability of the photomultiplier tube in use 
at the time the gold data were taken. Since the target 
was thin, it was assumed that the width of the elastic 
group did not vary with angle and the peak height was 
taken as the measure of the number of counts 

In the case of uranium, the spectra taken at large 
angles were used only to determine the isotropic com 
ponent of the background, integral counts being used 
as the raw data 


III, RESULTS 
A) Errors and Uncertainties 


The great majority of points in the (a,@) angular 
distribution represent 10 000 counts or more. No count 


Pulse Height Spectrum 


Bi (d,d) 
0 146.5° 


Counts 1a- 
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Fic. 2. A typical pulse-height spectrum for deuterons scattered 
inelastically from a Bi target. The area under the curve with the 
background subtracted was taken as proportional to the total 
counts 
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smaller than 6400 was used. These same remarks apply 


to (d,d) data at angles smaller than 90 degrees. To the 


(d,d) data beyond 90 degrees, an average probable error 


of 3% and a maximum probable error of 5° are 


The scattering angle is believed accurate to 
Chis 
error into the Rutherford cross section which diminishes 
i 


assigned 


0.2 degree uncertainty introduces a fractional 


at 20 degrees and 
at 90 degrees 


with increasing angle, being 
diminishing to 1% at 40 degrees and 0.50; 
Phe data are presented in the form o/a¢ where a¢ is the 
Rutherford cross section, so the angular accuracy 
affects the magnitude of the plotted data 

la and Bi data 


believed due to leakage currents from the guard ring 


The rise of the at small angles is 


to the Faraday cage across their common insulator 


Phe magnitude of this effect may be as large as 10%, at 
20 degrees where the intensity of Rutherford scattering 
dictated extremely small beam currents; however, the 
effect is negligible al angles larger than 50 degrees 
Exclusive of this effect beam current integration intro 
tO0.5%. A calculation 


duces an error no larger than 


eliminated the possibility that multiple scattering in 
the target foils might be re ponsible for the rise of the 
data at small angles 

rhe treatment of the data is believed to reduce the 
error due to the presence of background to no more 
data and no more than 1 y/ In 


At angle 


the effect of background on 


than 1% in the (aa) 
the. (d,d) data at angles less than 90 degrees 
greater than 90 degrees, 
the graphically determined (d,d) data is considered in 
assigning the errors mentioned above In connection 
with counting statistics 

In order to provide a comparison of deuteron and 
alpha-particle cross sections independent of any arbi 
trary normalization procedure, the normalization con 
stant which was applied to the alpha-particle distribu 
tion for each element to set the forward angle relative 
cross section equal to 1.0 was also applied to the 
deuteron relative cross section for that same element 
Since the same targets were used for both measurements 
(except in the case of gold) it is to be expected that at 
a given angle the ratio of the deuteron count to the 
alpha-particle count should be equal to the ratio of the 
11-Mev deuteron cross section to the 22-Mev alpha 
particle cross section for that angle, except for a factor 
of 2 owing to the different charges of the particle: 
rhis expectation will not be born out unless the target 
angle is the same in both cases. That this was the case 
cannot be asserted with any confidence in the cases of 
bismuth, gold, and uranium where the forward-angle 
data were taken with the target at 45 deyrees to the 
beam direction. The yield of scattered particles from 
the target varies as cosA, where A is the angle between 
the target normal and the beam direction (see Fiy. 1) 
rhe cosine varies rapidly at 45”, so failmg to return 
the target to exactly the same angle, causes the yield to 
vary markedly. For example, a 3-degree discrepancy in 


target angle near 45 degrees causes a 5.0 discrepancy in 





hic, 3, The 
Mev alpha particles, and 11-Mev deuterons, from uranium 


relative cross sections for the elastic scattering of 22 


yield reset within +1.5 


degrees so that the relative values of the cross sections 


The target angle could be 


for deuterons and alpha particles on bismuth and 
uranium are subject to +2.5% uncertainty from this 
source 

This uncertainty does not affect the tantalum meas 
urements since the forward-angle data were taken with 
l=0 
same target, and are therefore subject to an additional 


The gold measurements were not made with the 


discrepancy due to the nonuniformity of commercial 
gold leaf 

In comparing deuteron and alpha-particle cross se 
tions, account must be taken of the thickness of the 
target, since, for thick targets, the average energy of 
the scattering will differ for deuterons and alpha 
particles. Unless the energy dependence of the differ 
ential cross section is known, exact account cannot be 
taken of this effect, however at small angles it is 
reasonable to assume the /~* dependence of Rutherford 
scattering. With 
stopping power for 11-Mev deuterons to be one-fourth 


this assumption, and taking the 


that for 22-Mev alpha particles, we find 


0) (eit) 


ratio ol 


tla) 


where a(d)/a(a) is the cross sections tor 
deuterons and alpha particles at the same angle and 
(AK/Eo)q is the fractional energy loss of an alpha 
particle passing through the target. 

The energy-thickness of the gold and uranium targets 
was negligible. The pulse-height spectra of particles 
from taken at 90 degrees 
(of which Fig. 1 isan example), indicated that (AF/ Eo). 
was about 9.5%, for the tantalum target and about 
16.3% for the bismuth target. Thus, for the tantalum 
measurements, o(d)/a(a) is about 0.94, and for bismuth 
it is about 0.91. The reason for the greater energy 
thickness of the bisnruth target is that it was used at an 
angle of 45 degrees to the beam, while the tantalum was 
normal to the beam for small-angle measurements. By 
multiplying the plotted alpha particle data by these 


bismuth and tantalum, 
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numbers the (a,a) and (d,d) curves could be brought 
more closely into coincidence at small angles, but, 
since the energy dependence of the cross section at 
large angles may not be identical with that of the 
Rutherford cross section this was not done. 


B. Angular Distributions 


The angular distributions of elastically scattered par- 
ticles from uranium are shown in Fig. 3 in the form of 
relative cross sections. The curve drawn for the (a,a) 
distribution does not follow the rising trend of the 
plotted points at small angles because a more careful 
measurement showed that it varies no more than 1.4% 
from the Rutherford angular dependence between 19.3 
degrees and 44.3 degrees. The rising trend in this 
region is attributed to leakage of current from the guard 
ring to the Faraday cage. 

lor most of the angular distributions, it was decided 
to draw smooth curves even though a hint of fine 
angular structure (e.g., diffraction) might appear, be- 
cause the experimental methods were not deemed 
sufficiently refined to verify such structure. 

The relative cross sections for bismuth are shown in 
Fig. 4. The dotted lines indicate the probable small- 
angle dependence. It is again felt that the rising data at 
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Fic. 4. The relative cross sections for the scattering of 22-Mevy 
alpha particles, and 11-Mev deuterons, from bismuth. The rise at 
small angles is due to current leakage to the integrator 
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Fic. 5. The relative scattering cross sections for gold. The rise 
above the Coulomb cross section for alpha particles is real 
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small angles are due to leakage from the guard ring. 
The difference at small angles between the (a,a) and 
the (d,d) relative cross sections is attributable to the 
target thickness effect mentioned above. This same 
effect will, of course, affect the data at all angles in a 
manner depending upon the energy dependence of the 
angular distributions. 

The relatively fine angular structure drawn for the 
Au(a,a) reaction (Fig. 5) may not be justified ; however, 
the same sort of behavior has been observed pre- 
viously,’ and in later experiments in this laboratory. 

A supplementary measurement verified the smooth 
angular dependence of the Au(d,d) relative cross section 
between 20 degrees and 50 degrees. 

In the case of tantalum, again (Fig. 6) the rising 
trend of the (a,a) data at small angles is felt to be due 
to integration difficulties, and it follows that the same 
losses warp the Ta(d,d) curve. 

Figure 7 shows all of the (d,d) relative cross sections 
plotted together to display the variation from element 
to element. The gold data show a different character 
than the rest. The relative cross sections, ¢/oc¢ rise in 
the order of increasing atomic weight and charge. It 
should also be noted that the negative slope of the 
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Fic. 6. The relative cross sections for tantalum. The rise at 30° is 
again due to current leakage to the integrator 
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Fic. 7. A comparison of the angular distributions for elastic 
scattering of 22-Mev alpha particles from the four elements 
measured. 
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Fic. 8. Comparison of the angular distributions for elastic scat 
tering of 11-Mev deuterons from the four elements measured 


large-angle gold data is somewhat steeper than that 
of the tantalum data; except for gold, the average 
negative slope decreases with increasing Z and A, 

Figure 8 shows the variation of the (d,d) relative 
cross section from element to element. For this figure 
the curves have been normalized to unity at small 
angles. It is noteworthy that again, as in the case of 
the (a,a) distributions the relative magnitudes of the 
relative cross sections at large angles go in the order of 
increasing atomic number and atomic weight. 

The most salient feature of the angular distributions 
is the fact, confirmed in all cases, that the deuteron 


cross section departs from the Rutherford dependence 
at a smaller angle than does the alpha-particle cross 


section for the same nucleus. We summarize this 
difference in angle of departure by defining an “inter 
action distance” in terms of classical mechanics. ‘The 
interaction distance of a particle is the apsidal distance 
of its classical trajectory when it is scattered through 
the angle of departure, i.e., the angle at which the cross 
section falls below the Rutherford cross section. The 
average of the differences interaction 
distances for deuterons and alpha particles scattered by 
the same nucleus was 5.2X10~" cm. This value sug 
gests that the electric breakup of the deuteron plays an 
important role in the scattering.” 

Attempts were made to fit the data with the theory 


of Ford and Wheeler,” but the approximations of the 


between the 


theory were found not to be warranted in the cases 
studied. 
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The Li’(p,n) total cross section has been measured in detail 
from threshold to 2.5-Mey proton energy. Between 1.88 and 1.92 
Mev the cross section follows the equation for a very broad 2 
resonance and for s-wave particles: op, = (5/2)rX*x/(1+4-x)*, where 
x=!',/l,=1 at 50 kev above threshold. The remainder of the 
cross section up to 2.35 Mev is fitted by this level and the 3* level 
at 2.25 Mev. The neutron reduced width exceeds that of the proton 
by a factor of about five for both the 2~ and 3* levels; this is sur 
prising for the self-mirror nucleus Be*. A small dip is observed 
just above neutron threshold in the yield of 478-kev gamma rays 
from Li’(p,p’y). The shape of these data support the assumption 
of the broad 2~ neutron producing resonance with 'p>0.5 Mev. 


I, INTRODUCTION 


ECAUSE of the use of the Li’(p,m) reaction as a 

source of neutrons and as a calibrating reaction 
for accelerators, it is important to understand the re- 
action as well as possible, particularly near threshold. 
lor this reason the total cross section has been re- 
measured in more detail than has been done previ 
ously,'? the competing (p,p’y) and (p,7) reactions have 
been studied, and an attempt has been made to analyze 
the levels of the compound nucleus Be’, even though its 
level structure at an excitation energy of 19 Mev is 
much more complex than cases usually studied in nu- 
clear spectroscopy. Further, the relation between true 
(p,m) threshold and extrapolated thresholds was studied 
as a function of proton energy spread and target 
thickness. 

Adair has analyzed the (p,m) total cross section*® and 
neutron polarization’ and found that the resonance at 
a proton energy of 2.25 Mev can be 3+ and that at 
least one wide level formed by s-wave protons must 
exist near threshold. Hanna® has measured the Be’(n,p) 
cross section with thermal neutrons and suggested a 
narrow s-wave level just below threshold. A 350-kev 
wide resonance has been observed®* in the Li’(p,y) 
reaction at a proton energy of about 2.1 Mev. No 
resonances were seen in Li’(p,p’) data’ in which protons 
were observed at an angle of 164°. Interference effects 


* This work was supported by the U. S. Atomic Energy 
Commission, 

t Now at Department of Physics, Columbia University, New 
York, New York. 

{Now at Oak Ridge 
Tennessee, 
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Richards, Phys. Rev. 84, 1124 (1951). 


No anomaly is observed in the yield of Li capture gamma rays at 
neutron threshold; the 2.10-Mev resonance in this reaction (which 
probably is due to a 3* level) yields mainly 16-Mev gamma rays 
leading to the 2.9-Mevy 2* level in Be*. The ratio of 16 to 19 Mev 
gamma rays is $ at both 1.7- and 2.5-Mev proton energy. The 
behavior of the Li?(p,n) extrapolated threshold was calculated as 
a function of target thickness and proton energy spread; shifts 
in the extrapolated thresholds and the distances between them 
and true threshold were less than one kev. The extrapolated 
threshold of a 4-kev target taken with a proton energy spread of 
1 kev was observed to be 4 kev lower in proton energy than a 
thick-target threshold ’ 


which are probably due to the 2.1- and the 2.25-Mev 
resonances are seen in proton elastic scattering data ;* 
an anomaly is also observed at neutron threshold in 
these data. We wished to try to find out which of the 
above resonances were involved in neutron production. 


II, Li’(p,n) REACTION 


The energy and homogeneity of protons from a 
Van de Graaff accelerator were defined by a.one-meter 
radius electrostatic analyzer. A very thin natural lithium 
target was evaporated, and its equivalent thickness 
found to be less than one kev by means of the neutron 
cross section apparatus described by Gibbons.’ We have 
found that an observed transmission ratio less than 50% 
(one-cm sample) at the 12.5-kev bismuth resonance 
shows that the neutron energy spread due to the lithium 
target thickness is less than one kev. The neutron de- 
tector consisted of a triangular lattice of BF’; counters, 
which were 1 in. in diameter and 2 in. from center to 
center in a paraffin moderator. The counters were filled 
to 120-cm pressure with enriched BF. The lithium 
target was located 12 in. within the paraffin moderator 
and the proton beam entered through an aluminum 
tube 1 in. in diameter with its axis parallel to the axes 
of the BF; counters; very few neutrons escaped from 
the lattice through this small hole. A graphite rod 1 in. 
in diameter and 4 in. long was placed against the target 
backing so that the forward neutrons emitted by the 
target near neutron threshold were scattered nearly 
isotropically. 

Figure 1 shows a total yield curve for the (p,m) re- 
action against the proton energy. The solid dots are 
based on relative yield measurements made in this 
laboratory, the bars being the absolute Mn _ bath 
measurements of ‘Taschek and Hemmendinger. (Data 
recently taken by Macklin and Gibbons” show the 

*P. R. Malmberg, Phys. Rev. 101, 114 (1956). 

Note.—The thickness for 1.9-Mev protons. 

* J. H. Gibbons, Phys. Rev. 102, 1574 (1956) 


“ R. L. Macklin and J. H. Gibbons, Phys. Rev. (to be 
published) 
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same shape and a slightly higher absolute cross section.) 
The comparison of our uncorrected data with the Mn 
bath data indicated that our neutron counting arrange- 
ment was slightly energy-dependent. The departure 
from constant efficiency, about 15% over the range of 
measurement, was assumed to be linear with neutron 
energy, and this correction has been made to the solid 
dots in Fig. 1. 

The solid lines in Fig. 1 represent an attempt to 
account for the neutron yield assuming only two reso- 
nances with Breit-Wigner shapes and the following 
approximate parameters: Ko=1.9 Mev, /,=1,=0, 
Jt=2-, g=}, T.£.7'/T,E,'=C=6, I.=r, when 
E,=1.93 Mev, and (E,— Eo)*/T',’<1 for the resonance 
responsible for the lower curve in Fig. 1; and Eo= 2.25 
Mev, /,=1,=1, J*=3+, g=}, =I p=110 kev at reso- : 
nance, and I',£,~4(1+y,")/l Ep (1+y,2)=C=7.5. rye . _c——e ae 
Here y=kR, where R is the nuclear radius and k is PROTON ENERGY MEV 
the wave number of the particle in the center-of-mass 

















Fic. 2. The solid circles are measured Li’(p,n) total yields 
taken with a target less than one kev thick. The upper dashed 
curve represents a yield proportional to center-of-mass neutron 
velocity. The solid curve and the lower dashed curve are calcu 
lated yields from a wide 2~ S-resonance with the two different 
values of +,?/y," shown 


0.5 


more units of angular momentum than do the ground 
state protons and neutrons for both the 2~ and 3° 
levels. The (p,p’) and (p,y) cross sections are small 
compared to the (p,m) and (p,p) cross sections.” 

The lower curve in Fig. 1 was calculated from the 
equation : 


o pn= (5/8) 4h,24x/[ (1+x)?+4(Ep—Eo)?/I'p]. (1) 


a ae rr Here x=1',/I'p=C(E,~E,)4/E,! and E,=1.881 Mev; 
the second term in the denominator of Eq. (1) is 
Fic. 1. The solid circles are the Li’(p,n) total yields reported neglected. C was adjusted to account for the rapid rise 
in this paper; the vertical bars are the absolute yield measure- near threshold and the maximum in the lower curve 50 
ments of reference 1. The lower solid curve is the calculated yield . 
from a wide 2” s-resonance and the upper solid curve is the calcu. kev above threshold. It is seen that the broad 2~ level 
lated yield of the 2~ resonance added to a 3+ P-resonance. (See will account for all of the yield up to 1.92 Mev and 
Sec. II.) most of the background underneath the 2.25-Mev 
level. The two resonances are insufficient to account 
system ; all other energies are in the laboratory system. for the yield above 2.4 Mev. Further, if I’, is finite, the 
g=(2J+1)/((2/+1)2], where J and J are the spins calculated cross section should be lower at the higher 
of compound nucleus and Li’, respectively. The approxi- energies. 
mate ratio of neutron to proton reduced width, C, was Figure 2 shows more detailed total cross section data 
treated as a free parameter in fitting the data. When pear threshold taken with a proton energy spread of 
Coulomb effects and the level shift"! (A) are considered, } kev. (Data taken with a proton spread of } kev were 
the shape of the cal ulated curves are little effected ; essentially the same.) ‘The calculated Doppler spread 
however, the actual ratios of reduced widths" (y,”/7»") que to thermal motion of the target atoms was 400 ev. 
are 4.5 and 5.5 for the 1.9- and 2.25-Mev level, ‘Thus, the effective beam spread was about 600 ev and 
respectively, the target thickness was less than 1 kev. The location 
The angular momentum and parity assignments for of true threshold was obtained by comparison with the 
the 2.25-Mev level are those assumed by Adair.’ The 
partial widths for alpha, inelastic proton, and gamma 
emission are assumed to be negligible from both levels 
for the following reasons: Alpha emission should be 
forbidden by spin and parity consideration. Inelastic 
protons going to the 4~ 478-kev level of Li’ need two 








calculations shown in Figs. 6 and 7. The fit is not very 
sensitive to the choice of C, which is 6+1. This un- 
certainty is judged from the latitude in fitting the data 
and the possible neutron energy dependence of the 
neutron detector. 


"FF Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
"7. Teichmann and E. P. Wigner, Phys. Rev. $7, 123 (1952). (1955) 
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The curve labeled », in Fig. 2 indicates a yield pro- 
portional to center-of-mass neutron velocity; this 
would be expected if s-wave neutrons are produced and 
there is no nearby resonance. The fact that the data 
rise less rapidly than v, can be explained by assuming 
a narrow resonance just below threshold,’ but this does 
not explain the data over a wide energy region nor does 
it agree with our Li(p,p’y) data (see Sec. III). The 
lower dashed curve in Fig. 2 is the calculated contribu- 
tion of a broad 2~ resonance obeying Eq. (1) and having 
Yn=%7p. The addition of a similar 1~ level would 
account for only 60% of the observed cross section. 
It is, of course, possible to assume both a 2~ and a 1 
level with values of (y,?/7,) less than 4.5 and fit the 
magnitude of the cross section at 1.92 Mev, but the 
over-all fit would not be as good. Further, a 1~ level 
could contribute s-wave inelastic protons and the data 
in Sec. IIL indicate a very small effect which is more in 
keeping with a 2~ level giving d-wave inelastic protons. 
As a further test of Eq. (1), we calculate the thermal 
Be'(n,p) cross section with the aid of the reciprocity 
law: 
(5/8)mk,"4x/(1+-x)?=45 000 barns. (2) 


Tn p 


This is in reasonable agreement with 50 0004-8000 
barns—the average of Hanna’s value of Be'(n,p) and 
Be’ destruction cross sections.” This calculation assumes 
that Be’ has a spin of 3, and the agreement can be 
taken as support for this assumption. 

One might expect that levels of the self-mirror 
nucleus Be*® would have y,= >, but the following argu- 
ments tend to confirm our assumptions. When one uses 
our data or those of Macklin and Gibbons, the resonance 
at 2.25 Mev cannot be fitted by a 3* level having yn= 7p 
even if the highest possible flat background is assumed 
underneath it.” Adair* has suggested that two inter- 
fering levels having isotopic spins 0 and 1 might 
account for the large cross section near threshold. We 
have tried all possible combinations of two interfering 
s-wave levels having y,= 7, and found that the (p,m) 
data deviate from these calculations by factors that 
are large compared to experimental errors. Also, the 
close approac h of the Li(p,n) cross section to (5 8) ak,” 
at 1.93 Mev, the good fit near threshold, and the 
calculated agreement with the Be(n,p) cross section 
support the assumption of compound nucleus forma- 
tion and unequal y, and y,. More accurate absolute 
(pn) and (n,p) cross sections would be of interest; 
but at present, the evidence for unequal neutron and 
proton reduced widths in Be* appears to be rather 
strong. 


Ill. Li’(p,p’y) AND Li’(p,n'y) 


A lithium target 5 kev thick was bombarded by elec- 
trostatically analyzed protons. Pulses from a 2X2 in. 
Nal(Tl) scintillation counter were amplified and _re- 
corded by a ten-channel analyzer. The shape of the 
pulse height spectrum of the 478-kev gamma rays from 
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the Li’(p,p’y) reaction was carefully recorded below 
the Li’(p,n) threshold. Above threshold this shape was 
superimposed on the pulse height spectrum of approxi- 
mately 8-Mev gamma rays due to neutron capture in 
Nal. The shape of this capture gamma spectrum was 
studied by putting paraffin around the Nal, placing 
this counter at zero degrees, and setting the proton 
energy just above threshold so that neutrons were 
bunched in the forward direction. Under these condi- 
tions the capture gamma spectrum was much more 
intense than the 478-kev gamma spectrum. Photopeak 
yields of the 478-kev gamma are plotted as a function 
of proton energy in Fig. 3. The size of the neutron and 
machine background correction which was made to the 
top curve is shown. The counter was at 120° with re- 
spect to the incident proton beam. The upper curve 
corresponds to a relative total inelastic scattering cross 
section up to 2.4 Mev; above the threshold for 
Li’(p,n’y), 430-kev y rays are also counted, The gamma 
rays should be isotropic since they are emitted by J=} 
levels at 478 kev in Li’ and at 430 kev in Be’. We 
measured angular distributions at proten energies of 
1.7, 2.0, 2.6, and 3.0 Mev and found them to be 
isotropic. 
The most interesting feature of Fig. 3 is the dip 
observed in the gamma-ray yield above the (p,m) 
threshold energy. ‘This dip is shown in more detail in 
the inset and the counting statistics given apply only 
to that limited energy region. The counter background 
increases sharply at 1.92 Mev, the threshold for neu- 
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Fic. 3, The upper solid circles and solid line up to 2.4 Mev 
represent the yield of 478-kev gammas from the Li’(p,p’y) re 
action corrected for counter background, which is shown by the 
lower solid circles. The gamma counter angle with respect to the 
incident beam was 120°, The upper dashed line indicates the 
possible contribution of a broad level if the effect of the opening 
neytron channel is absent. The inset shows the data and the 
calculated effect above threshold of the opening neutron (2>) 
channel. The dotted line is the approximate inelastic scattering 
cross section after subtracting the effects of the low-energy neu- 
tron group and the 2> level. The vertical arrows indicate the 
thresholds for the two neutron groups. The absolute cross section 
at the threshold for Li?(p,n’y) is about 80 mb if our data are 
normalized to those of Kraus" (labeled “Cal. Tech’’). 
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trons in the backward direction. Therefore, the dip in 
the net gamma-ray yield at 1.88 Mev is not the result 
of improper background subtraction. 

If one assumes that a broad 27> level produces most 
of the neutrons at threshold and the small fraction of 
the (p,p’y) yield shown above the dotted line in Fig. 3, 
then the dip is the result of the increase of I’, in the 
denominator of the simple single-level Breit-Wigner 
formula for op». We have assumed that op» has a 
constant numerator and the same denominator as 
Eq. (1) and have calculated the shape of the dip 
shown by the solid line in the inset of Fig. 3. The 
background underneath the 2~ resonance was assumed 
to be straight, and the size of the dip was adjusted to 
fit the experimental points at 1.88 and 1.92 Mev. 

The simple Breit-Wigner formula neglects the effect 
below neutron threshold of the neutron channel on the 
(p,p’) reaction. When closed channels are not neglected, 
an anomaly will generally be seen both below and above 
threshold.” However, if one is considering a single 
resonance and no interference terms, then the size of 
a cross section may still only decrease above the 
threshold of the competing channel.“ This appears to 
be true of our (p,p’y) data. When there are interference 
terms, the cross section is generally affected on both 
sides of threshold."* Malmberg’s Li’(p,p) data*® appear 
to show this at 1.88 Mev. The anomaly is presumably 
due to the broad 2~ resonance and not the 2.1-Mev 
resonance (Sec. IV). 

Figure 3 shows no sign of a narrow resonance below 
the dip at 1.88 Mev. The data suggest that the neutron- 
producing resonance has [',>0.5 Mev. The maximum 
allowed proton width” for a single, particle level would 
be about 7 Mev. Since the reduced neutron width 
should not exceed the Wigner limit and y,?/y,’=4.5, 
0.5<y<7/4.5=1.5 Mev; y.2>4 the Wigner limit; 
and y,’>0.07 of the limit. 

The contributions of resonances at 2.1 or 2.25 Mev 
are evidently small. This is consistent with spin assign- 
ments >2~ or 3* which require that the outgoing 
inelastic proton orbital angular momenta be greater 
than one. Figure 3 has been corrected, approximately, 
for the contributions of 430-kev gamma rays with the 
help of preliminary Li(p,n’) data taken in this labora- 
tory. The dotted line above 2.4 Mev is the roughly 
corrected inelastic scattering cross section. Note that 
the yield of low-energy neutrons rises rather rapidly 
near threshold. A wide (I'=1—2 Mev) resonance at 3 
Mev or higher could account for most of the inelastic 
scattering in Fig. 3 and also for the low-energy neutrons. 
A neutron emitting resonance of about this description 
is also necessary to account for part of the neutron 
yield in Fig. 1 above 2.35 Mev. A 17 level or an /=1 
(1+) level as suggested by Macklin and Gibbons” 
would be favorable to the emission of both neutrons 


4 E. P. Wigner, Phys. Rev. 73, 1002 (1948) 
“RK. Adair (private communication), 
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Fic. 4. Pulse height spectra in a 22 in. Nal(TI) detector 
due to the Li’(p,y) reaction. The abscissa is broken so that the 
three curves are not superimposed, 


groups and also of inelastically scattered protons. A 
more positive identification of the proposed 1* level 
may result from current measurements on the low- 
energy neutron group. 


IV. Li’(p,y) REACTION 


The target and detector are described in Sec. LI. 


The weak 19- and 16-Mev capture gamma rays” from 
Li’(p,y) were partially resolved as seen in Fig. 4. At 


proton energies above the Li(p,m) threshold, neutrons 
again caused copious capture gamma rays in the Nal 
detector. We investigated very carefully the counting 
rates for these capture gamma rays which would give 
sufficient pile-up pulses to distort the Li(p,y) spectrum 
above 10 Mev. Counting rates were then kept low 
enough to avoid this. The spectra in Fig. 4 show that 
the increased yield at 2.1-Mev proton energy is not 
due to pile-up pulses. They further indicate that most, 
if not all, of the increase is due to the 16-Mev gammas 
which go to the 2.9 Mev 2? level’? in Be*, rather than 
to the 19-Mev gammas to the 0* ground state. This 
fact suggests that the 2.1-Mev resonance is 2~, 3*, 3~, 4+ 
on the basis of the multipolarities required for the two 
capture gamma rays. 

More detailed yields of the combined 19- and 16- 
Mev gamma rays were taken at counter angles of 0° 
and 90° with respect to the proton beam in order to 
look for an anomaly at neutron threshold (Fig. 5). 
The dashed line indicates the total capture cross section 
predicted by the simple Breit-Wigner formula if Lo 

2.13 Mev, I',=100 kev, and (I',/I',) has the same 
values that were used in Eq. (1). It is seen that the 
increase of I, at threshold only causes a slight change 
of slope in the curve. The assumption of 7¥,= 7, would 
only make the change less pronounced. ‘Therefore, it is 
possible that the 2.1-Mev resonance has an appreciable 
neutron partial width so far as we can tell from Fig. 5. 
However, the 2.1-Mev peak in Malmberg’s* approxi- 
mate total elastic scattering curve indicates 09% 49i,’, 
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Fic. 5. Li'(p,y) yields taken at 0 and 90° with the NaI(TI) 
detector integral bias set for 10-Mev pulses. The dashed curve 
indicates the total cross section calculated by the simple Breit 


Wigner formula with Ho=2.13 Mev, l',=100 kev, and (¥/yp)? 


and hence I’, >I’, this is in agreement with our failure 
to observe any effect from this resonance in the neutron 
yield curve. The absence of a dip at 1.88 Mev does 
indicate that the broad 2~ level does not contribute 
capture gamma rays. An interference dip is seen to the 
right of the 2.1-Mev resonance in Fig. 5; therefore, the 
total width of the level is probably greater than 350 
kev. If one considers the Wigner limit" for proton 
widths, /, should be less than 3. This makes the level 
assignment 4* unlikely. Malmberg has pointed out that 
the apparent interference of the 2.25- and the 2.1-Mev 
levels observed in the proton elastic scattering data at 
%)° indicates that the 2.1-Mev level must have odd 1, 
if the 2.25 level has odd 1,.") This and our observations 
would make the 2.1-Mev level seem to be 3+. On this 
basis we must assume 7,"/7,’S1 in order to explain a 
low neutron emission from a 3* level; from the point 
of view of neutron emission 3~ is the most attractive 
assignment and 2> the least. 

Wilkinson'® has suggested that the nonresonant 
Li(p,y) radiation in this proton energy region may be 
mostly due to a direct reaction involving s-wave protons 
and E1 gamma rays. The rather large off-resonance 
anisotropy seen in Fig. 5 shows that higher angular 
momenta are important and that the further analysis 
of the differential cross section would be difficult. The 
ratio of 16- to 19-Mev gammas is approximately } in 
the nonresonant regions of 1.7,Mev, and 2.5 Mev 
(Fig. 4). Wilkinson’s analysis predicts $ for L-S 
coupling and } for j-j coupling. 


| Note added in proof.—Preliminary results of a phase shift 
analysis of Li(p,p) data by J. Olness indicate that the interference 
just discussed may be due to a 3 level at 2.1 Mev interfering with 
the broad 2> level and the 3* level at 2.25 Mev interfering with a 
wide 1* level at about 3 Mev. We now conclude that 3> is the 
most likely assignment for the 2.1-Mev level and 1* for the wide 
level near 3 Mev 

16 T). H. Wilkinson, Phil. Mag. 45, 259 (1954). 
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V. Li’(pn) THRESHOLD AND EXTRAPOLATED 
END POINTS 


Nuclear reaction thresholds are usually taken as a 
linear extrapolation to zero product-particle yield. We 
call this an extrapolated threshold, as distinguished 
from the true threshold, at which the product particle 
has zero energy in the center-of-mass system for a 
proton of average energy striking the surface of the 
target. This is the only possible definition of true thresh- 
old for a target so thick that some of the protons are 
slowed below threshold before traversing the target. 
The relationship between the true neutron threshold 
for the Li’(p,m) reaction and the extrapolated threshold 
is of interest when one wishes to know the energy of the 
reaction very accurately. Further, since the thick- 
target extrapolated threshold is now quoted with an 
accuracy of +0.5 kev,'® one would like to know how 
sensitive this point is to target thickness and incident 
beam resolution. The good fit to the Li(p,m) total cross 
section we have obtained allows us to study the above 
questions. The calculated curves shown in Figs. 6, 7, 
and 8 were obtained by simple graphical integration of 
Eq. (1). 

Figure 6 shows how several assumed triangular in- 
cident beam spreads modify the neutron yield from a 
target of zero thickness. Most interesting is the fact 
that extrapolated thresholds depend on the incident 
beam resolution and are at lower average proton en- 
ergies than true threshold. 

Figure 7 shows the calculated effect of target thick- 
ness on the neutron yield when the incident beam is 
assumed to have no energy spread. Here, the extrapo- 
lated thresholds lie above the true threshold energy. A 
thick-target extrapolation is about 400 ev above true 
threshold. 
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Fic. 6. Calculated modifications of the thin-target Li’(p,m) 
total yield due to various assumed triangular incident beam 
energy spreads. 

16 Jones, Douglas, McEllistrem, and Richards, Phys. Rev. 94, 
947 (1954). Other absolute threshold references are given. 





Lit(p,n), (p,p’r), 

Figure 8 shows the calculated thick-target yield 
curve. The incident beam spread was chosen to approxi- 
mate the Doppler effect one gets when one uses the 
singly charged molecular hydrogen beam. This effective 
energy spread due to the internal motion of protons in 
the molecular ion is about 1/500;!7 we have repeated 
these data and found the same effective energy spread. 
Figure 8 shows that the thick-target extrapolated 
threshold is not shifted if the fillet due to beam spread is 
properly recognized ; this is true for any type of energy 
spread of the incident beam. 

The absolute measurements of the Li(p,m) threshold'® 
were thick target extrapolated thresholds. The regions 
of extrapolation used were in the order of 2 to 10 kev. 
Since neutrons were only counted in the forward direc- 
tion’’ and since the forward cone of neutrons has opened 
to 30° at 10 kev above threshold, an exact comparison 
of data with the calculated total cross section is im- 
practical. In practice, the region of extrapolation should 
be larger than the beam energy spread and smaller 
than the energy above threshold at which the neutron 
cone is larger than the subtended angle of the neutron 
counter. We estimate that the present absolute error in 
the Li(p,n) threshold is the same order of magnitude 
as its reproducability and the difference between ex- 
trapolated and true threshold. 

Figure 6 predicts that a very thin target, such as 
might be used for good resolution neutron work, will 
not give the same extrapolated threshold as a thick 
target. We mounted 10-kev and }-kev lithium targets 
in the same holder and took threshold data with a 
proton energy resolution of 1/2000. Two thresholds 
were taken on each target in alternate order. Further 
counts on fresh target spots insured that carbon buildup 
was negligible. The thin-target threshold was 500 ev 
lower in proton energy than that of the thick target. 
As the Van de Graaff controls were unchanged during 
the runs, the reproducibility of the data was better 
than 100 ev. 
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17 Herring, Douglas, Silverstein, and Ren Chiba, Phys. Rev. 
100, 1239(A) (1955). 
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When a threshold is measured on a very thin target, 
comparable in thickness to the Doppler effect, it is 
often convenient to define the true threshold as that of 
a proton of average energy which has penetrated half- 
way through the target, since it is the energy above 
this threshold which determines the average neutron 
energy in any direction. In fitting the data in Fig. 2 
to Eq. (1), the position of this threshold was taken to 
be the energy of maximum slope of the experimental 
curve. 


CONCLUSIONS 


Data on Li’+ p suggest levels in Be*® having the fol- 
lowing descriptions: Ko~1.9 Mev, 1.5>I',>0.5 Mev, 
(¥n?/¥p") =4.5, ¥n?> 4 the Wigner limit, 1,=0, J"=2>; 
Eo=2.25 Mev, 2]',=2l',=I'=0.22 Mev, (¥,?/7;°) 
=5.5, lp=1, J*=3+*; and Ko~2.1 Mev, I'=0.4 Mev, 
l,=2 or (1), J*=3- or (3+), I',/I',«1. A fourth level 
Eo= 3 Mev and J* = 1* is also suggested. The 2.1-Mev 
level does not appear to have an appreciable neutron 
or inelastic proton partial width. The suggested spin 
and parity assignment for the 2.1-Mev level is based on 
qualitative information from a number of reactions 
and should be treated as “tentative.” (One should re 
view the history of the 478-kev Li’ level to appreciate 
the meaning of the word “‘tentative.”) The 1.88- and 
the 2.25-Mev levels give a very good quantitative fit 
to Li’(p,m) and the Be’(n,p) data up to 2.35 Mev. 
Although it cannot be claimed that these levels com 
pletely describe this region of excitation of Be’, they 
should be useful in efforts to fit more sensitive data, 
such as proton elastic scattering and proton and neutron 
polarization data. The apparent inequality of neutron 
and proton reduced widths for the 2~ and 3* levels is 
certainly contrary to what might be expected, but it is 
not obvious that this inequality is in direct contradic- 
tion to the idea of charge independence of nuclear 
forces. We also wish to point out that the presence of an 
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anomaly in a reaction cross section at the threshold 
energy of a competing reaction may yield useful quali- 
tative information. 

One of the most interesting features of our data is 
the excellent empirical fit of the Li(p,n) cross section 
from threshold to 1.92 Mev which permits the study of 
the effects of proton energy spread and target thickness 
on the neutron yield. One must consider these energy 
spreads if the true reaction threshold (and therefore the 


neutron energy) is to be known to better than about } 
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kev. We also wish to emphasize the fact that the proton 
energy calibration point at 1.8811+0.0005 Mev” is an 
extrapolated threshold taken with a target thicker than 
the 9-kev interval of extrapolation. 

We would like to thank Dr. R. K. Adair and Dr. 
R. L. Macklin for unpublished communications and 
Professor Eugen Merzbacher for a number of very 
helpful discussions. We are indebted to Mr. P. Beving- 
ton and Dr. H. W. Lewis for the use of their unpublished 
data in the corrections on Fig. 3. 
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The j-j coupling shell model implies the existence of certain geometrical relations among the spectra of 
neighboring nuclei, We have considered one such relationship between states of a nucleus that is one proton 
or neutron away from a closed shell with states of the corresponding closed-shell nucleus. Use of this rela- 
tionship has enabled us to predict excited-state spins for several nuclei, most of which are in the vicinity of 
mass number 60. In two cases we predict the existence of states that have not been observed. 


I. INTRODUCTION 


T has recently been observed that the j-j coupling 
shell model implies the existence of certain geo- 

metrical relationships among the binding energies and 
excited states of neighboring nuclides.! Such relation- 
ships have been useful in the study of the ground- and 
excited-state properties of nuclei that could be char- 
acterized, to a good approximation, by pure (j-7 
coupled) nucleon configurations. In this paper we 
discuss a simple theorem relating the excitation spectra 
of certain nuclide pairs for which the limitation to pure 
configurations need no longer hold. 

We consider a nucleus such that one kind of nucleon, 
say the protons, has a closed-shell configuration. The 
configuration of the neutrons is to be completely 
arbitrary. For such a nucleus we expect to find a set of 
energy levels corresponding to the different possible 
total angular momenta to which the neutron configu- 
ration can couple. The excitation energy of any such 
level is given by 
AEs, =((j)** | V | (j)*) 

(Cfo V| (G70). (1) 


* Work supported by U. S. Atomic Energy Commission and 
U. S. Army Office of Ordnance Research. 

t Now at the Enrico Fermi Institute for Nuclear Studies, 
University of Chicago, Chicago, Llinois 

1T, Talmi and R. Thieberger, Phys. Rev. 103, 718 (1956); S 
Goldstein and I. Talmi, Phys. Rev. 102, 589 (1956); 105, 995 
(1957); I. Talmi, Phys. Rev. 107, 1601 (1957); R. D. Lawson 
and J. L. Uretsky, Phys. Rev. 106, 1369 (1957). The idea of 
exploiting geometrical relations among the energies of many 
sarticle systems was first applied to atomic spectroscopy by R. F. 
Jacher and S. Goudsmit, Phys. Rev. 46, 948 (1934). 


The state vectors in this expression exhibit explicitly 
the last proton closed shell (or subshell), which is 
trivially vector-coupled to the neutron angular mo- 
mentum. We denote the ground-state neutron angular 
momentum by Jo, and V denotes the sum of the two- 
body interaction terms. 

Let us now split off one proton from the closed shell 
(the appropriate fractional parentage coefficient is 
unity) and recouple the single proton to the neutrons 
in order to form a new angular momentum J;. J; is 
then vector-coupled to the remaining 27 protons to 
form the total angular momentum J; (or Jo). If we 
rewrite Eq. (1) using the new representation of the state 
vectors, we discover that? 


(2j+1) AE = (241) YS (25+1) 
Ji 


X(jJiSs|V| Gi Js)— (oti) ¥ (2s +1) 
J3' 


X(jJoSs'|V|jIoJs’). (2) 


The matrix elements that appear on the right-hand 
side of Eq. (2) are just the first-order energies of a 
nucleus that differs from the one under consideration 
by the addition or subtraction of a single proton in 
state j. It is to be emphasized that the neutron states 
J; and J» are states of the same configuration. It is 
clear that we are not concerned with the details of the 


1 This relation is readily derived from the recoupling relation 
for angular momenta. See Biedenharn, Blatt, and Rose, Revs. 
Modern Phys. 24, 249 (1952). 
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neutron configuration; consequently it is unnecessary 
to make any assumptions as to the manner in which 
the particles are coupled. 

We note in passing an alternative approach to Eq. 
(2) in terms of Slater integrals. The interaction between 
a single proton and the neutron group may be decom- 
posed into a sum of scalar products of irreducible tensor 
operators® of the form 


V=> x frT® -t™, 


Carrying out the sum indicated by the right-hand side 
of Eq. (2) leads to the result that every term of V 
vanishes except for the term with K equal to zero. The 
proof of the identity is then closely related to the result 
that only the term containing fo can survive in the 
matrix element evaluated for a closed proton shell 
(Es;). 

The meaning of Eq. (2) should be readily apparent. 
For each level of the ground-state configuration of the 
original (closed-shell) nucleus there is a set of levels of 
an adjacent nucleus (closed shell plus or minus one) 
corresponding to the several ways in which the proton 
angular momentum j and the neutron angular momen- 
tum J; can combine to form a resultant J;. The spacing 
between the centers of gravity of two such sets is equal 
to the spacing of the corresponding neutron levels of 
the original nucleus. 

In addition to the conditions already stated we have 
made use of certain fundamental assumptions pertaining 
to the model with which we are concerned. These are 
(a) that there is j-7 coupling for the closed-shell par- 
ticles (the protons in our example), (b) that the n-p 
interaction is sufficiently weak for the first-order 
perturbation theory to be a good approximation, and 
(c) that the component neutron and proton angular 
momenta, J; and j, are “good”? quantum numbers in 
the sense of Condon and Shortley.* It would seem to 
follow that if we can find groups of nuclides for which 
the sum rule holds with some degree of precision, we 
may conclude that assumptions (a) to (c) give a rea- 
sonable description of the properties of such nuclides. 

The remainder of the paper is devoted to applications 
of Eq. (2). In Sec. II we attempt to predict certain 
excited states and excited-state spins for nuclides which 
we expect to satisfy the assumptions (a) to (c). Section 
III summarizes the results and conclusions. 


II. APPLICATIONS OF THE SUM RULE 
Cr**—Fe®5—C]** 


We discuss this triad in some detail because it leads 
to a rather vivid demonstration of both the possibilities 
and the weaknesses of the method. 

The nucleus Fe** is thought to have an (f72)~* proton 


4G. Racah, Phys. Rev. 62, 438 (1942), 
*E. U. Condon and G. Shortley, Theory of Atomic Spectra 
(Cambridge University Press, New York, 1951), Chap. VIII 
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configuration and a single p; neutron.® Excited states 
have been found at 0.413, 0.932, 1.327, 1.413, 1.84, and 
2.17 Mev above ground.** The existence of the 1.84- 
Mev state is uncertain,’ and the two members of the 
1.33-1.41-Mev doublet have not seen simul- 
taneously,’* leaving the possibility that these two 
states are really the same. Of the six listed states we 
expect four to arise from the coupling of the neutron to 
the protons when the latter are excited to spin 2. It is 
found that there are at least twelve different ways of 
assigning the four spins (4, 3, §, $) so that the center of 
gravity is at 1.41 Mev, the energy of the 2* state’ of 
Fe™, 


been 


In order to resolve this ambiguity one observes that 
there are purely geometrical relations among the 
energies of the pairs Fe®-Co®® and Fe-Cr™. We let 
Ey be the excitation energy of a state of Fe®® of angular 
momentum J, ey a state of Cr, and Ay a state of Co™ 
(taking the 4+ state at zero energy). In addition, EF,’ 
and e¢,’ are the excitation energies of the (first excited) 
2* states of Fe and Cr™, respectively. By uncoupling 
one of the proton holes from the Fe® wave function we 
obtain equations between the first-order Fe®® and Co 


energies. Solving for the Ay gives 


As= (7/400) (15£y+84E,+ 161 Ey — 260Ey’), 
As= (1/40) (35Ey—12E,+77Fy—100E’), — (3) 
As= (5/176) (—19Ey— 36Fy+35Ey+20Ky’). 


In an analogous manner one derives three equations 
relating the states of Cr® to those of Co®*®. Because the 
proton configuration of Cr® has an equal number of 
holes and particles, however, the three equations for 
the Cr™ states can only be of rank two; otherwise it 
would be possible to prove that a hole-particle inter 
action is equal to a particle-particle interaction."” The 
linear dependence of the three equations allows us to 


deduce that in addition to the center-of-gravity theorem 
the chromium states must satisfy 


Sey — 4e5— 2164+ 20€2' = 0. (4) 


In addition it is now possible to relate the chromium 
and iron states and to find 


. 7) , 
ky — Ee’ = 4 — e7’, 


20(¢,— 2’) = 15Ey+4Ey+21Fy—40Ky. (5) 


*’M. Goeppert Mayer and J. H. D. Jensen, Elementary Theory 
of Nuclear Shell Structure (John Wiley and Sons, Inc., New York, 
1955). 

*R.S. Caird and A. C. G. Mitchell, Phys. Rev. 94, 412 (1954). 

7™R. A. Chapman and J. C. Slattery, Phys. Rev. 105, 633 (1957) 

5 A. Sperduto and W. W. Buechner, Bull. Am. Phys. Soc. Ser 
II, 1, 223 (1956). 

*Way, King, McGinnis, and van Lieshout, Nuclear Level 
Schemes A=4)0—A=92, Atomic Energy Commission Report 
TID-5300 (U.S. Government Printing Office, Washington, D. C., 
1955). 

S. P. Pandya, Phys. Rev. 103, 956 (1956). 
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Tasix I. Some nuclei to which the center-of-gravity theorem has been applied. The second column lists the lower excited states of 
the nuclei named in the first column. Each such nucleus is characterized by a closed shell plus or minus one particle for either the 
neutrons or protons, Column three then names the comparison nucleus with the corresponding closed-shell configuration. Column four 
contains the weighted average of the states listed in column two (omitting any single-particle states) which, by the center-of-gravity 
theorem, should be equal to the experimental 2* excitation energy of column five. The spins (in parentheses) in column two are assigned 
in a manner calculated to give the best prediction of the 2* excitation energy and other conditions (see text). Italicized spins indicate 


measured values 


Nucleus 


1. afe® 


1.84(5/2), 2.17(1/2)"-4 


uCr® 0(3/2), 0.57(3/2), 0.97(5/2),* 1.29(7/2), 


~1,9(5/2),* 2.31(1/2)%« 


no” 0(7/2), 1.097(5/2), 1.189(7/2), 1.289(3/2), 


1.432(9/2), 1.458(11/2)%» 


aCu™ 


1.411(3/2)*4 


wf ‘u” 


1.623(3/2)%) 
on™ 
wY" 


nAu'™ 
0.737(1/2)* 
1.28(3/2), 2.03(5/2)' 


di” 0(1/2), 


Energy levels (measured) and assigned spins 


0(3/2), 0.413 (3/2), 0.932(5/2),* 1.413(7/2), 


(3/2), 0.669(1/2), 0.961(5/2), 1.325(7/2), 
0(3/2), 0.770(1/2), 1.114(5/2), 1.482(7/2), 


0(1/2), 0.440(9/2),* 0.77(5/2), 1.6(3/2)! 
0(1/2), 0.551(9/2),* 0.65(5/2), 1.3(3/2)! 
0(3/2), 0.197(3/2), 0.271(7/2), 0.515(5/2), 


Energy of 
2* state 
(measured ) 
(Mev) 


Energy of 
2* state 
(predicted ) 
(Mev) 


142 


Comparison 
nucleus 


1sF'e™ 


1.41" 


1.46" 


auCr® 


aNi® 1.329! 


1.171° 


Ni” 


1.34! 


aNi® 


woZn* 1.10° 
Sr ° 


soH g™ 0.375" 


145i" 1.78! 


* Assumed to be a single-particle excitation and excluded from the center-of-gravity computation. 


© Reference 6 
© Reference 8 
4 Reference 7 
* Not observed, The existence of this level is predicted by the theory 
t Reference 9 

* Reference 11 

» Mazari, Sperduto, and Buechner, Bull 
‘Windham, Gosset, Phillips, and Schiffer, Phys 
iW. W. Buechner (private communication) 

* LeBlanc, Cork, and Burson, Phys, Rev, 104, 1670 (1956 

'P, M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 95 (1954) 
» W. W. Buechner and A. Sperduto, Bull. Am. Phys. Soc 
® Reference 12 

® Spencer, Phillips, an! Young, Bull 
® Davis, Divatis, Lind, and Moffat, Phys. Re 


Am. Phys, Soc. Ser 
Rev, 103, 1321 (1956 


Am. Phys. Soc. Ser 
103, 1801 


Il, 2. 1085 (1957 
(1956 


By use of Eqs. (2)-(5) and the measured*"” spectra 
of Cr®-** and Co it seems to be possible to make unique 
spin assignments for the state of Fe as given in the 
first line of ‘Table I. We then predict from Eq. (3) that 


the states of Co®® are —0.07(2+), 0(4*+), 1.1(5+), and 
1.7(3+). Although this result is inconsistent with ex- 
periment in that the 4* state is known to lie lowest,” 
we can account for the inconsistency by noting that A, 
is an extremely sensitive function of the Fe®® energies. 
If, in fact, we had chosen the $ level of iron to have an 
energy of 1.90 instead of 1.84 Mev, a choice not incon- 
sistent with experiment,’ we would have found the 
cobalt 2+ state to lie about 100 kev above the 4* level. 
From the compilation of Way et al.®, Co has been 
tentatively assigned levels at 0.17, 0.96, and 1.75 Mev. 
From Eqs. (2), (4), and (5) we now predict the levels 
of Cr. These are found to be 0.46(3), 1.41(4), 1.83(§), 
4 A, J. Elwyn and F. B. Shull, Bull. Am. Phys. Soc. Ser. II, 1, 
281 (1956). 
” Huiskamp, Steenland, 
Physica 22, 587 (1956). 
“Baker, Bleaney, Llewellyn, and Shaw, Proc. Roy. Soc. 
(London) A69, 353 (1956); Jones, Dobrowolski, and Jeffries, Phys. 
Rev. 102, 738 (1950). 


Miedema, Tolhoek, and Gorter, 


I!, 2, 179 (1957) 


Ser. I, 1, 39 (1956 


and 2.34(4) Mev. Experimentally, states are known to 
lie at 0.57, 1.29, and 2.31 Mev," leaving us in the 
position of predicting a §~ state at about 1.8 Mev in 
Cr® (line 2 of the table). 

It is of some interest to note that we could not find 
any consistent level schemes that included either the 
0.97-Mev state of Cr® or the 0.93-Mev state of Fe®. 
Thus, our results are in agreement with the conclusions 
by French and Raz" that the former level (and there- 
fore, we would conclude, both levels) arises from the 
single-particle excitation of a neutron to an fy state." 
The other spin assignments in chromium are not in- 
consistent with the /, values calculated by Elwyn and 
Shull from their d-p stripping measurements." 


Some Nuclei near Z=28 


Lines 3, 4, and 5 of the table show the results obtained 
by applying the theorem to three nuclei that lie near 


“J. B. French (private communication). We are grateful to 
Dr. French for a remark which prompted the investigation of 
Cr-Fe-Co presented here. 

‘’ For additional discussion of the ps2—/fs/2 splitting see the 
review article by R. H. Nussbaum, Revs. Modern Phys. 28, 423 
(1956). 
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the closure of the 20-28 proton shell. In each of these 
three the supplementary evidence obtained from 
Coulomb excitation and $-decay experiments appears 
to vindicate our particular choices of level assignments 
—always provided, of course, that the model itself is 
realistic. To illustrate, we remark that the possibility 
was investigated of assigning the 1.114-Mev state of 
Cu® as an fy single-particle excited state.'® If this had 
been done it would have still been possible to satisfy 
Eq. (2) by including the 1.725-Mev" state as part of 
the quartet. We feel that this assignment is unlikely 
however, because of the fact that the transition rate 
for the 1.114-Mev-to-ground transition is some forty 
times the single-particle value.’ If our conclusions are 
correct, we have no explanation to offer for the absence 
of a low-lying fy proton single-particle excitation. 


Zn” and Y°*! 


The next two cases (lines 6 and 7 of the table) were 
considered as a test of the supposition that there is a 
definite subshell closing at neutron or proton number 
38.5 For the neutron case the supposition appears to be 
consistent with the results of the center-of-gravity 
theorem for the pair Zn™-Zn®., This success encouraged 
us to predict an unobserved 2* state in Sr”, where the 
analogous proton configuration is found. If the simi- 
larity between neutrons and protons is really close, we 
should expect the 2* level of Sr® to have an excitation 


energy of 0.91 Mev in order that Zn® and Y” would 
have matching level sequences. ‘There is some evidence 
for the similarity between neutrons and protons in that 
both Zn™ and Y" appear to have long-lived 9/2 states 
at 440 and 551 kev, respectively.’ We suppose this to 
be an indication of a single-particle go/2 excitation. 


Au! 99 


We apply the center-of-gravity rule to the pair 
Au®-Hg™ on the assumption that the neutron number 
80 marks the closing of a subshell. The spin assignments 
in line 8 of the table appear to be consistent with the 
assumption that the ground state® of Pt™ is 4. 


Pair Po*- Po?” 


The 8 decay of At™ has recently been studied by 
Stoner.!* Four cascade y rays are seen which are at- 
tributed to the de-excitation of Po’. These have 
energies of 780 (M1), 545 (M1+ £2), 195 (M1), and 
90.8 (£2) kev. The intensity of the 90.8-kev y ray is 
quite low, leading one to suspect that only part of the 
de-excitation proceeds in this way. Using 90.8 kev as 
the spacing between the two highest levels and juggling 
the remaining three 7 rays to get the best fit to the 2+ 
level” in Po*® (1.185 Mev) leads to the decay scheme 

16W. W. Buechner (private communication), 

17G. M. Temmer and N. P. Heydenberg, Phys. Rev. 104, 967 
(1956). 

18 A. W. Stoner, Ph.D. thesis, University of California Radiation 


Laboratory Report UCRL-3471, June, 1956 a 
9 Mihelich, Schardt, and Segré, Phys. Rev. 95, 1508 (1954). 
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Fic. 1. Decay 
scheme of At™ as 
predicted from con- 
sideration of the cen- 
ter-of-gravity theo 
rem. The first excited 
state is assigned as a 
Para single-particle 
excitation."’ 
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shown in Fig. 1. The level at 780 kev we suppose to be 
a single-particle excitation to the py state. The 1.61- 
Mev level could conceivably be one of the pair arising 
from the coupling of the spin-} particle to the 4* state 
of Po”, which lies at 1.431 Mev." If such an interpre 
tation were correct we should also expect to find a 9/2 
state with an excitation energy of about 1.3 Mev above 
ground. There is no evidence that such a state exists. 


Case of Si*’ 


According to Mayer we might expect to find evidence 
for a closed subshell at 14 neutrons or protons.® In the 
light of this expectation it would appear that the pair 
Si*-Si® satisfies our requirement that one (Si’*) be 
characterized by a closed neutron subshell and that the 
other have a single neutron outside the closed subshell. 
On the other hand, one would naively expect the 14 
protons that make up the silicon nucleus to similarly 
arrange themselves in a closed configuration. It would 
follow that this pair of isotopes is not amenable to 
analysis by our methods. We think it strange, therefore, 
that the two silicon isotopes do have excited states that 
seem to satisfy the center-of-gravity rule (line 9 of 
table).”” The conclusion seems to be either that we are 
dealing with a numerological accident or that the proton 
and neutron configurations are really different in Si”*. 
If the latter conclusion can be substantiated it would 
seem to be of interest in connection with the under 
standing of Coulomb effects in the shell model. 


III, DISCUSSION 


We have seen that the j-7 coupling shell model, if it 
is to be taken seriously, carries with itself certain 


® The authors are grateful to Dr. I. Talmi for pointing out this 
case to them 
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implications concerning relationships among the ex- 
citation spectra of neighboring nuclides. It has been 
our purpose to exploit some of these relationships in an 
attempt to put the model to test. In so doing we have 
found ourselves in the position of predicting a sizeable 
number of excited-state spins and, in two cases, the 
existence of unobserved states. If these predictions 
should be borne out by experiment then, manifestly, 
one must regard this as a triumph on the part of th 
model. 

For the most part, consideration has been given to 
nuclei near mass number 60. This is because we were 
unable to find a sufficient amount of experimental 
information for nuclei lying near other closed shells 
than the ones at 28 and 38 neutrons or protons. It is 
in some respects unfortunate that this is so, because 
there is already appreciable evidence that the j-7 
coupling model gives a good account of itself for nuclei 
of atomic number up to 28.) One would be most in- 
terested in examining the situation near, for example, 
neutron or proton number 50. 

There are, perhaps, two reasons why one should not 
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be amazed if the elementary considerations discussed 
here should give a good account of the situation. In the 
first place one observes that the level spacings of most 
of the nuclei we have discussed tend to be sizeable; 
consequently, there would seem to be an excellent 
chance that assumption (b) of part I is applicable. 
Secondly, the nature of our analysis was such that we 
were concerned only with nuclei that had either closed 
neutron or closed proton shells. Considerations based 
upon the collective model*! would seem to indicate that 
for such nuclei the shell model might be applicable even 
at relatively high mass numbers. 

We should like to express our appreciation to Pro- 
fessor J. B. French, Professor I. Talmi, and Dr. C. 
Schwartz for valuable discussions. Dr. Jack M. Hol- 
lander, Dr. John O. Newton, and Dr. Donald Strom- 
inger have been of great help in their discussions of the 
experimental! situation. And we are most grateful for 
the computational assistance of Mrs. Ardith Kenney. 


“1A. Bohr and B. R. Mottelson, in Beta- and Gamma-Ray 
Spectroscopy, edited by K. Siegbahn (Interscience Publishers, Inc., 


New York, 1955), Chap. XVII. 
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Transmutation of Nitrogen by Protons from 100 kev to 135 kev* 
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A portion of the excitation curve of the thermonuclear reaction N“(p,y)O” has been measured using 
protons of 100 to 135 kev. The cross section of this reaction ranges from (8.5+3.7) 10°" barn 


at 100 kev to (14+40.3)K10°" barn at 


135 kev. The approximate constant Sp» is defined by 


Som Eo exp (31.2812,Z,A%E~4), where £ is the energy in the center-of-mass system and is measured in kev, 
I , y 

o is in barns, A is the reduced mass of the interacting nuclei, and Z, and Z, are the nuclear number of 

protons and nitrogen, respectively. Based upon these measurements, So=2.740.2 kev-barn. 


INTRODUCTION 


HE carbon-nitrogen cycle’ is believed to be one 

of the principal processes for the conversion of 
hydrogen to helium in certain classes of stars.?~* The 
reaction studied here, N“(p,y)O", is probably the 
governing reaction of the cyclic process, since its cross 
section in the region accessible to experiment is the 
smallest. Previous measurements have been made of 
the other reactions in the cycle, namely, C'*(p,y)N™,°" 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

'H. A. Bethe, Phys. Rev. 55, 103, 434 (1939); Astrophys. J. 94, 
37 (1940). 

*W. A, Fowler, Mém. soc. roy. sci. Litge 14, 88 (1954). 

* Bosman-Crespin, Fowler, and Humblet, Bull. soc. roy. sci. 
Litge 9-10, 327 (1954). 

4 Burbidge, Burbidge, Fowler, and Hoyle, Revs. Modern Phys. 
(to be published). 

*R. N. Hall and W. A. Fowler, Phys. Rev. 77, 197 (1950). 

*W.A.S. Lamb and R. E. Hester, Phys. Rev. 107, 550 (1957). 


C"(p,vy)N™,’ and their cross sections are larger. Energy 
generation due to the burning of hydrogen to form 
helium by this catalytic process will depend strongly 
on the smallest cross section in the cycle at stellar 
energies. 


DESCRIPTION OF APPARATUS 


The high-current ion injector at Livermore® was used 
to provide the beam for these experiments. The beam 
was analyzed in an electromagnet and then the analyzed 
beam was collimated so that the energy spread in the 
beam used in the experiment was less than +1 kev. 
The beam diameter at the target was about } inch. 
(See Fig. 1.) 

The targets used were water-cooled sheets of titanium 

7 E. J. Woodbury and W. A. Fowler, Phys. Rev. 85, 51 (1952). 


*W. A. S. Lamb and E. J. Lofgren, Rev. Sci. Instr. 27, 907 
(1956). 
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whose surfaces had been coated with titanium nitride 
by heating the sheets in NH;. The target thickness was 
typically 0.3 to 0.5 mg/cm? nitrogen, which constitutes 
a thick target for these energies. The beam currents 
used in the experiments were chosen at around 25 ma 
to optimize between target erosion from beam bombard- 
ment and maximum nuclear yield. It was felt that if 
the temperature rise on the surface of the target could 
be kept quite low, the loss of the induced activity of O' 
could be minimized. The targets were mounted on a 
shaft which enabled the activated target to be repro- 


ducibly positioned in front of a scintillation counter 


where the activity was monitored. 

An additional probe, mounted on a sliding seal in 
front of the TiN target, was used to measure beam 
power and to adjust the ion accelerator. 

The 8+ counter was a 2-in. photomultiplier tube with 
a 7g-in. thick plastic or anthracene scintillator of corre- 
sponding diameter which was shielded where possible 
with 2 in. of lead and had a cover of 0,001 in. of 
aluminum foil as a light seal. The output of the counter 
was fed to a 20-channel pulse-height analyzer arranged 
to count that part of the Bt spectrum which would 
optimize the signal-to-background ratio. 

The counting arrangement used to determine the 
yield from the capture gamma radiation consisted of a 
4 by 4 in. Nal(Tl) crystal and a 5-in. multiplier 
phototube whose output was fed to a 20-channel pulse- 
height analyzer.® 


EXPERIMENTAL PROCEDURE 
A. Counter Calibration 


It is necessary to know the absolute efficiency of both 
the y counter and the # counter in order to determine 
the yield of the reaction. In the case of the 8 counter, 
three sources were used to determine the efficiency in- 
cluding geometry. The first method involved the 
determination of the absolute activity of a sample of 
Na™ by means of a calibrated ion chamber that meas- 
ured the gamma radiation, then taking appropriate 
aliquots on our TiN targets and measuring the § ac- 
tivity, which was compared with a standard RaD-E 
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Fic. 1, Diagram of counting arrangement. Parts of the collimating 
analyzing system are not shown 
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beta source. Then to calibrate with a 8 activity whose 
end-point energy is similar to 0", a P® sample was 
prepared and an aliquot was measured on a 41-beta 
counter.’ This was then aliquoted on TiN targets and 
compared with the other two methods. The estimated 
error on counter calibration for 8 counting is +10% 
from these procedures. 

The y counter was calibrated by the following process. 
Two radioisotopes whose activity is believed known to 
+5%, namely, Na“ and Na**, were used to determine 
the efficiency of the counting system at two energies, 
namely, 1.3 Mev and 2.7 Mev. This efficiency then was 
used to compute the efficiency of the system for the 
energy interval used in this experiment."~'? The 
average error introduced by this process is estimated 
at +20%. 

B. Accelerating Voltage Measurement 


The accelerating voltage was measured by means of a 
precision voltage divider and a potentiometer. This 
gives the average voltage since the power supply has an 
inherent ripple of about 2%. The then 
centered on the collimating system by adjusting the 
analyzing magnet which would only pass +1 kev from 
the average value. 


beam was 


C. Beam-Current Measurements 


The beam current means of a 
thermopile in the cooling circuit of the target probe, 
which gave an of This 
reading was then duplicated by means of an immersion 
electric heater and the power computed from the 


readings from precision electrical instruments. The 


was measured by 


indication relative power. 


power reading combined with the accelerating voltage 
gave the The current monitored 
electrically during the runs; however, because of second- 
ary electron emission, the value was only relative. The 
t 5%, of the 


current. was also 


error of this measurement is estimated at 
beam current. 


D. Nuclear Measurements 
B* Counting 


Nearly all of the data taken in this experiment were 
obtained by measuring the positrons resulting from the 
decay of O'. While every reasonable precaution was 
taken to insure clean targets of ‘TiN, ever-present 
carbon nevertheless was the principal contaminant. 
The experimental procedure consequently was aimed 
at minimizing the effect of carbon comtamination. It is 


hoped that the procedure described below enables one 

*E. Tochlin, U. S. Naval Radiological Defense Laboratory 
(private Communication), 

” Wolicki, Jastrow, and Brooks, Naval Research Laboratory 
Report NRL-4833, 1956 (unpublished) 

"KR. W. Kavanagh, thesis, California Institute of 
(unpublished) 


2S. Foote and N. W. Koch, Rev 


Technology 


Sci. Instr. 25, 746 (1954) 
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hic. 2. Decay of activity used to determine yields. The line 
represents 120-second half-life 


to put some limits on the contribution of contaminants 
to the measured yield. 

The reaction N“(p,7)O"* and the subsequent decay 
of O%—6t+v4+-N" with a half-life of 120 sec must be 
distinguished from the reaction C(p,7)N" followed by 
N44 6t+-»4+-C® with a half-life of 10.1 minutes. The 
cross section for C!*(p,7)N™ is approximately 10 times 
larger than that for N“(p,y)O"; hence, a 10% con- 
tamination of carbon on the target would result in the 
production of about equal numbers of O” and N¥, 

The targets were bombarded for 3 half-lives of O°, 
or 360 sec, and the net counts in an interval of 360 
sec after bombardment were used to determine the 
yield of O'. 

Counts were recorded for a total of 1800 sec each 
run and the background was determined from the 
1200 sec. By observing the behavior during the 
last 1200 sec, one could detect the presence of car- 
bon if the contamination was as large as a few per- 
cent, particularly at bombarding energies greater than 
125 kev. In this manner the targets were checked for 


last 


carbon contamination. 

The sum of all of the decay data was plotted and is 
shown in Fig. 2. Although the statistics are poor in 
the third half-life, it seems reasonable to conclude that 
the activity used to determine the yields was indeed 
decaying with a 120-sec half-life. 

A second difficulty in this experiment results from 
the unknown escape of the induced activity of O" from 
the target during bombardment. Two methods were 
used to estimate this effect. One was to change the 
beam current by a factor of about 3 and, with approxi- 
mately equal counting statistics, attempt to detect a 
systematic change in yield. This effort failed to show a 
significant difference with 15% counting statistics. 

The second method was to measure the capture 
gamma radiation from the reaction and note whether 
the yield based upon this measurement agreed with 
that taken from positron counting. This measurement 
was not possible at any but the highest bombarding 
energies because of the reduced efficiency of the gamma 


counter. 
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The compound nucleus O" formed by the capture of 
protons in N“ at bombarding energies of 130 kev is 
formed at a level intermediate between the 6.82- and 
7.61-Mev levels.” 

The yields were determined on the hypothesis that 
any photon counted in the energy interval 5.0 to 7.5 
Mev represented a radiative capture of a proton in N™, 

We feel that this point is more uncertain than the 
statistics indicate because of possible unknown errors 
in counter efficiency due to uncertainty in the mode of 
decay of O"* from its excited states. 


RESULTS 


Figure 3 shows the thick target yield per incident 
proton on the compound TiN which was obtained from 
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Fic. 3. Thick-target yield/incident proton as a function of proton 
energy in the laboratory system. 


the following expression : 
Nx 
TX f(8)(1—e") (1—e Ma)’ 


where V,=thick target yield, V=total net counts in 
time 4, A=decay constant for O'=5.7810~-%/sec, 
/=current in protons/sec, /{(8)=efficiency of the 
8-counting system, /;= bombardment time in sec, and 
to= counting time in sec. 

Usually 4)=t,=360 sec=3 half-lives, except in the 
case of interruption due to machine spark-down, etc. 
The single point shown for capture gamma counting 


4 F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955) 





TRANSMUTATION 


was obtained by a similar expression, namely: 
V.(y)=n/UXf(y)], 


where n=net counting rate in counts/sec, /=current 
in protons/sec, and f(y)=gamma counter efficiency. 
The errors shown are rms errors due to counting 
statistics, and estimated systematic errors as discussed 
previously. 
The cross sections shown in Fig. 4 were obtained from 
the thick target yield, using the following relation: 


a(E) 
Y, f dE, 
€ 


where ¢ is the stopping cross section per molecule of 
TiN and o(£) is the cross section of the reaction. The 
functional form of the cross section is given by**: 


a(E) = (So/E) exp(— 31.281Z,Z,A'E-), 


where E is measured in the center-of-mass system of the 
interacting nuclei, A is the reduced mass of the system, 
and So is an approximate constant. Further manipula- 
tion gives the following approximate equation in which 
the stopping cross section is taken as a constant over 
the range of energies used here: 


o(E)4Z AV 1(€/ EY) [1+ (E/Zn)+ +]. 


If the £ is now measured in the laboratory system and 
in Mey, ¢ will be in Mev-cm?/TiN (molecule) and is 
taken at 4.7K10~* Mev-cm?’. The points shown are 
calculated from the expression. The uncertainty about 
the stopping cross sections and errors introduced by 
approximations in the above expression are believed to 
introduce an additional + 10% into the cross section. 
Differentiating the yield curve gives the same results 
within the limit of experimental error. 

From the cross-section data the cross section factor So 
can be evaluated for extrapolation to energies of interest 
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Fic. 4, Cross section as a function of energy 
in the laboratory system. 


in astrophysical processes, namely : 
So=2.7+0.2 kev-barns. 
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The K-conversion coefficients of the predominantly M1 y rays of 209.7, 228.2, and 277.9 kev following 
the 6 decay of Np™ have been measured using a curved crystal y-ray spectrometer and a lens type B-ray 
spectrometer. The measured K-conversion coefficients are 1.764-0.30, 1.604-0.16, and 1.16+0.12, respec- 
tively. A limit of less than 10% has been placed on the admixture of £2 in these radiations from a study of 
the K/L and Ly: Ly: Ly conversion ratios. It is found, for Z=94, that the measured conversion coefficients 
show better agreement with the M1 predictions of Sliv who allowed for finite nuclear size than with Rose 
et al. who assumed a point charge nucleus. In addition, the K-conversion coefficients of the 254.7-, 285.5-, 


$16.2 


’ 


and 334.4-kev y rays of Pu®, have been measured to be 0.88+0.32, 0.1140.02, 0.0274-0.005, and 


0.025+4-0.005, and the 1; and 4; conversion coefficients of the 106.4-kev y ray to be 0.062+-0.007 and 


0.071 40.007, respectively. 


I. INTRODUCTION 


HE effect of a finite nuclear volume on the 

calculation of internal conversion coefficients has 
recently been estimated by Sliv ef al.’ Their calculated 
K-conversion coefficients differ significantly from those 
of Rose et al.,* who assumed a point nucleus. The ratio 
of the values calculated by Sliv to those calculated by 
Rose is shown in Fig. 1, where this ratio for a series of 
multipolarities is plotted as a function of Z for a y ray 
of energy 255 kev (0.5 mc’). The ratio, which is nearly 
unity at low values of Z, decreases with increasing Z, 
and is particularly small for M1 transitions at high Z. 
Recent experiments have indicated that measured con 
version coefficients differ significantly from the cal 
culated Rose. Measurements of the 
K:1,: Ly conversion coefficient ratios of the 279-key 


y ray of TI by Nordling ef al. show this disagreement. 


coefficients of 


Direct evidence that the A-shell internal conversion 


coefficients for M1 transitions are less than those pre- 
D> 


0.9 


Z 


Fic Ratio of K-conversion coefficients calculated by Sliv 


to those calculated by Rose for y ray of energy 255 kev 


(O.5 me) 

1L. A. Sliv, Zhur. Eksptl. i Teort. Fiz. 21, 77 (1951), and 
privately circulated tables 

? Rose, Goertzel, Spinrad, Harr, and Strong, Phys. Rev. 83, 79 
(1951). 

* Nordling, Siegbahm, Sokolowski, and Wapstra, Nuclear Phys 
1, 326 (1956). 


dicted by Rose, has been shown by Nielsen ef al.‘ for 
the predominantly M1 transitions of Bi?" and McGowan 
et al.® for transitions in Ta!*!, Au’, and Tl?%, 

In the present experiments measurements were made 
of the conversion coefficients of the predominantly M1 
y rays of energies 209.7, 228.2, and 277.9 kev which 
occur in Pu following the 6 decay of Np**. These 
y rays are all transitions from the 5/2+- level at 285.6 
kev to members of the ground state rotational band as 
shown in Fig. 2.6 In addition, measurements are made 
of the K-conversion coefficients of other y rays occurring 
in the decay of Pu’. Measurements of the conversion 
electrons were made using a double lens §-ray spec- 
trometer. Only relative measurements were made and 
their intensities are quoted in terms of the total in- 
tensity of the K-conversion electrons. Gamma-ray in- 
tensity measurements were obtained using a carefully 
calibrated two meter curved crystal spectrometer of the 
DuMond type, and were measured relative to the total 
intensities of those K x-rays of Pu which result from 
internal conversion. The total intensity of these K 
x-rays, when corrected for fluorescent yield, gives a 
measure of the total intensity of the K-conversion 
electrons and enables the two sets of measurements to 
be normalized to each other and hence the conversion 
coefficients of the y rays to be determined. 


Il. EXPERIMENTAL RESULTS 


For the f-ray spectrometer measurements, sources 
were prepared from samples of U™* depleted in U™®, 
These were irradiated for approximately one day in the 
NRX reactor, and the Np™ separated from the uranium 
and fission products by an ion exchange column. 
Suitably thin sources for use in the spectrometer were 
prepared by sublimation of the purified Np™* oxide on 
to 200 wg/cm? aluminum foil over an area one-half mm 
in diameter. The internal conversion spectrum was 
studied in a double lens §-ray spectrometer operated at 

‘ Nielsen, Nielsen, and Waggoner, Nuclear Phys. 2, 467 (1956). 

'F. K. McGowan and P. H. Stelson, Phys. Rev. 103, 1133 


(1956). 
* Hollander, Smith, and Mihelich, Phys. Rev. 102, 740 (1956). 
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0.35% resolution in momentum. A section of the spec- (depleted in U**) 4X10~? em thick and 0.72.3 cm* 
trum is shown in Fig. 3. The conversion lines were area. Before irradiation the uranium was sealed in a 
observed to decay with a half-life of 2.3 days, confirming thin aluminum holder. After irradiation the uranium 
that they were all associated with Np™ decay. The and the aluminum holder were mounted directly in the 
results of the conversion electron measurements are crystal spectrometer. The observed spectrum is shown 
listed in Table I. The intensities are quoted relative to — in Fig. 4. The resolution is determined by the geometric 
that of the total intensity of the K-conversion lines. source thickness and is about 0.75% in energy at 

The sources used in the curved crystal spectrometer 150 kev. The y rays and x-rays were observed to decay 
were prepared by irradiating a thin sheet of U** metal with a half-life of 2.3 days, confirming that the Pu 


14 


TABLE I, Experimental and theoretical A-conversion coefficients for Pu gamma rays 


K-conversion coefficients Limit on 
( Quantum lieu K2 admix 
y Tay onversion line int int. Theor ture for 


(kev) c Tue Jun ly Expt.* Sliv Tim Mi» rays 


106.4 6.740.5 2.341.7> 50.44 2.5 
209.7 15.942» 3.5+0.. 0.034-0.1 9.0+0.7 1.7640.30 2.58 (M1) 4.70 (M1) 115440 10% 
226.1 2.2+0.7 
228.2 44.741.5 94+0.5 0.065+4-0.015 28.0+1.4 1.60+0.16 2.05 (M1) 74 1) 1454-35 10% 
254.7 0.50+0.05 0.57+0.2 0.88 +0.32 1.48 (M1) 2.75 (M1) 
0.10 (£2) O11 (£2) 
273.1 0.27+0.07 
277.9 36.141.5 7.5 5 0.05+4-0.01 . 1.16+0.12 1.17 (M1) 2.22 V1 150+ 40 
285.5 0.15+0.015 d ’ 0.114-0.02 0.084 (£2) 0.089 (#2 
316.2 0.0904-0.015 3. : 0.0274-0.005 0.029 (Fl) 0.029 (1) 
334.4 0.11+40.015 0.0254-0.005 0.026 (#1) 0.026 (F1) 


* The errors assigned to the K-conversion coefficients make allowance for a possible systematic error in the normalization of the measurements made with 
the two instruments. 

> These lines were not resolved and had combined intensity 18.241, The intensity has been assigned to Lint (106.4 kev) assuming Rose's L-conversion 
coefficients and assuming that the gamma ray is H1, The errors assigned to the two lines make allowance for a large error in this assumption 
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x-rays are associated with the observed Pu™ y rays. 
To obtain the relative intensities of the observed 
y rays, corrections were applied for efficiency of re- 
flection of the quartz crystal, absorption of 7 rays in 
the source material and flight path, and variation of 
sensitivity with energy of the Nal detector. The 
reflectivity of the curved quartz crystal as a function of 
energy between 40 and 511 kev was obtained to a 
precision of + 3% by measuring the direct and diffracted 
y rays and x-rays following the 8 decay of Sm'*, Tb'®, 
and Cu™, These sources were found to be suitable for 
calibration since their spectra are characterized by a 
few strong y rays. The y-ray absorption in the flight 
path consisting of quartz, air, and aluminum window 
in the Nal detector, was less than 10% and was 
calculable. Since the y-ray absorption in the source was 
large it had to be known with precision comparable to 
the y-ray intensity measurements. The absorption was 
estimated for all y rays and also was measured experi- 
mentally for the strong y rays and x-rays by comparing 
the Pu® pulse-height spectrum of the direct radiation 
from the thick source with that from a thin source 
having negligible y-ray absorption. 

The y-ray intensity measurements in Table I are 
quoted relative to the total intensity of K-conversion 
electrons. This was done by measuring the y rays rela- 
tive to the total intensity of the Pu K x-rays. The total 
intensity of these x-rays, when corrected for fluorescent 
yield, is a direct measure of the number of K-shell 


vacancies caused by internal conversion, The conversion 
electron measurements were normalized to the sum of 
the observed K-conversion line intensities given in 


KNOWLES, 


1064 kev 


AND MacKENZIE 





Fic. 4. Section of 
y-ray and x-ray spectra 
of Pu, showing the 
209.7-, 228.2- and 277.9- 
kev y rays and the inter- 
nal K-conversion x-rays 
The statistical error, 
where not indicated, is 
smaller than the size of 
the points. 

228.2 kev 





| 209.2 kev 
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Table I. It was not possible to observe directly K-con- 
version electrons below 30 kev. However, the contribu- 
tion below this energy is probably negligible since no 
unassigned conversion lines were observed which could 
be attributed to the ZL or M conversion of y rays 
between 125 kev (the K absorption edge of Pu) and 
155 kev, and no unconverted y rays were observed in 
this energy range. 


III. DISCUSSION OF RESULTS 


The measured conversion coefficients of the 209.7-, 
228.2-, and 277.9-kev y rays given in Table I can be 
compared with theory only if their multipolarities are 
known. For these y rays the multipolarities were de- 
termined from measurements of the K/L and (L,;+Ly1)/ 
Ly conversion ratios. The latter ratio is more sensitive 
for predominantly M1 y rays in this region, and was 
used to place the limits quoted in this paper. The values 
of the (L;+L1)/Lin ratios have been calculated for 
various multipole orders on the basis of Rose’s con- 
version coefficients and are shown for M1 and E2 
multipolarities as a function of energy in Fig. 5. For 
higher multipole orders in this energy range, the 
maximum value of the ratio is 20, which is considerably 
less than the observed values. This implies that only 
admixtures of M1 with other multipoles will give 
agreement with experiment. Of these, the most probable 
multipole admixture is £2.’:* The calculated (Z,+L1)/ 


7 The decay scheme for Pu™, Fig. 2, represents the 228.2-kev 
y ray as a transition with no change of parity between two states 
of the same nonzero spin. In elements of high Z, a low-energy EO 
transition may compete favorably with M1 and £2 transitions.* 





INTERNAL 


Lin ratio, for a 5% E2 admixture is consistent with 
experiment as shown in Fig. 5. The dependence of the 
estimate of £2 admixture on Rose’s theory does not 
seriously affect the comparison of experimental K-con- 
version coefficients with theory, unless variations of 
either the ZL; or Ly conversion coefficients are greater 
than a factor of two. If az: is less than Rose’s prediction 
by a factor of two, and azn remains constant, the 
percentage of £2 would be reduced from approximately 
5% to 2%. A corresponding decrease of azn by a 
factor of two greater than that for az; would predict an 
admixture of £2 of 10%. This latter decrease is still 
not large enough to affect the conclusions drawn in this 
paper. A comparison of measured conversion coefficients 
with theory is shown in Fig. 6. Theoretical curves are 
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Fic. 5. Comparison of experimental (11+ L11)/Lin conversion 
ratio with theoretical values for M1 and £2 multipolarities calcu 
lated on the basis of Rose’s L-conversion coefficients. 


given for pure M1 and for a 10% E2 admixture. ‘The 
measurements lie well below the theoretical predictions 
of Rose. 

In addition to the above measurements, K-conversion 
coefficients were measured for the 255-, 285-, 316-, and 
334-kev transitions. From the measured conversion 
coefficients, the multipolarity of the 285-kev y ray is 
interpreted as £2, of the 316- and 334-kev y rays as /1 
and of the 255-kev y ray as an M1+ £2 admixture on 


However, admixtures of £0 cannot account for both the observed 
(11 +11)/Lin ratio and the observed K-conversion coefficient of 
the 228.2-kev y ray if one assumes Rose’s theory to be correct. 

Compared to £2, admixtures of higher multipole orders are 
improbable. In addition, the (1j+L)/Lin experimental ratio 
places such a limit on the admixture of multipoles higher than £2, 
that it could not significantly influence the M1 K-conversion 
coefficients. 

* E. L. Church and J. Weneser, Phys. Rev. 103, 1035 (1956). 
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Fic. 6. Comparison of experimental conversion coefficients with 
theoretical values of Rose and Sliv for pure M1 y rays and a 90% 


M1+-10% #2 mixture. 


the basis of either theory. The experimental precision 
here is not sufficient to choose definitely between the 
theories. 

The measurements of the ZL; and Ly conversion 
coefficients of the 106.4-kev y ray are az,;=0.062 
t0.007 and a; =0.071+0.007. ‘This y ray would be 
interpreted as /1 with some admixture of M2 on the 
basis of the Z; and Ly; conversion coefficient calculations 
of Rose. However, if one assumes sufficient M2 admix 
ture to agree with the measured L; conversion coeffi- 
cient, the expected value for az. would be 0.026, which 
is considerably lower than that observed. Thus it is 
clear that Rose’s point-nucleus calculations do not 
account for the observed conversion coefficients. 

The results of the present experiments show that 
K-conversion coeflicients of M1 y rays of energies 
209.7, 228.2, and 277.9 kev at Z=94 are considerably 
lower than those calculated by Rose assuming a point 
nucleus. The measurements lie closer to the K-conver- 
sion calculations of Sliv. In addition, the K-conversion 
measurements of the 209.7- and 228.2-kev y rays, even 
allowing for 10% 2 admixture, appear to be smaller 
than the predictions of Sliv. This suggests that con- 
version coefficients, as well as depending on the finite 
nuclear size, may well be model-dependent, as postu- 
lated by Weneser and Church.’ 


9 J. Weneser and E. L. Church, Phys. Rev. 104, 1383 (1956), 
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Some general results are derived for the odd-group model of odd-odd nuclei and used to discuss the validity 


of the model 


I. INTRODUCTION 


HE single-particle shell model, as contained in the 

empirical Mayer rules,’ has been remarkably 
successful in explaining the spins of the ground states 
of even-even and odd-even nuclei in terms of a simple 
angular momentum coupling scheme. An empirical 
extension of this model for odd-odd nuclei proposed by 
Nordheim,’ has however been less successful, particu 
60. The 


calculation of de-Shalit,’ based on a simple model in 


larly in the region of light nuclei, say A 


which the single-particle shell model is adopted for 
each of the odd groups of neutrons and protons, and 
only the coupling of the two odd nucleons is investi- 
gated, suggests a partial theoretical basis for Nord- 
heim’s rules. Schwartz‘ has considered the more general 


odd-group” model which takes into account all the 
equivalent nucleons outside the closed shells, but in 
which only the ground state of each of the odd groups, 
generally the seniority 1 state, is considered. This calcu- 
lation indicates that Nordheim’s rules are not as gen- 
erally valid as found by de-Shalit, and that the situation 
is in general more complicated. The results of de-Shalit 
and Schwartz depend on the assumption of short-range 
central two-body interactions which they make for the 
purpose of the calculation. ‘This short-range assumption 
now appears to be unreasonable, at least for light and 
medium nuclei.® 

In view of the simplicity and apparent success of the 
odd-group model,* we present here a derivation using 
an approach different from that of Schwartz, which 
enables us to study the low-lying levels of odd-odd 
nuclei, independently of the nature of the two-body 
nuclear interactions. Some pertinent experimental tests 


of the model are also discussed. 


Il. THEORY 


The wave function of a nuclear state, of total angular 
momentum J and magnetic quantum number M, be- 
longing to an odd-odd configuration containing m, 
protons in the subshell 7, and my neutrons in the sub- 


1M. G. Mayer, Phys. Rev. 78, 16, 22 (1950) 
*1.. W. Nordheim, Phys. Rev. 78, 294 (1950) 
A. de-Shalit, Phys. Rev. 91, 1479 (1953) 
‘(C, Schwartz, Phys. Rev. 94, 95 (1954) 
‘}. Kurath, Phys. Rev. 91, 1430 (1953); C. Levinson and 
K W. Ford, Phys. Rev. 100, 13 (1955); J. B. French and B. J 
Raz, Phys. Rev. 104, 1411 (1956) 


shell 72, outside closed shells, can be written generally as® 


Y*= 7. AJ \5oJ MJ 2M | J; J2.JIM) 
Iida 
MiM:; 


KW Mil (71) Wore (ja) |, (1) 


where Wy,""{ (j,)"'] is an antisymmetrized state of the 
proton configuration and similarly for Ws," (j2)"*]; 
Asis, are constant coefficients; (J;M,JoMo|\J\J.JM) 
is a Clebsch-Gordan coefficient. The odd-group model 
is now obtained by considering only the states J;= /,, 
J,= jz, of seniority 1, for the two odd groups. We have 


then, 


WV, M ca Wilf)" Wie (p2)" | 


Mi Ms 


K(jiMij2M2) jijoIJM 
(prdin™ 5 (Jodie: JM), (2) 


where the wave function is written in a compact form 
in the last line. ‘ 
We now introduce an arbitrary two-body interaction, 
not necessarily central, 
mms 


H=) > Ai;, (3) 


el j=l 


between neutrons and protons. To evaluate the energy 
of the state Wy, we may now use the conventional 
procedure of introducing coefficients of fractional par- 
entage (c.f.p.) to separate out the particles m; and my. 
from their respective odd groups, and recouple them by 
means of a 9j-symbol. We then get, 


EL(jrin™; (Ja)i2™: JJ=mne DS (ga) ™ fs | Gf)" 1)? 


zizqye 
 ((ja)"*jo| (fa) m2) *Chi gi] 

M1 i yr 
jopELjije:2). (A) 


y £ J 


X2 jr 


® We do not use here the conventional isotopic spin formalism, 
which for odd-odd nuclei is often inconvenient. The validity of 
charge-independence can be, however, maintained in Eq. (1) 
The states of the odd-group model (and of other such approxi 
mate models) as described by Eq. (2) have no definite isotopic 
spin. 
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ANGULAR 


Here ((j1)"J1\ (j1)""4x1) is the required c.f.p., 


[ab- +» /ed- + + J=(2a+1)(2b+1)---/ 
(2¢+1)(2d+1)-+-, 


and the quantity in the curly brackets is the 97-symbol 
defined by Jahn and Hope.’* 

This formidable expression can be easily simplified 
by using a result obtained by Schwartz and de-Shalit® 
for the c.f.p. for states of seniority 1, for an odd number 
of identical nucleons, viz., 


((9)"9| (g)" x}? 


2j 2(n—1) 
55 j t €, 
n(2j7—1)(2j+1) 


[x], (5) 


where 


Introducing (5) into (4), and comparing the individual 
terms in the resulting expression with similar explicit 
expressions that may be written down for the special 
configurations (7;)(j2)! and (7;)~'(j2)* we easily ob- 
tain, omitting the J-independent constants, 


EL(jr)in™; (j2)i2": J) 


(2ji— m1) (2j2—M2) + (mi —1)(me—-1) 
re ; El jijr: J] 
(2j1—1) (2j2—1) 


(2j1—m1) (m2— 1) + (272-2) (m— 1) 
bu 
(271-1) (2j2—1) 
KELji(j2)": J), (6) 


where we also make use of the well-known result in j7 
coupling, viz., that the energy levels of the configuration 
(ji) *(j2)* are identical to those of the configuration 
(j:)(j2). This result depends only on the assumptions 
of the angular momentum coupling scheme of the odd- 
group model, and is independent of the general nature 
of the two-body interaction. 

We now show that the results obtained by Schwartz 
in the short-range limit are implicitly contained in 
Eq. (6). In this limit, the two-body central interaction 
may be written as (a+b0,-0,)V(r). It can be shown” 
that there exists for such an interaction a simple 
relationship between the energy levels of the configura- 
tions (j:)(j2) and (j;)(j2)'; writing E®, E” for the 


7H. A. Jahn and J. Hope, Phys. Rev. 93, 318 (1954). 

* The two-nucleon model of de-Shalit (see reference 3) is ob- 
tained by a further approximation x; = x#.=0 

9, Schwartz and A. de-Shalit, Phys. Rev. 94, 1257 (1954). 

1” For this purpose we may use the projection theorem derived 
by us previously [see Eq. (1), reference 12] which connects the 
matrix elements of the interaction for a two-nucleon and a nucleon 
hole configuration. If we note that the explicit J-dependence of 
the two-nucleon matrix element for Wigner and 0; -@2 interactions 
is contained in the factor (—1)/W(jj'jj’: Jr) [see Eq. (29) of 
reference 4] and carry out the sum over J on the right side of the 
projection theorem, we immediately obtain Eqs. (7) and (7’) 


MOMENTUM 


COUPLING 


a, b parts, we have 
EL jije: J] 
EC jije: J] 


EL ji(j2)': J], 
EOL jj) 
Using (7) and (7’) in (6), we obtain, 
EOC (Giai™; (Go)io™: J] 

(27: +1 


2n») 


2m) (2j2+1 
EOL jija: J], (8) 


EMC (Gd ia™; (fo)ie™: J = EYL fije: J] (8’) 


These results (8) and (8) have been obtained by 
Schwartz using a different procedure, but not the more 
general result (6). 


III. DISCUSSION 


We note that the odd-group model gives the energy 
levels of a configuration (7))"'(j2)"* directly in terms 
of those of the simple configurations (j;)(j.) and 
(fj) (jo). A crucial test of the model may then be 
made if these latter energy levels are empirically avail- 
able, thus eliminating the dependence on the rather 
unknown nature of the nuclear interaction. 

It has been shown! that 
Cl and K® may very well be described by the 77 
coupling configurations (dy/2)*!(fzj2). We can then use 


the lowest four levels of 


these experimentally known levels to determine the 
energy levels of other related nuclei, such as Cl”, K®, 
the lowest levels of which may be described in terms of 
The validity of 7] 
coupling for the (f7/2)* configuration is also well estab- 
lished.® We have, from (6), 


El (dsj2) (frj2) 18: J J 
GEL dsy2faa: J \+4ELd 
EL (das fond: D) 
MEL day2fry2 


the configurations (d3/2)*'(f7/2)* 


fara: J | 


ly 


I \ +4 EL dye! fry I}, (9) 


It may be noted that El dyjofrjo: J | and Ef day ' faa: J | 
are simply related," but it is more convenient here not 
to invoke this relationship, since both level schemes are 
experimentally known. 

Table I shows the experimental levels of Cl’ and 
K” and the levels of Cl” and K® as calculated from 
ad 2 to be the 


ground state spin for both Cl” and K®, whereas the 


Kq. (9). The experiments" indicate J 


S. Goldstein and I. Talmi, Phys. Rev. 102, 589 (1956); P 
Pandya, Phys. Rev. 103, 956 (1956). The levels J=3, 4 in Cl" 
have not yet been definitely identified experimentally, but it 
seems reasonable to assume them to be where the theory predicts 

2 In jj coupling the lowest levels of K* | daa . faia ‘|, should 
be identical to those of Cl” [d; al} The ground-state 
of K* is however, not yet known 

4 Nuclear Level Schemes, A=40--A 92, 
King, McGinnis, and van Lieshout, Atomi« 
Report TID-5300 (U, S. Government Printing Office 
ton, D. C., 1955) 

“H. Morinaga, Phys. Rev. 103, 504 (1956 
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TaBLe I. Levels of Cl and K® by the odd-group model. The 
second and third columns show the experimental levels of Cl” 
and K®; the next two show the levels of Cl* and K® calculated 
by using Eq. (9). For experimental references see reference 12. 


Es(daaSrj2) 


Egldaye' fir) Baldys(ia)®) Esldaa™ Ui)*) 


0 0.800 
0.762 0.030 
1.312 0 

0.672 0.890 


0.267 
0.518 
0.874 
0.745 


0.534 
0.274 
0.437 
0.824 


odd-group model predicts J=2 and 3 for the ground 
states of Cl” and K®, respectively. The validity of the 
model is, thus, doubtful even for predicting ground 
states of odd-odd nuclei; of course, the basic assump- 
tions of the model make it untrustworthy for excited 
states. 

The other obvious test of the model would be to 
calculate ground states of various odd-odd nuclei by 
assuming some arbitrary two-body nuclear interaction. 
Such an approach, used with short-range approxima- 
tion, by Schwartz,‘ showed the model to be considerably 
successful.!’ However, for the realistic case of inter- 
actions with a finite range, our preliminary calculations 
for odd-odd nuclei in the f7/2 shell'® show that the model 
is far from being successful. In fact, when an exact 
calculation, taking into account all states of the odd- 
groups, is made, we find that there are large com- 
ponents of states of seniority >1 in the ground state 


1* Schwartz’s calculation with short-range forces does give J = 2 
as the ground state spin for K®. But, since the odd-group model 
gives J =3 when ont as above without an assumption about the 
specific interaction, Schwartz’s result should be regarded as evi 
y sae against the validity of the short-range assumption. 

1S. P. Pandya, Ph.D. dissertation, University of Rochester, 
January, 1957 (unpublished). 
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wave function, and that ignoring them would affect 
considerably the structure of the low-lying levels, in 
particular the ground state spin. Goldstein and Talmi'? 
have also recently shown, by a detailed calculation of 
the low levels of K® (using directly the observed energy 
levels of K®, instead of an assumed nuclear interaction), 
that the correct ground state spin J=2 is obtained, 
when the higher states of the odd group, i.e., 
[ (f2/2)" |e, 2/2, are included in the calculation. 

Though there are no further data available with which 
additional direct tests of the odd-group model (as 
carried out above for Cl and K®) can be made, it does 
appear from these examples and from the explicit 
calculations that the model is not satisfactory. Another 
direct way of testing the validity of the odd-group 
model is to measure the ground state wave functions 
by means of reduced widths obtained in stripping or 
pickup reactions. For example, a comparison of the 
magnitude of the cross sections in the reactions 
Ca”(d,n)Sc" and Ca*(d,n)Sc“ would measure the 
probability that the (/7/2)* neutrons in Sc“ are indeed 
coupled in the state [ (f1/2)* |1/2. 
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note that the detailed matrices for the states of K® constructed 
by Goldstein and Talmi can immediately be used to obtain corre- 
sponding matrices for states of Cl, by using a generalized version 
of the projection theorem previously derived, i.e., 
(G49): J | Aial (Gf): J) 

= (—1)040" J IW (5'5"'9: JI) (5) (7) : J | a] GG): J). 
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This should be very useful when the states of Cl” are determined. 
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Interactions of 1.3-Bev Negative Pions in Nitrogen* 
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Seventy-four inelastic pion-nitrogen interactions have been studied using a diffusion cloud chamber pro 
vided with a magnetic field. Distributions have been made of the momenta, emission angles, and charges of 
the various nuclear and mesonic fragments, including a number of neutral pions and a hyperon, from these 
interactions. It is found that the induced excitation of the nitrogen nucleus can lead to a breakdown into 
from two to seven charged nuclear fragments. Evidence for multiple pion scattering within single nuclei is 


discussed. 


I. INTRODUCTION 


HE Cosmotron at the Brookhaven National 
Laboratory provides the experimenter with a 
convenient source of high-energy protons, neutrons, and 
pions. A number of experiments have been performed 
at the Cosmotron to establish some of the properties 
of pion-nucleon interactions. Counter experiments have 
yielded information concerning total cross sections,'? 
while experiments with emulsions and with cloud 
chambers filled with high-pressure hydrogen have 
indicated the variety of inelastic collision events which 
may occur.*-* In the present paper we shall describe 
detailed observations of seventy-four inelastic inter- 
actions of 1.3-Bev negative pions in the nitrogen filling 
of a diffusion cloud chamber. A comparison with meson 
scattering and production in elementary r~-p collisions 
at the same energy’ should be possible for such a light 
nucleus. Also these interactions were expected to be a 
good source of V-particles, since at the beginning of 
this experiment these particles were being found at a 
high rate in the above w~-p experiment.® Later, how- 
ever, the yield in the Brookhaven hydrogen cloud 
chamber fell off.? Only one probable strange particle 
(a 2~) was seen in our total of 82 stars. 

The study of stars in nitrogen has several experi 
mental advantages. The reaction m+ p—-n+ 7°, for 
example, which cannot be detected with any certainty 
in a hydrogen diffusion cloud chamber is tagged in a 
nitrogen chamber by other charged fragments of the 
nitrogen nucleus which contained the target proton. 
‘The reactions occur in a pure element (except for a 
negligible alcohol contamination) in contrast with other 
studies of light nuclei in emulsions‘ or in hydrocarbons 

* Supported by the joint program of the Office of Naval Re 
search and the U. S. Atomic Energy Commission. Experimental 
observations were made at the Brookhaven National Laboratory 

t Now at Operations Research, Inc., Silver Spring, Maryland 

1 Cool, Piccioni, and Clark, Phys. Rev. 103, 1082 (1956). 

2S. J. Lindenbaum and L. C. L. Yuan, Phys. Rev. 100, 306 
(1955). 

4 Kisberg, Fowler, Lea, Shepard, 
Whittemore, Phys. Rev. 97, 797 (1955). 
4W. D. Walker and J. Crussard, Phys. Rev. 98, 1416 (1955). 

* Walker, Hushfar, and Shepard, Phys. Rev. 104, 526 (1956). 

* Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 91, 
1287 (1953). 

7 Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 93, 
861 (1954) ; 98, 121 (1955). 
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in diffusion chambers* and bubble chambers.’ Our 
results may assist in the interpretation of such work 
with mixed target materials. They may also help in 
the study of medium energy cosmic ray events in the 
atmosphere. 


2. EXPERIMENTAL PROCEDURE 


A beam of negative pions was brought out of the 
Cosmotron by the means described in reference 1. 
Figure 1 shows the location of the cloud chamber used 
for the present experiment. 

The diffusion cloud chamber was designed for pres- 
sures in the vicinity of one atmosphere, and thus could 
give stable operation only with gases heavier than 
helium. The upper half of the chamber was formed by 
the hollow pole tip of a twenty-ton electromagnet. This 
region was maintained at about 20°C, and the chamber 
interior was kept saturated with methyl alcohol vapor 
by means of a large felt wick. The lower half of the 
chamber was a stainless steel cylinder fourteen inches 
in diameter. Trichlorethylene was pumped through a 
heat exchanger immersed in a bath of dry ice and 
trichlorethylene and then through a tubing soldered 
around the periphery of a heavy copper bottom plate, 
cooling the chamber bottom to about 70°C and 
producing a gradient of approximately 7°C/cm in the 
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Fic, 1. Experimental arrangement at the Cosmotron. 


* Fowler, Kraybill, Walker, and Preston, Phys. Rev. 94, 791 


(1954); Mosburg, Dechand, Fowler, and Kraybill, Bull. Am 
Phys. Soc, Ser. II, 1, 71 (1956). 
* Budde, Chretien, Leitner, Samios, Schwartz, and Steinberger, 


Phys. Rev. 103, 1827 (1956). 
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stainless steel cylinder. The sensitive region was illumi- 
nated from one end by a single krypton flash tube 
mounted in a reflecting parabolic cylinder. At the 
opposite end of the chamber was a plate glass mirror 
through which the pion beam entered. The flash tube 
was operated from a 100 microfarad condenser charged 
to 2000 volts and was triggered 0.15 second after 
passage of the pion beam. The cloud chamber was 
photographed through the upper magnet pole piece at 
a distance of 100 cm by a stereoscopic camera using 
matched /{/6.8, 3.5-inch lenses and a single strip of 
unperforated 35 mm Kodak Linagraph Ortho film. The 
visible sensitive region, measured in the median plane, 
was 28.7 cm along the beam, 21.9 cm wide, and about 
4.5 cm deep. The magnetic field varied from 10 000 to 
12 000 gauss in that region. 

The Cosmotron was pulsed once every five seconds 
for the sake of counter experiments going on at the 
same time, The maximum meson intensity available 
at the cloud chamber varied from about 0.03 to 0.12 
(particles/cm*) per pulse, depending upon the condition 
of the accelerator. 


3. SCANNING AND ANALYSIS 


The initial scanning of the pictures was performed 
by using a commercial two-lens projector which per- 
mitted convenient comparison of the two views. All 
tracks ionizing more heavily than two or three times 
minimum were examined to see whether or not they 
were associated with a nuclear event in the chamber. 
This procedure is much faster than scanning along each 
beam track. To check on interactions in which only 
lightly ionizing tracks formed which would 
probably be missed by area scanning, one-third of the 


were 


film was rescanned along the tracks, and only one 
meson star was found. This was an elastic event, none 
of which were found by area scanning. We concude 
that the number of unobserved inelastic events is small. 
Also during the scanning the number of incident meson 
tracks was counted in every twentieth picture, and from 
this tally the total number of observed meson beam 
particles was calculated. 

In the detailed analysis of the pion events the 
curvature of each prong was measured directly on the 
film with a traveling microscope. The accuracy of these 
measurements depended strongly upon the track length, 
curvature, quality, and scattering, the last of which 
appeared to be significant for the slow dense prongs. 
At best, curvatures could be established to within three 
percent: at worst, they were unmeasurable, Corrections 
were made for the variation of magnetic field and 
photographic demagnification throughout the chamber, 
but conical projection errors were ignored. (The angle 
of photography was never more than 15° from the 
with which the 


vertical.) The stereoscopic camera 


photographs were taken was used for reprojection of 


each event onto a movable screen, with which direct 
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measurements of the azimuthal and polar angles, 
ranges, and positions in the cloud chamber could be 
made. The ionization of each prong was estimated 
visually relative to that of the beam tracks, although 
variations of sensitivity within the cloud chamber 
made some of these determinations difficult. 

Many of the star prongs could be identified directly 
from these observations, usually from momentum- 
ionization comparisons. In a number of cases only the 
charge could be determined. Since all but perhaps 0.2% 
of the nuclei in the cloud chamber were of nitrogen, 
it was assumed that the visible outgoing prongs from 
these stars would have a net charge of six. While in 
only a few cases was the identification of the various 
nuclear disintegration products unique, the possible 
variations had little effect upon the over-all statistics 
and upon the interpretation of the higher energy aspects 
on the collision. 

The energies and momenta of the charged particles 
from any given event usually summed to less than that 
of the incident pion, indicating the emission of neutral 
particles. In nearly half of the stars there was strong 
evidence for the existence of an extreme-relativistic 
neutral pion. Although the missing energy and mo- 
mentum in these events could be accounted for by two 
or more high-energy neutrons, this alternative seems 
less likely and was usually neglected. Owing to the 
difficulties of measurement and particle identification 
it was often impossible to make a very quantitative 
energy-momentum balance. 


" 


Fic, 2. Event 31. Interpreted as x~+ N—>r* + 20> + 3He!+ H?. 
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4. TYPICAL INTERACTIONS 


Some photographs of representative stars are shown 
in Figs. 2-4. (Some of the meson tracks have been 
retouched to make them clearly visible.) Event No. 31 
in Fig. 2 is a typical star in which three charged pions 
and a number of nuclear fragments are emitted. The 
charges, ionizations, and momenta are consistent with 
the interpretation given in the legend to the figure. With 
this interpretation, even allowing for ambiguity in the 
identification of the heavier particles, only about half 
of the total available energy appears to be carried off 
by charged particles. Uncertainties in the momentum 
balance preclude further inference of the nature of the 
energetic neutral particle or particles which must be 
present. Event No. 16, in Fig. 3, is peculiar in that no 
charged mesons appear to be produced. Moreover, the 
six emerging nuclear fragments all move backward with 
respect to the incident pion. A forward momentum of 
2000-2500 Mev/c and an energy of 1300 Mev appear 
to be carried off by one or more neutral particles. A 
neutral pion is indicated which, together with a mod- 
erate energy neutron and with internal motions in the 
nitrogen nucleus, would suffice to give the requisite 
balance. Event No. 6, in Fig. 4, may be interpreted 
almost unambiguously. The two dense secondaries both 
stop in the chamber gas and have ranges and momenta 
consistent with lithium nuclei. The unbalanced mo 
mentum in the near forward direction is accompanied 


Fic. 3. Event 16. No charged pions are evident, and all visible 
particles emerge in the backward direction. A forward-moving 
neutral pion of energy 1300 Mev is indicated. 
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Fic. 4. Event 6. Interpreted as r~ +-N'*-n®-+ 2L i". 

by a comparable amount of energy and is most likely 
carried by a neutral pion. The momentum transfer to 
the two heavy fragments is 5004-100 Mev/c. Viewing 
the event as a two-step collision, one may infer that the 
incident negative pion underwent a charge-exchange 
collision with a proton in the nitrogen nucleus, trans 
ferring about 500 Mev/c of momentum, The struck 
nucleon, in the form of a neutron of about 110 Mey 
energy, then caused a typical medium energy star in 
what remained of the nitrogen.'® An alternative ex 
planation might be that the forward momentum is 
carried off not by a neutral pion but by two neutrons, 
each of about 700-Mev energy, emerging with an angle 
of about 60° between them. Such a complete pion 
absorption, however, seems quite unlikely. 


5. INCIDENT BEAM AND THE LIMITS TO THE 
ABSORPTION CROSS SECTION 


The momentum distribution of the incident pions, 
shown in Fig. 5, was obtained by measuring the 
curvature of a beam particle of selected quality ad 
jacent to each pion star. The mean momentum is 1.44 
Bev/c, with half of the particles lying between 1.36 
and 1.51 Bev/c. This mean deviation of about 5‘ 
smaller than the estimated precision of measurement of 
10 to 15% for these selected tracks. The extreme values 
of momentum in Fig. 5 most likely represent unfavor 
able fluctuations in conditions within the chamber 
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Fic, 5. Momentum distribution of incident pions. 


On the whole this momentum distribution is consistent 
with that measured by others for the Cosmotron beam." 
For the purpose of obtaining momentum and energy 
balances in the analysis of stars a value of 1.44 Bev/< 
was used throughout for the incident momentum, and 
a corresponding 1.30 Bev for the incident kinetic 
energy. 

Out of an estimated total of 4.65 X 10° beam particles 
passing through the cloud chamber, 82 beam-induced 
stars were observed. With due allowance for the length 
and density of the visible sensitive region, an over-all 
interaction cross section of 98 mb is obtained. Although 
the statistical error is 10%, a much more severe un- 
certainty is the degree of muon contamination, which 
was unknown. Since the flight time from the Cosmotron 
target was about 0.56 pion mean lifetime, the interaction 
cross section for pions would be expected to lie between 
98% mb, the result of assuming all muons leave the beam 
as they are produced, and 172 mb, which obtains if all 
the muons remain in the beam. The rather poor col- 
limation of the incident beam at the cloud chamber 
would make a value nearer the latter figure seem the 
more probable. These cross sections should be compared 
with those obtained with counters for 970-Mev negative 
pions incident upon beryllium and carbon.” Attenu- 
ation measurements on these elements, corrected for 
diffraction scattering, led to the values 192+8 mb and 
229+8 mb for the total absorption cross sections of 
beryllium and carbon, respectively. Extrapolating to 
A = 14 leads to the cross section of 254 mb for 970-Mev 
negative pions on nitrogen. At 1.3-Bev incident energy 
this value should be less because of the reduction of 
elementary cross sections over this energy range. 
However, an estimate based upon a simple transparency 
theory” predicts that the total absorption cross section 
at 1.3 Bev should be at least 205 mb. Thus it is possible 
that 15% of the “absorption”’ interactions (as defined 


" Reference 3, Fig. 1. 

” Abashian, Cool, and Cronin, Bull. Am. Phys. Soc. Ser. LI, 1, 
350 (1956) J 

" B. Rossi, High-Fnergy Particles (Prentice-Hall, Inc., New 
York, 1952), pp. 359 ff. 


STREET, AND YOUNG 
by attenuation experiments) have probably been missed 
by the area scanning used. 


6. PARTICLE DISTRIBUTIONS 


Of the 82 stars observed, 74 were of sufficient quality 
for a tentative prong identification to be made. The 
resulting distribution is given in Table I, which includes 
neutral pions for those cases where their presence was 
indicated. Cases of uncertain pion charge assignment are 
listed separately. The ratio of neutral to charged pions 
was 30:107, or about 1:3.6. This is doubtless low 
because only the presence of higher-energy °’s could 
be inferred. The mean number of charged pions per 
star was 1.5. The mean number of all pions, both 
charged and neutral, was 1.9 per star. In nine stars the 
emergence of one (or more) neutral and no charged 
pions was indicated, This suggests that one quarter to 
a third of the w~-p total cross section results in a 
charge exchange process. 

Also listed in Table I is a possible case of an emitted 
negative heavy meson or hyperon. This appeared as a 
densely ionizing, negatively curved track with a mo- 
mentum of 134+17 Mev/c (for unit charge). If one 
interprets this particle as a Y~, a forward momentum 
surplus of 1225 Mev/c and an energy surplus of 675 
Mev could readily have been carried off by a 6° from 
the established reaction m~+n—>~+-6°. In two other 
stars there were observed heavy tracks with an ap- 
parent negative charge. However, the track quality and 
the momentum balance permitted a much less definitive 


Tas_e IJ. Distribution of star fragments. 
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interpretation in terms of heavy meson and hyperon 
fragments. An average of 4.0 charged nuclear fragments 
(protons, deuterons, and heavier particles from the 
nitrogen nucleus) were emitted from each star, and as 
many as seven such charged particles were occasionally 
observed, No inelastic events were found in which only 
one charged fragment was seen. A more detailed dis- 
tribution of these fragments is given in Table II, where 
they are divided into two classes; those which are 
singly charged (p,d,t), and those which are multiply 
charged (He’, a, Li, Be, etc.). Also shown are the total 
number of emitted pions, charged and neutral. Although 
the distribution shown in Table II rests in large measure 
upon rather shaky empirical interpretations, it is felt 
that the general distribution shown represents fairly 
well the over-all characteristics of pion-nitrogen inter- 
actions at this energy. It is to be observed that in most 
cases (49 out of 74, or 66%) two or more heavy frag- 
ments (Z22) seem to be produced, representing a 
nearly complete dissolution of the nitrogen nucleus 
into relatively more stable sub-units. Of the remaining 
events, some are such that an even more thorough 
disintegration occurs, as is indicated by the emission 
of 5 or 6 singly charged particles in 6 events, or 8% 
(see Fig. 3). In other cases, such as Event No. 6, Fig. 
4, only a couple of heavy charged fragments are pro- 
duced, indicating a relatively low nuclear excitation. 


7. ANGLE AND MOMENTUM DISTRIBUTIONS 
IN THE LABORATORY 


In Fig. 6 is shown the polar angle distribution of the 
nuclear fragments from the pion-nitrogen stars. ‘Two 
graphs are given, one for tracks ionizing less than about 
eight times minimum, and the other for all tracks denser 
than this. The data are consistent with an isotropic 
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Fic. 7, Laboratory momentum spectrum of 251 measured nuclear 
fragments. (45 permitted no momentum determination.) 


distribution for the slower, heavier component, while 
the faster particles, which are all estimated to be 
protons or deuterons, exhibit a more definite forward 
peaking. 

A laboratory momentum distribution of the nuclear 
fragments is given in Fig. 7 for those cases in which 
measurements could be obtained. Again separate graphs 
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Fic. 8. Laboratory 
polar angle distributions 
of positive and negative 
secondary pions. 


are given for the singly and the multiply charged 
particles. With due regard for the large number of 
unmeasureable tracks, it would appear that most of 
the heavier particles are emitted with momenta less 
than 400 Mev/c which corresponds to 22 Mev for an 
a particle. A considerable number of the singly charged 
particles have momenta as high as 700 Mev/c and 
energies (if protons) of about 234 Mev. These distri 
butions suggest that a number of light nuclear frag 
ments may be produced by knock-on processes in pion- 
nitrogen collisions, while the bulk of the nuclear dis- 
integration proceeds as a result of a more generalized 
and diffuse excitation. The similarity of the low-mo- 
mentum ends of both distributions should be noted. 
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(19 additional cases unmeasurable). 
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In Figs. 8 and 9 are shown the laboratory polar angle 
and momentum distributions of identified emitted 
pions. Positive and negative pions are graphed sepa- 
rately, and the estimated momenta of inferred neutrals 
are also shown. Also indicated on the graphs are the 
contributions of pions from stars in which only. one 
pion, either charged or neutral, appears to be emitted. 
The negative pions in this latter category are sharply 
peaked in the forward direction and are almost uni- 
formly of high energy. It is reasonable to interpret these 
as quasi-elastic scatterings against single nucleons 
within the nitrogen nucleus, for about half of these 
negative pions are emitted with polar angles less than 
15°, in conformity with the Brookhaven cloud chamber 
results for elastic scattering of pions on protons at a 
comparable energy.’ Of the two pions which came from 
stars in which only one pion was emitted and were 
assigned positive charges, one was of such high energy 
that confusion with a negative pion was possible ; while 
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lic. 10. Center-of-mass angle and total] energy distribution 
of negative pions 


the other, which was definitely positive, came from a 
star in which the existence of a moderate-energy 
neutral pion could not be entirely excluded. 


8. PION ANGLE AND ENERGY DISTRIBUTIONS IN 
THE CENTER-OF-MASS SYSTEM WITH 
RESPECT TO A STRUCK NUCLEON 

In Figs. 10 and 11 are shown distributions of the 
center-of-mass polar angles and total energies of emitted 
positive and negative pions. The center of mass is 
taken to be that of the incident negative pion and a 
stationary struck nucleon in the nitrogen nucleus. In 
the figure “good” and “poor” cases of particle identifi- 
cation are distinguished. Also shown are the pions 
coming from stars in which only one pion appears to 
emerge. The energy available to a single elastically 
scattered pion is indicated. Omitting the one-pion 
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stars, both positive and negative pions are emitted 
more or less isotropically in the center-of-mass system. 

The two negative pions possessing anomalously high 
energies and heading backwards in the center-of-mass 
system imply that two or more scatterings have oc- 
curred within the nitrogen nucleus. Indeed any multiple 
nucleon scattering in the nitrogen nucleus will tend to 
increase the mean laboratory polar angle, and thus to 
pile up pions in the backward direction of the one- 
nucleon center-of-mass system used here. This phe- 
nomenon will tend to eliminate the forward peaking 
characteristic of pion-proton scattering’ in favor of a 
backward peaking. The effective mean free path in 
nuclear matter corresponding to the results of Sec. 5 
for the incident pion beam was between 6.5 and 
1310-" cm." The probability that a pion with this 
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Fic. 11, Center-of-mass angle and total energy distribution 
of positive pions 


range of mean free paths will escape from a spherical 
nucleus, having interacted at some random position 
therein, may be calculated to lie between 70 and 85%. 
Thus we may estimate that between 15 and 30% of 
high-energy pions, and perhaps more of the lower 
energy pions having larger cross sections, will undergo 
a second interaction in the nitrogen following initial 
scattering or creation. It should be noted that such a 
plural scattering is essential to explain our observation 
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TABLE III. Low-energy nuclear fragments. Tracks with ranges 
<24 cm in the diffusion chamber would be difficult to detect in a 
propane bubble chamber. 


No. events 

No. events with all tracks <24 cm 

No. events with all nuclear fragments < 
No. nuclear fragments 

No. black tracks (/ > 16/ in) 

No. tracks with range <24 cm 
Average charge of tracks <24 cm 


24m 


that positive pions are occasionally created in the 
absence of negative pions (Table I). 


9. LOW-ENERGY NUCLEAR FRAGMENTS 


Many of the nuclear fragments emitted in these 
stars would not have been seen if this experiment had 
been done with a bubble chamber. A proton of 4-Mev 
kinetic energy has a range of 0.1 cm in a propane bubble 
chamber at a density of 0.4 g/cm’, and a proton of 
lower energy cannot be reliably detected in such a 
chamber.“ In our cloud chamber, however, a 4-Mev 
proton has a range of 24 cm, and we have assumed that 
all charged fragments of the nitrogen nucleus have 
enough momentum to make a visible track. lor those 
tracks which did not stop in the sensitive region of the 
chamber the expected range was calculated from the 
measured curvature and assigned identification. The 
results (omitting cases where estimation of expected 
range was impossible) are shown in ‘Table III. Almost 
half of the nuclear fragments, two-thirds of the black 
tracks, and two-thirds of the expected net charge (six) 
would be missed in a propane bubble chamber. This 
means that charge balancing, which is often useful in 
identifying emerging pions and other particles in cloud 
chambers, would not be applicable to similar inter 
actions with carbon in a propane bubble chamber. 

Similar uncertainties would arise in the study of 
mw -p interactions in a propane bubble chamber, ‘The 
data in Table III show that 10-15% of the w--carbon 
have the qualitative appearance of 


events would 


hydrogen events 
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Production Cross Sections of Kt Mesons by 3-Bev Protons on H, Li, and Cu* 
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Liquid hydrogen, lithium, and copper targets were exposed to the Cosmotron 3-Bev external proton 
beam. Nuclear emulsion stacks were used to detect momentum-analyzed K* and r* mesons of momentum 
280 Mev/c leaving the target at 0° in the laboratory system. Correcting for decay in flight, the #*+/K* 
ratios are (6304-110), (2904-48), and (3044-50) for the respective hydrogen, lithium, and copper targets. 
The laboratory system differential cross sections for K* production are (4.8+1.0) K10~, (3.50.7) K10™, 
and (3.040.6) X10 cm?/sterad Mev per hydrogen, lithium, and copper nucleus respectively. Assuming 
a K* energy dependence proportional to the final state density (energy independent matrix element) the 
integrated K* production cross sections are 0.21, 1.7, and 14.7 mb for hydrogen, lithium, and copper. For 
a matrix element proportional to the K* momentum in the center of mass and assuming a cos’ distribution 
the p-p cross section also happens to be 0.21 mb. The +/K ratios indicate that K* production by p-p is not 
suppressed significantly relative to that by p-nucleus and that the Li to Cu Z-dependence of K* production 
appears the same as for #* production. Our integrated cross sections suggest that strange particle production 


by 3-Bev protons occurs ~1% of the time 


I. INTRODUCTION 
Nucleon-Nucleon Production 


( NE of the elementary strong interactions involving 

strange particles is the nucleon-nucleon produc- 
tion of a strange particle pair: 

N+N-— (A or 2)+-K+N. 

At present little is known about this process experi 
mentally, In fact no experimental cross sections have 
been determined for strange particle production by 
protons on hydrogen. Only order of magnitude estimates 
have been given so far.'~* In the hydrogen diffusion 
cloud chamber experiments a grand total of 4 pictures 
of strange-particle production by p-p have been seen.'~* 
These results are consistent with a production cross 
section ~1% of geometrical for 3-Bev protons. Linden- 
baum and Yuan, using liquid hydrogen target and 
counter techniques, have a preliminary result of 12 
counts interpreted as A-mesons which is also consistent 
with ~1% of geometrical. On the other hand, there 
are one diffusion cloud chamber experiment‘ and one 
counter experiment’ which agree best with a production 
cross section smaller by an order of magnitude. 

The experiment reported here used a liquid hydrogen 
target in the full external 3-Bev proton beam of the 
Cosmotron. Positive particles of 280 Mev/c leaving the 
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target at 0° in the lab (laboratory) system were mag- 
netically analyzed and detected in nuclear emulsion 
stacks. Figure 1 shows the geometry used. A lab differ- 
ential cross section of (4.8+1.0) X 10~-” cm?/sterad Mev 
for K* production was obtained. The total cross section 
for K*+ can be estimated by integrating over the Kt 
phase space with the result ~0.2 mb which is 4% of 
geometrical. 


Nucleon-Nucleus Production 


We have also measured differential A+ production 
cross sections from lithium and copper targets and find 
cross sections also of the order of 1% of geometrical. 
Our results are given in Table I. The first indications 
of such a high At yield from protons on copper were 
from the momentum analyzed K+ beams of the 
Bevatron and Cosmotron.’:* Assuming each Cosmotron 
internal proton traversed the entire target length once, 


) 

° 

Y 

EXTERNAL 
BEAM 


MONITOR 


Fic. 1. Experimental setup in the Cosmotron external beam 
showing positions of liquid hydrogen target, analyzing magnet, 
and nuclear emulsions 
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TABLE I. 3-Bev p-p, p-Li, and p-Cu results. The differential cross sections are in the laboratory system for particles of 280 Mev/¢ 
momentum at 0°. The total cross sections for K* production, ox* and ox”, are obtained from the differential cross sections by making 
certain assumptions about the K-meson energy and angle distributions. 


dt x /dwdT 
cm?/sterad Mev 
(4.841.0) kK 10°" 
(3.540.7) K 107% 
(3.0+0.6) X 10°” 


«t/K* 
6304-110 
290+ 48 
304450 


* Assuming a production matrix element which is constant. 


cm?/sterad Mev 


(1.65+0.28) K 10°" 
(5.6+0.1)«k 10°-* 
(5.1+0.9) K 10°*8 


dt9 g/dwd T 


oK*/Fwral 
0.005 


0.007 
0.011 


>» Assuming a matrix element proportional to the K-meson momentum in the c.m. system and a K-meson angular distribution of cos¥ in the c.m, system, 


we had estimated from earlier data* that the A* cross 
section was order of magnitude a few percent of geo- 
metrical. The proton on iron results of Cool ef al.,‘ are 
in agreement. The published estimated cross sections 
of Ridgway, Berley, and Collins are lower.* However, 
more recent information on the 2* lifetime and branch- 
ing ratios to m® decay modes have caused them to 
increase their original estimates.'° These comparisons 
are discussed in more detail in Sec. IV. 

From our lithium and copper 4/K ratios the Z-de- 
pendence for K+ production appears the same as the 
Z-dependence for pion production. Our results suggest 
that direct nucleon-nucleon production is sufficient to 
explain strange particle production by protons on 
nuclei. If production by intermediate pions predomi- 
nated, one would obtain lower cross sections, and the 
hydrogen cross section relative to the lithium and 
copper would be much smaller than that observed in 
this experiment." 


Il. EXPERIMENTAL DETAILS 
Magnet System 


The full external Cosmotron 3-Bev proton beam” 
passed through two strong focusing magnets and then 
was deflected 6° by a bending magnet of 6-inch gap 
before passing about 20 feet through the shield wall to 
our target position. The beam was focused to a spot of 
~1 inch diameter at the target position. The 3-Bev 
protons passed through the 1836 inch analyzing 
magnet shown in Fig. 1. This magnet of 6-inch gap, 
deflected particles of momentum 280 Mev/c through 77° 
and focused them in the horizontal plane at the emulsion 
stack position. The path length from target center to 
emulsion was 230 cm. There was a small amount of 
defocusing in the vertical plane. The effective aperture 
and dispersion of the analyzing magnet were determined 
both by calculation and by wire measurements and 
agree within errors. The dispersion, dT «/dy (change 
of energy per cm of lateral displacement at the emul- 
sion), was also checked by measuring the lateral varia- 
tion of proton range in the emulsion. 

® Ridgway, Berley, and Collins, Phys. Rev. 104, 513 (1956) 

 T). Berley and G. B. Collins (private communication). 
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2, 221 (1957); and R. Jastrow, Phys. Rev. 97, 181 (1955). 

” Piccioni, Clark, Cool, Friedlander, and Kassner, Rev. Sci. 
Instr. 26, 232 (1955). 


Monitoring 


The number of protons passing through the target 
was determined using the external beam analyzer 
designed and calibrated by Dr. C. Swartz. This was an 
8X82 inch thick water Cerenkov counter. A Nal 
crystal screen, which permitted each pulse to be ob 
served by remote TV, was placed at the downstream 
face of this monitor. At this position the spot size was 
~2 inches in diameter. No drift in spot position occurred 
during any of the exposures. ‘The accuracy of the moni 
tor calibration is +10%. 


Hydrogen Target 


At the time this experiment was being planned, the 
prevailing opinion was that the p-p cross section for 
strange particles was considerably smaller than that 
from larger nuclei, For 
hydrogen target and experiment which would have a 
high effective thickness of hydrogen with a window 
thickness as small as possible. One can use a long target 
and still obtain good focusing by looking at 0° in the 
lab. We decided on a Styrofoam target which would hold 
15 inches of liquid hydrogen in the beam direction with 
6-inch diameter windows of $-mil Mylar. The heat leak 
through the windows was minimized by using double 
windows on the two Styrofoam boxes with dead spaces 


this reason we designed a 


of hydrogen gis between them. In addition to the two 
Mylar windows on the inner copper can and the two 
on the outer aluminum box, there were then 4 windows 
on each Styrofoam box. The liquid hydrogen loss rate 
was about 5 liters/hr when filled to ~25 liters, The 
target was constructed at Brookhaven National Labor 
atory under the direction of Dr. R. Adair and Mr. W. 
Schlafke. 

The 
before and after the target. There was ~0.17 g/cm? of 
helium, air, and windows in the beam path up to a 
distance of 1.5 A* decay lengths from the emulsion 
stack position. During the run the windows of the 
hydrogen target accumulated a layer of frost estimated 
to be less than ~0,04 g/cm’. 


proton beam traveled in helium bags both 


Scanning 


Emulsion stacks were exposed to targets of liquid 
hydrogen, lithium, and copper. In addition background 
stacks were exposed to the empty liquid hydrogen 
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Tasie II. Exposure conditions and K* and x* fluxes found in the 
five stacks which were exposed 


K* flux 
Jumber at stack 
of K's Ik 
found K/cm?) 


larget 
thick Beam 
ness protons 


" 


x* flux at 
stack Jw 


larget (g/om Np a/om? 


2.2% 10" # 44.3 1.72 10° 
1.64 10 59 290 2.68 X 10° 
1.20% 10” 63 176.4 1.74 10° 
1.90 10!" 6 59 3.05104 
0.92% 10 not 1.84 10 


scanned 


Empty H 
No target 


target and to no target at all. All scanning was along- 
the-track. The pickup strip was 2 cm from the leading 
edge (0.9 cm residual range for K*) and all gray tracks 
within the proper dip and azimuth limits were followed. 
Only tracks with visible secondaries were accepted as 
K-mesons. Tracks with no apparent secondary were 
grain counted at 1 cm residual range in order to separate 
protons from the A-mesons. The ends of tracks which 
had a A-meson grain count were critically examined 
for secondaries. About 2% of the gray tracks followed 
were K-mesons. The rest were mainly protons which 
passed through the K-ending region. We believe most 
of these background protons were produced in the 
helium gas inside the magnet gap and thus had no 
momentum selection in our geometry. The over-all 
efficiency for finding K-mesons was estimated to be 
91% by rescanning and by examining the dip, azi- 
muth, and range distributions of the A-meson tracks. 


III. RESULTS 


The pertinent data are shown in Table IT. The r/K 
ratio at the target is obtained by using the correction 
factors 1.10 and 3.08 for decay in flight of the wt and 
K+, respectively. The corrected #/K ratios are pre- 
sented in Table I. The differential cross 
sections are obtained by the relation 


Tx’ 


absolute 


i “g k 


dudT N,nOu(d0y/ds)(dT/dy)x 


where 7,’ is the number of K+/cm? corrected for decay 
in flight, V, is the average number of beam protons 
passing through the target, m; is the number of target 
nuclei/cm®, 04 =0.2374-0.012 radian is the horizontal 
acceptance angle, d@y/dz= (3.904-0,27) K10™ rad/cm 
is the vertical acceptance angle per cm at the ‘stack, 
and (d7/dy)x=1.53+0.08 Mev/cm is the horizontal 
dispersion per cm at the stack. The resulting differential 
cross sections for K* and wt production are given in 
Table I. The c.m. (center-of-mass) system p-p cross 
section for A* production is 


d’oK 


dwd r 


(4.5+.0.9)* 10°" em?*/sterad Mev, 


for = 180° and kinetic energy T'=67 Mev. 
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The p-p cross sections have been corrected for back- 
ground by subtracting the K* and w* fluxes per monitor 
count found in the empty target exposure. This K* 
background correction is (8.4+4.2)% and is what would 


‘be expected from the 0.2 g/cm? of nonhydrogen in the 


beam. The empty target stack has a pion flux per 
monitor count which is 21% of the pion flux when the 
target is filled with hydrogen. The fact that the back- 
ground correction for pions is larger than that for K’s 
is reasonable, since, having a much larger decay length 
(50 ft), pions can be produced in the helium upstream 
from the target and still reach the emulsion stack. 

The copper and lithium pion cross sections have been 
corrected for the pion background found in the no-target 
exposure. No background correction has been made for 
the copper and lithium K+ cross sections since this 
would be at most a 3% correction as determined by the 
K flux found in the stack exposed to the empty target. 

The total cross sections for K* production have been 
estimated using the relations 


Gon In 
V, 
dadT h 


ar T max nt 
: f |M \%2o(T)dTda, 


\M\*p(T), 


V OK = 


where M is the production matrix element, V, is the 
relative velocity of the 2 protons, and p(T’) is the 
density of final states integrated over all nucleon- 
hyperon directions for a given K-meson energy T. All 
the above quantities are in the c.m. system. We have 
used the exact relativistic expression for the density of 
states of three particles of unequal masses as given by 
Block, Harth, and Sternheimer.’’ We have considered 
the cases where | M |? isa constant, and where | M |? « p? 
assuming a cos’@ distribution of the A in the c.m. 
system. Here p is the At momentum in the c.m. system. 
A K* meson must be produced in association with either 
a A or ad hyperon according to the following modes. 


pt+A°+ K+ 
pt pry p+2°+K" 
n+2++ Kr, 


The production modes with associated A~ or pions are 
neglected here because of the nearness to their thresh- 
olds. If the K* production is in association with A’s 
only, the integrated cross sections are 0.25 mb and 
0.28 mb for the constant and p* cos*@ matrix elements, 
respectively. If the K* production is with Y’s only, the 
corresponding cross sections are 0.19 mb and 0,18 mb. 
Our experiment was at such a momentum that the 
above 4 estimates happen to be fairly close to each 
other. However, we would expect the uncertainty of 
this type of estimate to be at least a factor two, The 
K+ cross sections given in Table I and the plots of 


18 Block, Harth, and Sternheimer, Phys. Rev. 100, 324 (1955). 
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differential cross section vs energy in Fig. 2 were 
obtained by assuming equal matrix elements for the 
above three production modes. 

The integrated At cross sections for copper and 
lithium which are shown in Table I have been estimated 
by using the curves of Block, Harth, and Sternheimer." 
They average the proton-nucleon phase space over a 
Gaussian nucleon Fermi momentum distribution. 


IV. DISCUSSION 
Z-Dependence 


Our production cross sections are dependent upon 
the monitoring system and the magnet geometry deter 
minations. The w/K ratios for the different targets are 
not dependent on these determinations and therefore 
should be a more direct indication of the Z-dependence 
of the strange particle production cross section. The 
lithium and copper #/A ratios are about the same, 
which suggests that, within the errors quoted, the AK* 
Z-dependence is the same as the wt Z-dependence. 
From our lithium and copper differential cross sections 
it appears that the wt Z-dependence is linear with 
atomic weight within the errors. 

Our 7/K ratio from hydrogen is about a factor two 
higher than that from copper or lithium. Lindenbaum 
and Yuan® observed the same effect at 60° in the lab 
system. We do not feel that one is justified in concluding 
that the p-Cu interaction is twice as effective as the 
p-p for produc ing At 
A* should be larger than the p-p. This is because of 
several complicating factors which are difficult to 
evaluate. One of that the nucleon- 
nucleon cross section for strange particles may be 
increasing quite rapidly with energy at 3 Bev," so that 


, or that the p-n cross section for 


these factors is 





300 


Mev 


Fic, 2. 3-Bev p-p differential cross section for K* production 
in center-of-mass system as a function of the A* kinetic energy 
These two curves are fitted to our experimental point for K* 
of 67 Mev at 180° in the c.m. system. The two shapes are deter 
mined by the two assumptions: |M|*« 1 and |M|?a p* where p 
is the c.m. system K* momentum. The A and & processes are 
combined as discussed in Sec. IIT. (Note that the |M|? « p? curve 
is reduced by the factor cos? @ for angles other than 0° or 180°.) 


4 J. Hornbostel and E. Salant (private communication) inform 
us that they have p-Be data which indicate an increase in K* 
yield as a function of proton energy which is faster than would 
be expected from phase space alone 
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because of Fermi momentum, the proton 
nucleon cross section in the nucleus would be greater 
than the 3-Bev value. Another factor to be considered 
is that one expects more rt from p-p collisions than 
from p-n This would be the case if both p-p and p-n 
gave the same average number of pions at 3 Bev. The 
similarity of our A* abundances from p-p and p-nucleus 
is evidence against the chief 
mechanism for strange particle production in nuclei, 
Also, the intermediate pion model predicts A‘ pro 


average 


intermediate pions as 


duction cross sections much smaller than the values 


given in Table I." 


Our similarity of At abundances from p-p and 


p-nucleus is in agreement with Lindenbaum and Yuan,‘ 


but is not in agreement with the conclusions of Cool, 
et al.,4 and Berley and Collins.® Cool ef al., conclude 
that the P-Fe interaction is at least 4 
effective than the p-p for producing strange particles, 
Berley and Collins have a p-p effect close to zero with 
an upper limit which is \ of the p d cross section for 


times more 


strange particles which decay into neutral pions 

It should be noted that our differential cross sections 
per gram for A* production from H, Li, and Cu are all 
the same within the errors 


P-P Cross Sections 


There are at this time no measurements with which 


to compare our absolute differential cross sections 
However, order of magnitude comparison can be made 
with the integrated cross sections for A+ production 
The integrated cross section can be obtained from the 
measured differential cross section by assuming a par 
ticular energy and angle dependence for the production 
We calculated the cross section for the 
following two cases: |M x p* 


< cos’é. The constant matrix element might be expected 


matrix element 
a constant, and |M 


for a scalar interaction. The p* cos’? dependence, which 
is similar to that found in pion production, might be 
expected for a hyperon and A-meson of opposite parity 
In fact, one can learn about the relative parities of the 
A, 2, 
angle distributions near threshold.'® 


and AK by observing the A-meson energy and 


Our present ex 
periment was in such a momentum region that both of 
our choices for |M\* happened to give 0.2 mb for the 
integrated cross section. Since this experiment does not 
detect the production mode p+p-->p+2'+A"%, the 
cross section for all strange particle production should 
be greater than our value of 0.2 mb for the K* modes 
According to conservation of isotopic spin, the A’ mode 
may be zero, but it cannot exceed three times the other 
y—A 
for all 

In comparing our integrated cross sections with those 


modes.'® This puts an upper limit of ~0.8 mb 
trange particle production by p-p at 3 Bev 


from other experiments, three points should be remem 
bered. The first is that the total data are still meager 
Second is the fact that none of the cross sections are 


*(;. Feldman and P. T, Matthews, Phys. Rev 


sul lishe 
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measured directly, but all were calculated by assuming 
particular K-meson energy and angular distributions. A 
change in these assumptions will affect the various 
experimental results quite differently. For instance, the 
assumption of a K-distribution strongly peaked forward 
and back would decrease the cross section as calculated 
in this experiment, but would increase the cross sections 
of Cool et al, and of Berley and Collins. The third point 
to be remembered is that the different experiments 
measure different production processes, Our experiment 
detects K*, that of Berley and Collins detects A®°, 2°, 
y+, and K®, and that of Cool ef al. detects short-lived 
strange particles. However, these two experiments 
should be quite sensitive to all the K+ modes detected 
in this experiment, since the A* must be accompanied 
by either a A°, 2°, or 2. 

Both Cool ef al. and Berley and Collins use a constant 
matrix element to estimate their integrated cross 
sections. Cool ef al. get an upper limit of 0.2 mb for 
strange particle production by p-p which is the same 
as our estimated value, Using the recently determined 
branching ratios of A°-»n-+-9° and K°—2n°,'® Berley 
and Collins estimate an upper limit of ~0.013 mb for 
strange particle production by p-p.'° This is an order 
of magnitude lower than that expected from our 
results. 

Our value of 0.2 mb is 0.7% of the 28 mb total 
inelastic p-p cross section at 2.6 Bev.'’ This is just as 
large as the several w-p cross sections for K+ which 
have been measured,'* Our value agrees with the one 
associated production in 202 p-p interactions at 2.6 Bev 
seen by Block et al.,! and with the two events in 94 
p-p interactions at 5.3 Bev seen by Wright et al.* 
Because of the nearness to threshold, the one event 
seen by Fowler ef al? at 1.95 Bev is also in agreement. 

A theoretical estimate of the 3 Bev p-p cross section 


for strange particle production has been made by 


Serber using a modified Fermi statistical model 


6 Kisler, Plano, Samios, Schwartz, and Steinberger, Nuovo 
cimento 5, 1700 (1957) 

7 Chen, Leavitt, and Shapiro, Phys. Rev 

1* 1). Glaser, Proceedings of the Seventh 


ference on High-Energy Physics 
New York, 1957), p. 25 


103, 211 (1956 
Annual Rochester Con 


(Interscience Publishers, Inc., 
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approach.” He obtained a result of ~0.5 mb which is 
somewhat higher than our value. 


P-Nucleus Cross Sections 


Our estimated p-Cu cross section of 14.7 mb is 2% 


of the total neutron-copper absorption cross section of 
670 mb at 1.4 Bev.”° This is consistent with the 7.4+1.5 
mb cross section for strange particle production by 
3-Bev protons on iron obtained by Cool et al. Ridgway, 
Berley, and Collins estimate ~1 mb per carbon nucleus 
for strange particle production.’"* This is to be com- 
pared to our estimate of 1.7 mb for protons on lithium. 
We and Berley and Collins expect our integrated cross 
section estimates to be uncertain by at least a factor 
two. 

Another way of estimating the p-Cu cross section is 
to use what little knowledge one has of the w* produc- 
tion cross section at 3 Bev, and calculate back from 
the several r/K ratios which have been obtained.*® 
Such estimates give the result that strange particle 
production should be ~1% of the total cross section.”! 

In summary, our /K ratios indicate that At pro- 
duction by p-p is not suppressed significantly relative 
to that by p-nucleus and that the Z-dependence 
appears the same as for r+ production. Our differential 
cross sections give rise to estimates of an integrated 
strange particle production cross section by 3-Bev 
protons ~1% of geometrical. 
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Results are reported on a study of the hourly averaged values 
of intensity of medium and heavy cosmic-ray nuclei and of the 
star-producing component over a day and night interval, at an 
average atmospheric depth of 15 g/cm*. The equipment was 
carried aloft by a Skyhook balloon on August 6, 1954 from Minne 
A large, thin 
walled spherical pulse-ionization chamber served as the detecting 
instrument, Approximately 125000 of these cosmic-ray events 
were recorded over the 25-hour flight interval; thus, statistical 


apolis, Minnesota (geomagnetic latitude 55°N) 


I. INTRODUCTION 
THIN-WALLED _ spherical 


chamber has been employed to investigate the 
temporal variation of the intensities of the medium and 
heavy cosmic-ray nuclei (Z 26) and of the intensity of 
the star-producing component. Intensities were recorded 
continuously over a 25-hour interval at atmospheric 
depths of 12 to 22 g/cm’. Related work has been 
reported in which photographic emulsions,’ ° a scintil- 
lation counter,® an ionization chamber as in the present 
experiment,’ and a proportional-counter cloud-chamber 


pulse-ionization 


combination® were employed. 

The special virtue of a large, spherical ionization 
chamber for such time-variation studies lies in the large 
number of the medium and heavy cosmic-ray nuclei 
which can be recorded in a form that is convenient for 
analysis. Thus, statistical uncertainties can be reduced 
by an order of magnitude over those obtained to date 
with the more widely used photographic emulsion 
techniques. A correspondingly more critical view of the 
temporal behavior of the primary radiation is obtained. 

The data are recorded continuously on a moving 
film on which are superimposed an accurate time base 
and a record of the atmospheric-pressure altitude level. 
An empirical determination of the altitude dependence 
of the radiation is obtained from the counting-rate data 
on the rise to altitude; this makes possible a direct 
correction of the data for any variations in floating 
pressure-altitude which take place during the flight. A 


* Research assisted by the joint program of the Office of Naval] 
Research and the U. S. Atomic Energy Commission 
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counting rate fluctuations were reduced substantially below those 
previously attained in this field. Analysis shows that approxi 
mately one-half of the counting rate at 15 g/cm? can be ascribed 
to the medium and heavy nuclei, the remainder being reasonably 
accounted for as arising from the star-producing component 

No variation is observed in the hourly averaged counting rate 
of pulses of size greater than 6 Mev throughout the flight, to 
within the combined statistical and experimental uncertainties 
of +4 to 6% during the daytime, and +8 to 10°), during the night 


continuous absolute pulse-height energy-loss calibration 
level is maintained throughout the flight through the 
use of a source of monoenergetic alpha-particle activity 
(Po) inside the chamber. 

In return for the high counting rates from the ton 
chamber, one must accept a loss of resolution among 
the various primary charge groups, due both to the 
spherical geometry of the chamber, and to its detection 
characteristics. ‘The data are then to be interpreted as 
pertaining to the total medium and heavy particle 
intensities, without detailed resolution in Z 

Moreover, there is an appreciable “background”’ 
counting rate present, which arises from the disintegra- 
tions produced by the nucleonic component in the 
chamber gas, wall, and surrounding materials.’ ‘The 
temporal variation of the rate of events in the chamber 
is thus a composite of the temporal variation of the 
contribution due to stars (mainly caused by primary 
protons and alpha particles and their nucleonic prog 
eny'’) and that due to the medium and heavy nuclei 
In principle, the respective contributions from these 
two classes of events to any observed temporal variation 
can be distinguished by observing the dependence of 
the variation upon pulse height and upon atmospheri 
depth. No provision for such analyses was made in the 
present experiment. While it is planned to make use 
of these ideas in future work, the present data must be 
understood as referring to the temporal variation of the 
composite of the two contributions. 

In general then, a spherical ion-chamber as employed 
here has the advantage of yielding much smaller 
statistical uncertainties in the observations as compared 
with those obtainable at present with photoemulsions, 
but sacrifices to some extent the more direct interpre 


tation of results obtained with the latter. 


* These disintegrations will be referred to hereafter as “stars”; 
they produce chamber pulses which are electronically indistin 
guishable, in the present technique, from the pulses due to the 
medium and heavy primary particles 

0 J. J. Lord, Phys. Rev. 81, 901 (1951) 
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Il. IONIZATION CHAMBER AND ASSOCIATED 
INSTRUMENTATION 


Ihe fast ionization chamber was similar in design 
to that described by Ellis, Van Allen, and Gottlieb." 
The chamber was 30.5 cm in diameter, with a copper 
wall of 0.4 g/cm’ average thickness. The filling gas was 
(99.6% 


calcium) at 1.20 atmospheres pressure at O°C. Electron 


argon pure, further purified over hot metallic 


collection times were of the order of 3 microseconds 
A built-in Po-a source provided an absolute pulse-height 
calibration of the complete system throughout the 
flight 
amplified, stretched, and displayed on a cathode-ray 


The output pulses from the chamber were 


tube for photographic recording within the gondola. 


Ill. FLIGHT INFORMATION 


The equipment was carried to altitude by a General 
Mills balloon, under the auspices of Project Skyhook 
of the Office of Naval Research. Launching took place 
at Minneapolis, Minnesota at 7 a.m. (CST), August 6, 
1954; cutdown occurred at 10 a.m, August 7, over 
Rapid City, South Dakota 

The balloon altitude was maintained between 15 and 
12 g/cm? during the daylight hours, but dropped to 
approximately 22 g 
\ clear ion-chamber record and time-pressure data 


cm’ during the night 


were obtained throughout 


IV. COUNTING RATES DURING THE RISE 
TO ALTITUDE 


Phe variation of the counting rate with atmospheri 
depth for pulses of size greater than 6 Mev as observed 
during this flight is shown in Fig. 1. Several features of 
the data are of interest 

(a) The apparent absorption mean free path of the 


detected radiation (i.e., the depth over which the 


counting rate drops by a factor of 1/e), for depths 


" Ellis, Van Allen, and Gottlieb, Phys. Rev. 95, 147 (1954 
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greater than 150 g/cm’, is in agreement with previous 
work, and is consistent with the belief that the counting 
rates at these depths arise predominantly from the 


star-producing component.” 

(b) The counting rate maximum around 55 g/cm? 
has not been detected directly with ionization chambers 
of this type before at these latitudes,”* but seems to be 
statistically significant. 

(c) The rapid increase in counting rate which occurs 
at small depths can be accounted for in a reasonable 
way as arising from the direct traversals of medium 
and heavy primary nuclei through the chamber (see 
Sec. V below). The counting rates from these nuclei 
obtained with the present detector rose to several 
thousand per hour at the highest altitudes reached 
(12 g/cm’). 


V. CALCULATION OF EXPECTED MEDIUM AND 
HEAVY PRIMARY-PARTICLE 
COUNTING RATES 


The theory appropriate to the calculation of the 
counting rates to be expected in a spherical ionization 
chamber in a specified cosmic-ray beam has been 
developed by Ellis, Van Allen, and Gottlieb," and was 
followed here with modifications necessary to extend 
the calculations down into the atmosphere, as outlined 
below. 

An isotropic flux of medium and heavy nuclei at 
infinity was assumed, of absolute values as given by 
emulsion results.'* The integral number-rigidity spec- 
trum chosen was of the form 


J2(>R)=kzR"", (1) 


where Jz is the intensity of nuclei with charge Z per 
m* sec steradian with magnetic rigidity greater than R, 
and kz is a constant. The expected flux at the top of 
the atmosphere as a function of zenith angle and 
azimuth was then found using the results from geo- 
magnetic theory as summarized by Alpher.'® 
The then extended 
successive depths in the atmosphere by a step-wise 


calculations were to several 


integration over azimuthal and zenith angles. In these 
calculations account was taken of ionization losses, 
nuclear interactions and fragmentation effects. The 
mean free paths for nuclear interaction were based on 


the reported emulsion results of the Rochester group." 
rhe diffusion equations as presented by Noon and 
Kaplon,'’ together with their associated fragmentation 
probabilities, formed the basis for the fragmentation 


calculations. 

2B. Rossi, High-Energy Particles (Prentice-Hall, Inc., New 
York, 1950), p. 438 ff 

4°T, Coor, Jr., Phys. Rev. 82, 478 (1951); see also G. N. 
Whyte, Phys. Rev. 82, 204 (1951) 

4 Kaplon, Peters, Reynolds, and Ritson, Phys 
(1952) 

1 R.A. Alpher, J. Geophys. Research 55, 437 (1950 

6B. Peters, in Progress in Cosmic-Ray Physics (Interscience 
Publishers, Inc., New York, 1952), p. 210 

'7 J. H. Noon and M. F. Kaplon, Phys. Rev. 97, 769 (1955) 
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The calculations show that approximately one-half 
of the counting rate observed at 15 g/cm?’ can be 
ascribed to direct traversals of the medium and heavy 
nuclei, while the fraction drops to one-third at 22 g/cm’, 
an indication of the importance of reaching and main- 
taining sufficiently high altitudes in these studies. The 
calculated ratio of heavy to medium nuclei detected at 
15 g/cm? was 0.6, while at 22 g/cm? the ratio was 0.4. 

It may finally be noted that these calculations are 
well confirmed on an empirical bases by the observed 
variation of the total counting rate with altitude as 
given in Fig. 1, providing one assumes a variation of 
star-rate with altitude of the form found by Lord in 
his photographic emulsion studies." 


VI. CORRECTIONS TO THE DATA AT ALTITUDE 
(a) Altitude Corrections 


Corrections to the counting rates necessitated by 
changes in altitude of the balloon about the mean 
altitude of 15 g/cm* were made with the aid of the 
counting rate data of Fig. 1 and the pressure record 
furnished by a temperature-compensated Olland-cycle 
aneroid barometer. Maximum uncertainty introduced 
in the counting rates from these corrections was +3%,. 


(b) Corrections for Electronic System Variations 


As noted previously, the a-particle source provided 
an absolute pulse-size reference level for the entire 
system (equivalent to 5.0 Mev). Examination of the 
pulse-height distributions at selected times throughout 
the flight established this reference level and the pulse 
heights were referred to it. The level varied less than 
10% in height during the day, but a large decrease 
occurred during the night (40°, decrease in electronic 
system gain). Resolution of the data at these smaller 
heights was not as good as at higher pulse heights and 
the Po-a level was somewhat less well-defined. This 
additional uncertainty resulted in an increase of the 
uncertainty limits to +10% for the night-time data 
points. 


(c) Geomagnetic Latitude Effects 
During the course of the flight the balloon had a 
uniform southwesterly drift, resulting in an excursion 


of 1.5 


longitude.'® The corrections to the « ounting rates to be 


in geomagnetic latitude and 15° in geomagnetic 
considered for this change in coordinates are twofold, 
arising from the change in the intensities of the primary 
medium and heavy nuclei with latitude and longitude, 
and from the change of the star-producing component 
with latitude and longitude. Upper limits to the changes 
to be expected in these two components have been 
determined as follows 

(1) Medium and heavy nuclei. 
spectrum of Eq. (1) would predict a decrease of approxi 


The number-rigidity 
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Elec. 41 
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mately 18°% in the vertical intensity of the medium 
and heavy nuclei at the top of the atmosphere, for the 
above change in geomagnetic latitude and longitude." 
For an atmospheric depth of 15 g/cm’, we have used 
the ionization range in air versus magnetic rigidity 
curves for various Z as given in reference 11, together 
with our own calculations of the expected intensity of 
these nuclei at various zenith angles, to deduce a 


corresponding decrease in the medium and heavy nuclei 


counting rates of approximately 5% at this depth. We 
note that since our measurements were made not far 
from the knee of the latitude curve," the actual number 
rigidity spectrum may be somewhat flatter than that 
given by Eq. (1); hence our estimate here of the count 
ing-rate change represents an upper limit for the 
latitude effect of the medium and heavy nuclei. 

(2) Star-producing component.—The experimental 
data of Coor and Whyte™ indicate that the star- 
producing radiation detected by ion-chambers of this 
type at high altitudes does not rise as rapidly with 
increasing latitudes as the primary spectrum given by 
Iq. (1). From their data, and from the summary of 
extensive neutron data at high altitudes as presented 


( 


by Soberman,”’ we have deduced an upper limit of 120% 
for the possible change in the star-counting rates for 
the given excursion in latitude and longitude 

Combining the above estimates for the change in 
counting rate with latitude and longitude of the primary 
medium and heavy nuclei and the star-producing com 
ponent, an upper limit of 9% is obtained for the corre 
sponding change in the total counting rate over the 
flight interval. A lower limit of zero for the latitude 
effect would apply here if the ‘‘knee”’ of the star- 
producing radiation intensity detected by the chamber 
at 15 g/cm? lay below the latitudes traversed in this 
experiment 

In view of the uncertainties in the latitude-longitude 
effect, no explicit correction has been applied to the 
final data. This point will be discussed further in Sec, 
VII in the light of the experimental results 


VII. FINAL CORRECTED RESULTS 
AND DISCUSSION 


The hourly averaged counting rates over the 25-hour 
interval at altitude are presented in Fig. 2, corrected 
to a constant atmospheric-pressure level of 15 g/cm’ 
and a constant pulse-height energy-loss level of 6 Mev 
Ihe Po-a calibration level was determined at bi-hourly 
intervals during the daytime hours, and at three points 
in the night-time data. The uncertainty limits represent 
the combined statistical counting rate and experimental 
altitude and gain correction uncertainties as discussed 
in Sec. VI 
the combined statistical and experimental uncertainties 
of +4 to 6% during the daytime hours, and +8 to 
10% during the night 


" F. Jory, Phys. Rev. 102, 1167 (1956 
” K. K. Soberman, Phys. Rev. 102, 1399 (1956 
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hic, 2. Counting rates as a function of time, for pulses of 
height greater than 6 Mev, corrected to a constant atmospheric 
depth of 15 g/cm? 

Geomagnetic correction.No correction has been 
applied to the data for the change in geomagnetic 
coordinates of the balloon during the flight, inasmuch 
as the exact correction is uncertain, as discussed in 
Sec. VIC. However 2, it may 


be seen that the counting rates for the first 13 hours 


from the data in Fig. 


are consistent, within the statistical uncertainties, with 
a constant counting rate, and that the value of the 
counting rate in the late morning of the next day is in 
ayreement with the average of the previous daytime 
values. This experimental evidence appears to favor a 
considerably smaller latitude-longitude effect than the 
upper limit of 9% over the flight interval as deduced 
in Sec. VIC 

Character of the detected radiation.—On the basis of 
the analysis in Sec. V, these results are to be construed 
as showing the temporal behavior over a day-night 
interval of the following composite sample of the cosmic 
radiation: (a) For primary nuclei with charge 726, 
the ratio of contributions of heavy (72 10) to medium 
(6<Z<8) nuclei was approximately 0.6 during the 
day, and 0.4 during the night. (b) For locally produced 
stars, the contribution from such stars was approxi 
mately equal to that from direct traversals of medium 
and heavy nuclei during the day, and twice as great 
during the night. 

Ground-level data 
sensitive instruments for the detection of the lower 
rigidity (<10 By) primary radiation and the star- 
producing radiation at ground-level stations”; these 


Neutron-monitors are the most 


* Simpson, Fonger, and Treiman, Phys. Rev. 90, 935 (1953 
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data are therefore the most appropriate for comparison 
with the high-altitude results presented here. Data 
from the high-altitude neutron-monitors at Climax 
(geomagnetic latitude 48°N, longitude 45°W)'* for the 
flight period have been kindly furnished by Dr. J. A. 
Simpson. No fluctuations greater than +1% are in 
evidence, 
VIII. CONCLUSIONS 


From the final corrected data as presented in Sec. 
VII, Fig. 2, and the discussion therein, the following 
conclusions may be drawn. 

(1) No variations are present in the hourly averaged 
ion-chamber counting rates throughout the 25-hour 
interval at high altitudes, outside of the combined 
statistical and experimental uncertainties of +4 to 6% 
during the daytime hours, and +8 to 10% during the 
night-time hours. The data are understood as applying 
to a sample of the cosmic-ray beam consisting of 
approximately equal contributions from the primary 
medium-heavy nuclei and the star-producing radiation 
(Sec. V). 

(2) In conjunction with the ground-level data from 
neutron monitors during that period (Climax) and the 
previous high-altitude day-night results on the star- 
radiation of Lord and Schein,’ and the high-altitude 
day-night total intensity and fast-neutron results of 
Bergstrahl and Schroeder,” the present data support 
the belief that there is no large, systematic diurnal 
variation of the intensities of medium and heavy nuclei. 
Furthermore, no large variations of a sporadic nature 
were observed during the 25-hour flight period on 
August 6-7, 1954. 
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Nuclear emulsions have been exposed to the radiations pro 
duced by 2.2-Bev protons incident upon an internal beryllium 
target in the Brookhaven Cosmotron. Particles have been iden 
tified and their energies determined by grain counts and multiple 
\pproximately 100 pion tracks have 
been studied at each of three laboratory angles, 12°, 18°, and 36 
with respect to the direction of the incident beam. Assuming a 
simple nucleon-nucleon interaction in the target, these data 
50°, and 90° in the center-of-mass 


scattering measurements 


correspond to spectra near 30 


’ 


I. INTRODUCTION 


N the last few years the spectra of r mesons produced 

in nucleon-nucleon interactions at energies con- 
siderably above the threshold for single pion production 
(that is, greater than those available from cyclotrons) 
have been studied by three different techniques, each 
having its advantages and limitations. First are the 
Brookhaven cloud chamber experiments in which either 
neutrons from an internal Cosmotron target! or the 
protons of the external beam are incident upon a high- 
pressure, hydrogen-filled diffusion chamber.* * Magnetic 
analysis is used to determine the momenta of the 
particles emerging from the n-p and p-p interactions. 
Some preliminary results from similar experiments with 
neutrons at Bevatron energies have also been reported.’ 
Two experiments in which studies are made of pion 
production in p-p interactions induced directly in 
nuclear emulsions by protons at Bevatron® and at 
Cosmotron’® energies have also been reported. Since 
these experiments give the same kind of information 
as that obtained in more detail with the cloud chamber, 
they will not be considered as representing a different 
type of experiment. 

A second method by which pion spectra have been 
studied at these energies is that used in the counter 


*Supported by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. Experimental 
observations were made at the Brookhaven National Laboratory, 
Upton, New York 

t Now with Hycon Eastern, Incorporated, Cambridge, Massa 
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Over this 30° to 90 
portion of the spectrum near 100 Mev is roughly isotropic, while 
in the 200- to 300-Mev \ com 
varison of these and other results with recent calculations based 


system of two nucleons angular range, the 


range it is strongly anisotropic 


on the isobar model reveal certain basic inconsistencies. The 
observed angular distributions appear qualitatively to be more in 
agreement with those to be expected from the statistical theory 
modilied to include the final-state particle interactions and the 


conservation of angular momentum 


experiments, also conducted at Brookhaven, in which 
magnetic analysis is employed with a fast scintillation 
counter telescope as detector to study the spectra of 
pions from an internal beryllium target.’ In the third 
method, the results of which are reported here, nuclear 
track plates are exposed at close range to radiations 
from a beryllium target in the Cosmotron. Particles are 
identified and energies determined by the multiple 
scattering and grain-count techniques 

Of these three different methods for studying the 
pion spectra in high-energy nucleon-nucleon interac 
tions, the second probably gives the most accurate 
measurements of momenta and the best statistical 
accuracy. However, it has so far been used to study 
pion spectra at only one laboratory angle. The cloud 
chamber method is the only one giving direct informa 
tion concerning the multiplicities of mesons produced 
in individual events, in so far as the details of each 
However, the momentum 


event be determined 


measurements are probably somewhat less accurate 


can 


than those of the counter experiment, and the identifica 
tion of particles and the accumulation of good statistics 
for determining distributions in energy and angle are 
difficult, 

In the emulsion experiment reported here, the mo 
mentum measurements by scattering techniques are 
less accurate than those obtained by magnetic analysis. 
And, like the counter experiment, this one gives no 
direct information concerning pion multiplicities. Al 
though this method does not distinguish between posi 
tive and negative pions, the distinction between pions 
and protons is not difficult up to about 1 Bev. Because 
of the close proximity of the nuclear track plates to 
the internal target, muon contamination was negligible 
and excellent discrimination is possible against back 
ground tracks. However, the chief advantage of this 
experiment is that it permits the comparison of pion 
spectra simultaneously at several different angles over 
a comparatively large angular range, with considerably 
better statistical accuracy than can be obtained in 
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hic, 1, Experimental arrangement for exposure 
of plates in Cosmotron 


comparable scanning times in the cloud chamber 
y 


experiments. 
Il. EXPERIMENTAL TECHNIQUES 
A. Plate Exposures 


Ilford GS 1X3 inch nuclear track plates 400 microns 
thick were exposed to radiations from a plunged internal 
beryllium target in the east straight section of the 
Cosmotron, The geometrical arrangement is shown in 
lig. 1. Plates were included at other positions along the 
axis of the plate holder, but only those in the positions 
shown have been studied in detail. The angles indicated 
are the true polar angles which particle paths from the 
target to the center of each plate position make with 
the incident beam direction. The plates were aligned so 
as to lie in a plane determined by the center of the target 
and the axis of the plate holder. 

For each exposure, a series of plates in a Bakelite 
holder with }-inch walls at the plate positions was 
inserted into a y'g-inch wall aluminum tube, mounted on 
the side wall and projecting horizontally into the east 
straight section, 19.4 inches “downstream” from the 
target and 4 inches below the median plane so as to be 
out of the primary beam during the initial part of the 
acceleration period. Using fast rf cutoff at the end of 
this period, the target is plunged to a position just 
inside the beam and, as the magnetic field continues to 
increase, the beam spirals in and strikes only the outer 
edge of the 4X46 inch beryllium target. A larger, 
fixed, copper “clipper” was placed in the south straight 
section at a radius of one inch less than that to which 
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the Be target is plunged. This prevents protons which 
have lost a small amount of energy by one traversal of 
the Be target, and which are oscillating about the 
equilibrium orbit, from making a second traversal at 
some distance in from the outer edge. The effectiveness 
of this arrangement was checked by studying the 
activity induced in a thin copper foil placed along the 
back of the target. It was found that nearly all of the 
activity was confined to the first jg inch. Thus the 
target constituted a narrow source 4 inch in height. 
All plate processing through part of the fixing was 
done at 5°C with very slow thermal changes (about one 
hour) from room temperature to 5°C and back to 
minimize distortion due to thermal shock. The plates 
were treated with glycerine to minimize shrinkage after 
processing. 


B. Particle Identification 


Most of the data reported here have been obtained 
from plates at laboratory angles of 12°, 18°, and 36°. 
Some data from a plate exposed at 54° in an earlier ex- 
periment will also be given to show the charged pion and 
proton energy distributions at that angle, but intensity 
comparisons with the data at the smaller angles are not 
possible. Measurements on the particle tracks were 
made with a Koristka Model MS2 microscope with a 
micrometer eyepiece and oil immersion objective having 
an over-all magnification of 770. A discussion of the 
accuracy of these measurements is given later in this 
section. 

Because of the low primary beam intensities used in 
these exposures, background tracks were not a serious 
problem. Identification of tracks from the target was 
effected by means of scatter plots of azimuth and 
Tracks from the 
target form a distinct group in such plots. Also, be- 


elevation angles in the emulsion. 


cause the plates were comparatively close to the target, 
the muon contamination was very low. On the average, 
about 6% of pions with 100-Mev energy will decay 


between the target and the plate at 36°. The average 


1G, 2. Relative ionization vs mean scattering angle for particles 
at 12° in the laboratory system. 
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energy of all pions observed is over 400 Mev so that 
less than 2% of all mesons observed are likely to be 
muons. 

Since the relative number of A-particles per pion is 
less than one percent at 2.2 Bev, the problem of particle 
identification consists of distinguishing between low- 
energy pions and electrons produced by photons from 
rn decays in the target, and between high-energy pions 
and protons. These distinctions are made by means of 
relative ionization vs mean scattering angle plots. Such 
a plot of the data taken from the 12° plate is shown in 
Fig. 2. The theoretical curves for protons, mesons, and 
electrons were calculated using the value of scattering 
constant computed by Voyvodic and Pickup! and the 
energy loss by ionization in emulsions calculated by 
Sternheimer.” The representative errors indicated on 
two of the points are the standard deviations deter- 
mined by the number of grains counted and the number 
of scattering measurements made. The point at the far 
right probably represents a high-energy deuteron. 

Data from the 12° plate were selected for the repre- 
sentative plot of Fig. 2 because this is the case in which 
the distinction between high-energy pions and protons 
is least satisfactory by this method. The dashed curve 
parallel to the theoretical proton curve is drawn 
arbitrarily about three standard deviations from the 
proton curve; it intersects the pion curve at about 
1 Bev. It was assumed that all points near minimum 
ionization and to the left of this curve represented pions. 
This eliminates some high-energy pions which may have 
energies up to 1.66 Bev at this angle. However, the 
peak of the pion energy distribution lies between 400 
and 600 Mev (see Fig. 3). Few pions should have been 
missed up to 800 Mev, at which energy the distinction 
between pions and protons is quite clear, but above that 
energy the spectrum rapidly becomes unreliable. The 


percentage of pions missed becomes less at 18° and 
Thus it is believed that 


should be very small at 36° 
only the high-energy end of the observed pion spectrum 
at 12° is affected appreciably by this omission. 
For several the electron 
tamination due to pair production by photons from 1° 


reasons undetected con 
decays in the target is believed to be small. First, the 
scanning of plates for tracks was done at a distance of 
4 to 6 mm in from the edge to avoid the edge distortion 
of the emulsion. All lightly ionizing tracks in the correct 
direction to have come from the target were traced 
back close to the edge of the emulsion. In this way 
tracks of electrons from pairs produced in the emulsion 
could be identified and eliminated. The number of pair 
origins found was very small. The total thickness of 
material in the target and plate holder amounted to 
about one-third (measured in radiation lengths) that 
scanned in the emulsion, so the number of pairs 


originating outside the emulsion was even smaller. 


1952 


"1, Voyvodic and E. Pickup, Phys. Rev. 85, 91 
2. M. Sternheimer, Phys. Rev. 91, 256 (1953). 
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ric. 3. Energy distributions in the laboratory system for charged 


pions at 12°, 18", and 36 


the energy of electrons 


from identified pairs indicate that they seldom had 


Second, measurements of 


energies over 100 Mev; none was found with an energy 
greater than 200 Mev. A 100-Mev electron is easily 
distinguishable from a pion with the same mean scatter 
ing angle on the basis of relative ionization. Finally, 
very few particles of any kind were found in the 12°, 
18°, and 36° plates with a mean scattering angle greater 
than 0.4 degree per 500 microns, corresponding to a 
100-Mev pion or a 150-Mev electron. For reasons to 
be discussed in the next section these particles are not 
included in the presentation of the data in the center 
of-mass system 

This experiment was concerned primarily with the 


pion spectra, but at 12° the protons outnumber pions by 





NIEMANN, BOWKER, 


Pasie I 


Laboratory Number Total pion intensity 


angle of pions relative to 36 


12 102 2.740.7 
1% 100 1.7+0.4 
6 100 1,040.3 
54 73 


* Combined data fro 0 different plates. See Discussion 

$ to 1. In order to save time, therefore, if, after 10 
scattering measurements and the counting of about 
250 grains, it was found that a track had a relative 
jonization greater than 1.3, it was studied no further 
unless the mean scattering angle indicated that it was 
probably a low-energy meson. (No such mesons were 
found at 12°.) This procedure also accounts for the 
fact that the spread in the proton data in Fig. 2 is 
considerably greater above a relative ionization of 1.3, 
indicated by a dashed line, than below, Other similar 
appropriate criteria were used for the data from the 
other plates in which particle energies were lower. 


C. Accuracy of Measurements 


lo maximize the accuracy of the scattering measure 
ments on the highest energy tracks, a cell length of 
500 microns was used in all measurements. This cell 
length has the added advantage that it requires exactly 
one revolution of the driving screw, which minimizes 


‘ 


the stage “noise.”’ Because of a number of experimental 
limitations such as the vertical size of the target, slight 
misalignments in the plate tilt angles, scattering in the 
vertical direction, and distortion at the emulsion edges, 
it was seldom possible to obtain reliable scattering 


measurements for more than thirty 500-micron cells on 


any track. If one uses the value of 0.80/n! times the 


mean scattering angle for the standard deviation in the 
mean, where n is the number of second differences 
measured along the track, the corresponding error in 
the energy measurement is about +17% for 30 such 
measurements. This value of the standard deviation in 
the mean is recommended by Scott when the scattering 
is small and is measured in terms of angles between 
successive chords, omitting second differences which are 
more than four times the mean. 

A detailed analysis of the accuracy of the microscope 
and the scattering measurements has been made, using 
standard techniques such as (1) measurements on a 
Bausch & Lomb ruled line oriented at different angles 
with respect to the direction of the stage motion, 
(2) measurements of the scattering and of the scattering 
differences between pairs of parallel tracks of protons 
of known energy in a calibration plate, and (3) com- 
parison of emulsion distortion in the calibration and 

experimental plates. From these measurements it was 
possible to estimate separately the errors due to the 
85, 245 (1952 


“’W. T. Scott, Phys. Rev 
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Relative intensities in the laboratory system. 


Ratio: number 
of protons to 
number of pions 


3.0+0.5 
1.7+0.3 
0.7+0.2 
0.6+0.3" 


lotal proton intensit 
relative to 36 


microscope stage and eyepiece, the observer, and 
emulsion distortion. 

The combined experimental error from all sources 
other than the statistical errors, expressed in terms of 
a mean scattering angle, is 0.015 degree per 500 microns. 
This introduces an error of about 6% in the measured 
energy of a 1-Bev pion. The error decreases to 2.5% at 
800 Mev and to less than 2% at 600 Mev. Since about 
80%, of all pions observed had energies less than 800 
Mev and the maxima of all distributions lie below 
600 Mev, the average error due to these various sources 
is very few percent. Since the standard deviations in the 
energies measured in this experiment were quite large 
compared with the combined experimental errors, no 
correction has been made in the data for errors of the 
latter type. 


III. RESULTS 


‘Table I summarizes the numbers of particles studied 
at the various angles and gives the total particle in- 
tensity at each angle relative to that at 36°. For 
reasons discussed in the preceding section, many of the 
proton data are considerably less accurate than those 
for the pions, but the results are included for general 
interest. Also given in the table are the proton-pion 
ratios at each angle. The data at 54° were obtained in 
an earlier experiment so that total intensity comparisons 
with those at other angles are not possible. The proton 
data and the proton-pion ratio at this angle were ob- 
tained from the combined results of measurements on 
two plates exposed with different primary beam in 
tensities. For experimental reasons the energy measure- 
ments in one plate are known to be more accurate than 
in the other. Only pion data from the more accurate 
series of measurements at 54° are used in the corre- 
sponding histogram discussed later in this section. 

The energy distributions in the laboratory system of 
the pions observed at 12°, 18°, and 36° are shown in 
Fig. 3. At 54° both the energy transformation and the 
Jacobian for transforming the differential cross section 
are slowly varying functions of energy. Consequently, 
the energy distribution of the pions in the laboratory 
system at this angle is not significantly different from 
that in the center-of-mass (c.m.) system. A combined 
histogram indicating the distributions in both systems 
is given later. 

The plots in Fig. 3 show the relative cross section per 
unit energy, per unit solid angle, as a function of 
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energy in the laboratory system. They are obtained as 
follows: a block of width equal to twice the standard 
deviation in the energy measurement and of height 
equal to the reciprocal of that width times the solid 
angle is plotted for each particle. The blocks are then 
added in 20-Mev intervals to form the histograms 
shown. A series of adjoining energy intervals, each of 
width equal to two standard deviations in the mean 
energy, is chosen and the number of particles in each 
interval is used to evaluate the statistical error indicated 
in Fig. 3. 

Since the data were all obtained in the same experi- 
ment, the relative cross sections at the different angles 
may be compared. The 18° and 36° data were obtained 
the same exposure. ‘The data at 12° were obtained in 
another exposure with the relative intensity between 
the two exposures measured by the Cosmotron circu- 
lating-beam monitor. ‘This is believed to be accurate to 
within a very few percent for such relative intensity 
measurements in a single experiment, when nothing is 
varied but the beam intensity. Thus, the largest error 
involved in comparing the cross section at the different 
angles is the uncertainty in the initial thickness of the 
emulsions before processing. Ilford emulsions of this 
type are generally found to be within +10% of the 
specified thickness so that this probably represents an 
upper limit on the error introduced by assuming that the 
emulsions were all originally exactly 400 microns in 
thickness. 

Two experimental limitations affect these distribu- 
tions. At the low-energy end of the spectra, a few par- 
ticles may have been omitted because they had under- 
gone sufficient scattering so as to appear not to come 
from the target. ‘The number of these is believed to be 
very small since the angular plots showed that very 
few tracks occurred at angles greater than +3° (the 
chosen angular acceptance aperture) from the mean 
angle of the group. Further, of those occurring within 
this angular range, very few had energies less than 100 
Mev. For reasons to be given later, these low-energy 
data are not included in the center-of-mass distributions. 

A more serious limitation affecting the high-energy 
end of the spectrum is the inability with this experi 
mental technique to distinguish between pions with 
energies around 1 Bev and protons with the same mean 
scattering angle. Consequently, a significant number of 
high-energy pions may have been eliminated by the 
arbitrary cutoff procedure described in Sec. IT. Since the 
errors are large in this energy range, these omissions 
affect the histograms at energies well below 1 Bev. Thus, 
it is likely that the actual spectra, particularly at the 
smaller laboratory angles, do not decrease so rapidly 
with energy as indicated by the results given here. The 
effect is seen to be more pronounced in the center-of 


mass spectra shown in Fig. 5. However, it is evident 
that this limitation does not affect appreciably the 
central portions of these spectra, which include most 
of the pions. 


OF CHARGED PIONS 


Fic. 4. Energy distributions in the laboratory 
at 12°, 18°, 36°, and 54 


ystem for protons 


As discussed in the preceding section, the lower 
energy proton tracks were measured less carefully than 
the pions. However, the results have proved useful in 
designing new experiments, and they have been sum 
marized along with the pion data in Table I. In Fig. 4, 
histograms show the proton energy distributions at 12°, 
18°, 36°, and 54 


; rhe energy 
intervals are approximately twice the standard devia 


in the laboratory system 
tion in the mean energy. The histogram for the particles 
observed at 54° is shown separately, since these data 
were obtained in an earlier experiment and comparisons 
of intensities with those at other angles cannot be made. 

Of considerably more interest are the pion data in 
the center-of-mass system. It is assumed here that, for 
2.2-Bev protons in a nucleus as light as beryllium, one is 
concerned essentially with simple nucleon-nucleon in 
teractions in the target. Consequently the c.m. system 
is assumed to be that of two free nucleons. The Brook 
haven counter experiments,” by the comparison ol re 
sults obtained with Be and H, have shown that this 
assumption is warranted, at least for pions at 32° in 
the lab system which correspond to particles near 90 
in this c.m. system. The results obtained at 36° in this 
experiment are essentially in agreement with those at 
32” in the counter experiments. Elementary calcula 


tions have been made of the effects of the Fermi motion 
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Fic. 5. Energy distributions in the center-of-mass system of 
charged pions near 30°, 50°, and 90 


of the target nucleons on the energy of pions observed 
at the angles used in this experiment. These indicate 


that the uncertainty in the measured pion energy 


caused by this motion is for some directions a little 


greater, and in others a little less, at 12° than it is at 


36°; so it is perhaps not unreasonable to assume that on 
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the average the effects of the Fermi motion are not 
greatly different at these two angles and that they may 
also be neglected at the smaller angles in this experiment. 

Figure 5 shows the data transformed to the center- 
of-mass system of two free nucleons. The data are 
transformed for each particle separately and then added 
in 10-Mev intervals. Since the transformation introduces 
appreciable spread in the angles at which the particles 
occur in the c.m. system, particularly at the lowest 
energies, pions having lab energies less than 150 Mev 
were omitted in the c.m. plots of the data obtained at 
18° and those with energies less than 100 Mev were 
omitted from the 36° data. No pions with energies less 
than 150 Mev were found in the 12° plate. Such low- 
energy particles occur at ¢.m. angles greatly different 
from those of the majority of particles in the spectrum. 
Only eight were omitted from the 18° data and five 
from the data at 36°. Thus, the 12° data represent 
pions occurring between about 31° and 40° in the c.m. 
system; the 18° data, those between 45° and 60°; and 
the 36° data, those between 80° and 100 

Figure 6 shows the c.m. spectrum of pions obtained 
in the earlier experiment at a lab angle of 54°, corre 
sponding to particles between 106° and 125° in the c.m, 
system. Since good information is not available as to 
the relative intensities of the incident beam in the two 
experiments, the spectrum in Fig. 6 is to be compared 
with those in Fig. 5 only in terms of the energy dis- 
tributions. Figure 6 also represents, to a sufficiently 
good approximation for the data involved, the energy 
spectrum at 54” in the lab system. ‘The corresponding 
lab energies given at the top of the figure are not greatly 
different from the c.m. energies over most of the spec- 
trum. Also, since the Jacobian for the transformation 
varies by only about 20% and almost linearly with 
velocity over the entire range of particle energies in- 
volved, the energy distributions in the two systems are 


‘not too different. 


The center-of-mass spectra given in Figs. 5 and 6 
all have a maximum near 100 Mev and exhibit a marked 
increase in the incidence of higher energy particles at 
the smaller angles. ‘The total integrated intensity at 
30° is about 50% greater than that at 90°; whereas 
that at 50° is slightly less than that at 90°. The latter 
result is probably an experimental error due to the 
uncertainty in the initial thickness of the 
emulsions. On the basis of what is presently known 


nuclear 


about the angular distributions of pions in similar ex- 
periments and about the models proposed to account 
for such distributions, it is difficult to conceive of a 
mechanism which would produce fewer particles at 
50° than at both 90° and at 30°. Thus, the total in- 
tensity at 50° is probably at least as great as that at 90 
and is very likely intermediate between that at 90° and 
at 30°. With this consideration, a comparison of the 
spectra in Fig. 5 shows that the angular distribution of 
pions with energies in the vicinity of 100 Mev is not 
different from isotropic by more than the experimental 





ENERGY SPECTRUM 


pions at 54° in 
the center-of-mass 


of charged 
115° in 


distribution 
and near 


Fic. 6. Energy 
the laboratory system 
system. 


error of about +30%; whereas, the intensity of pions 
near 250 Mev increases by a factor of about three from 
90° to 30°, 

Another experimental limitation already discussed is 
the difficulty of distinguishing between pions and pro 
tons at the highest energies in the laboratory system. 
The omission of a number of high-energy pions probably 
accounts for the apparent sharp decrease of cross section 
with energy at 30° and 50° and the absence of the high- 
energy ‘‘tail” observed in the distributions near 90° and 
115° 
Despite this limitation, the increase of intensity with 
decreasing angle in the vicinity of 250 Mev is still very 
evident. Without this limitation in the data taken at 
small angles, the anisotropy at the higher energies 
may be even more pronounced. 


where this limitation is much less important. 


To summarize the results presented here: In the 


c.m, system, 

1. All spectra from 30° to 115° have a maximum at 
about 100 Mev 

2. The angular distribution of pions in the vicinity 
of the maximum does not differ from isotropic by more 
than the experimental error of about +30% from 30 
to 90°. 

3. The angular distribution of pions in the 200 to 
300-Mev range is markedly anisotropic, the intensity 
varying by a factor of about 3 from 30° to 90°. 


In addition to these results for the charged pions, 
some of the proton data have been plotted in the center 
of-mass system, but the spread in angle introduced by 
the transformation makes interpretation difficult in 
this experiment. There is some evidence, however, that 
the protons, nearly all of which were inelastically scat 
tered, tend to be emitted more in the polar directions 
than near 90 


IV. DISCUSSION 


Insofar as they can be compared, the results re- 
ported here are in agreement with those obtained in 


the Brookhaven counter experiments at 2.3 Bev’® and 


OF CHARGED PIONS 

the cloud chamber experiments at both 1.5 Bev and 
2.75 Bev.’ All c.m. pion spectra exhibit a maximum 
in the vicinity of 100 Mev and the majority of pions 
are found to have energies between 100 and 300 Mev. 
These earlier results have been compared extensively 
with the published theories.°: Only a brief summary 
of these comparisons will be given here except for 
results concerning the angular dependence of these 
spectra. Since the emulsion experiment reported here 
permits a better comparison of the spectra at different 
c.m. angles than has previously been obtained, these 
results will be compared in more detail with recent 
theoretical calculations. 

In general it is found that the pion spectra produced 
in nucleon-nucleon interactions at these energies con 
tain considerably fewer high energy particles than pre 
dicted by calculations!® based on Fermi’s statistical 
theory.'® It is also observed in the cloud chamber ex 
periments, and has been inferred from the counter 
experiments, that the multiplicities of pion production 
are greater than predicted by calculations!’ '7!* based 
on the original Fermi theory. 

However, two recent modifications of this theory have 
been made. One involves refinements in momentum and 
energy conservation” and the other takes into account 
par 


the effects of final-state particle interactions, 
ticularly the pion-nucleon resonance interaction which 
is so evident from the results of pion scattering experi 
Both led 
predicting lower energies and higher multiplicities in 


ments these modifications have to results 
considerably better agreement with the experiments, 
although cal ulations, particularly of the expected 
energy distributions, are not yet sufficiently detailed to 
permit good quantitative Comparisons with the exper 
mental results obtained so far 

Another theoretical approach which has received 
considerable attention in recent years is that of the 
isobar model, in which it is assumed that in a nucleon 
nucleon both of the 


excited to an isobaric state of angular momentum and 


encounter one or nucleons 1s 


isotopic spin 3/2 and subsequently decays by pion 
14,21 


emission after separation of the interacting nucleons 
This model has led to predictions of multiplicities and 
charge distributions in better agreement with experi 


mental results than obtained in most cases with the 


original Fermi theory, but not necessarily markedly 
better agreement than that obtained with the modified 
statistical theory.” On the basis of present evidence, it 


‘S. J. Lindenbaum and R. M. Sternheimer, Phys. Rev. 105, 
1874 (1957) 
(CN. Yang and R, Christian, Brookhaven Internal Report 
Cosmotron Department, CNY-1, December, 1953 (unpublished 
16. Fermi, Progr. Theoret. Phys. Japan 5, 570 (1950) 
17 EF. Fermi, Phys. Rev. 92, 452 (1953); 93, 1434(F) (1954 
‘6M. M. Block, Phys. Rev. 101, 796 (1956 
9 J. V. Lepore and M. Neuman, Phys. Rev. 98 
*» |. S. Kovacs, Phys. Rev. 101, 397 (1954) 
217). C. Peaslee, Phys. Rev 94, 1085 (1954 
” For example, both the isobar model and the modified statisti 
cal theory” give values for the final-state ratio (np-+ (pp 
well within the limits of error on the experimental value of 


1484 (195 
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does not appear possible to choose between the modified 
statistical theory and the isobar model in terms of the 
ability of either to predict multiplicities and charge 
distributions observed in these events. 

Recent calculations have been made of the pion 
spectra to be expected from the isobar model."* In these 
calculations it is assumed that the pions are emitted 
isotropically in the rest system of the isobar. Since it is 
also assumed that the isobars exist in the excited state 
sufficiently long after the interaction to separate and 
decay by pion emission as free particles, the resulting 
pion spectra should be strongly dependent upon the 
motion of the isobars. Two limiting cases are treated in 
which it is assumed that (1) the isobars are emitted 
isotropically in the c.m. system of the two interacting 
nucleons and (2) the isobars are emitted only in the 
polar directions. 

The first of these assumptions leads to a predicted 
pion energy distribution in reasonably good agreement 
with that observed near a c.m. angle of 90° in the 
counter experiments at 2.3 Bev.'’® However, on the 
basis of this assumption, the model predicts both pion 
and nucleon spectra which are isotropic in the ¢.m. 
system of the incident nucleons. As discussed in the 
preceding section, it has been found in this emulsion 
experiment that while the lower energy portion of the 
pion spectrum is nearly isotropic, the higher energy 
part shows a strong angular dependence in the range 
from 30° to 90°, 

It has also been observed in the cloud chamber ex- 
periments that at several different incident nucleon 
energies, for both n-p interactions! and p-p inter- 
actions,** the pion spectra are in most cases markedly 
anisotropic. Further, except at energies near the thresh- 
old for single pion production when most nucleons are 
emitted in an S state,“ it is found that at all higher 
energies the nucleons tend to be emitted more in the 
polar directions.’~* Thus, it appears that the marked 
angular dependence of the spectra observed in most 
cases for the pions and in all cases for the nucleons in 
these interactions is not consistent with predictions of 
the isobar model using the assumption that the isobars 
are emitted isotropically. 

For the case in which the isobars are assumed to be 
emitted in the polar directions only, the pion spectra 
at 90° and 0° in the c.m. system of the interacting 
nucleons have been calculated. The predicted energy 
distribution at 90° resembles that obtained near 70° in 
the counter experiment at an incident nucleon energy of 
1.0 Bev." This version of the model predicts quite aniso- 
tropic spectra for both pions and nucleons, more in 
agreement with those observed. However, it may be 
noted that although the angular distribution of pions of 
4.04+1.7 for n-p interactions at an average neutron energy of 
1.7 Bev! On the other hand, the final-state ratio (pn-+-): (pp0) 
observed experimentally in p-p interactions at comparable energies 
is many times larger than that predicted by either the isobar model 
or the Fermi theory.* 


*H. Rosenfeld, Phys. Rev. 96, 139 (1954) 


PRESTON, 


AND STREET 


all energies is comparatively anisotropic at 0.8 Bev’ 
and approximately isotropic at 1.5 Bev,* it is found to 
be markedly anisotropic at higher energies of 2.2 Bev, 
as reported here, and 2.75 Bev.® Further, as previously 
mentioned, the nucleon angular distributions are ap- 
proximately isotropic at energies near the threshold for 
single pion production and become steadily more 
anisotropic with increasing incident nucleon energy.*~® 
Thus, the assumptions leading to the apparent agree- 
ment between the observed pion energy spectrum and 
that predicted by the isobar model at 1.0 Bev are more 
appropriate to both the pion and nucleon angular dis- 
tributions observed at energies above 2 Bev; and con- 
versely, the assumptions leading to the apparent agree- 
ment between the observed pion energy spectrum and 
that predicted by the isobar model at 2.3 Bev are more 
appropriate to both the pion and nucleon angular dis- 
tributions observed at energies of 1.5 Bev or lower. 
The inconsistencies between the particle angular 
distributions observed in these events and those which 
follow from the nature of the isobar model suggest that 
the assumptions concerning the lifetime of the isobaric 
state may be of questionable validity. As has been 
previously discussed,” if one takes the width at half- 
maximum in the pion-proton scattering resonance to 
be 150 Mev,” the uncertainty relation leads to a life- 
time of the order of 10~* second for this excited state 
in the rest system of the isobar. For the case in which 
both nucleons are excited at an incident nucleon energy 
of 2.2 Bev, the isobars move with a velocity of less than 
0.5c in the c.m. system of the incident nucleons, so that 
the time dilation in transforming from the rest system 


‘of the isobars is small. Thus, the isobars can separate 


by a distance of only about 10~" cm during the lifetime 
of the excited state, so that their existence as free 
particles is open to question. 

The experimental results concerning the angular dis- 
tributions of both the pion and the nucleon spectra 
observed in these events and the difficulties which they 
pose for the isobar model suggest that these distribu- 
tions may be better accounted for by an appropriately 
modified version of the statistical model. Certain 
modifications of this model which lead to predicted pion 
energy distributions and multiplicities in considerably 
better agreement with experiment than obtained with 
the original Fermi model have already been men- 
tioned."*.*” Other modifications are required to account 
for the angular distributions observed. 

In the statistical theory as originally proposed, the 
conservation of angular momentum is neglected. Such a 
model, of course, can predict only isotropic particle 
distributions. The conservation of angular momentum 
and its effect on the predicted angular distributions of 


“FL. Niemann, Ph.D. thesis, Harvard University, June, 1955 
(unpublished). 

2>M. Gell-Mann and K. M. Watson, in Annual Review of 
Nuclear Science (Annual Reviews, Inc., Stanford, 1954), Vol. 4, 
p. 219. 
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the emitted particles have not yet been incorporated 
quantitatively into the statistical theory. However, 
Fermi has indicated from comparatively elementary 
considerations that both for energies near the threshold 
for single pion production'® and for extremely relativistic 
energies,” taking into account the conservation of 
angular momentum leads to predicted angular dis- 
tributions which are anisotropic, with particles tending 
to emerge in the polar directions if the total angular 
momentum of the system is different from zero. 

At a given incident nucleon energy, then, the total 
angular momentum of the system and therefore the 
degree of anisotropy of the emerging particles increases 
with increasing impact parameter. If one makes the 
not unreasonable assumption that the multiplicity of 
pion production is also determined, at least in part, by 
the impact parameter, the resulting model is qualita 
tively capable of predicting angular distributions of the 
kind observed. This association of impact parameter 
with multiplicity is obvious for the extreme cases. In 
an elastic scattering, more probable for distant inter- 
actions, the multiplicity is zero and the emergent 
nucleon distributions are strongly: peaked in the polar 
directions at energies above 1.0 Bev.* Conversely, if 
two nucleons have a total kinetic energy just sufficient 
to make m mesons, that number can be formed only 
when the system is in a § state. For any other state 
fewer pions will be formed; they will emerge with finite 
energies, and the particle angular distributions will be 
anisotropic in order to conserve angular momentum. 
The effect of increasing incident nucleon energy can 
also be seen qualitatively here by noting that if more 
than just sufficient kinetic energy to make m mesons is 
available, that number can be formed by a system with 
finite angular momentum and the emergent particle 
distributions will again be anisotropic. 

Without further speculations as to the details of this 
approach, it can be seen qualitatively how such a model 
could predict angular distributions of the kind observed 
in these experiments. For example, the results of this 
emulsions experiment discussed in Sec. III may be 
interpreted as follows: Since the cross section for triple 
pion production is small compared to that for single or 
double production at these energies,':* the lower energy 
portion of the pion spectrum around 100 Mev, which is 
roughly isotropic, as shown in Fig. 5, represents par- 
ticles mostly from double pion events in which a con- 
siderable fraction of the available kinetic energy has 
gone into pion production so that such events are 
associated with a state of small total angular momentum 
and the resulting angular distribution tends to be iso- 
tropic. Conversely, the higher energy portion of the 
spectrum above 200 Mev represents particles from 
single pion events in which a larger total angular 
momentum must be conserved so that the emergent 
One would 


particle distribution is more anisotropic. 


26 FE. Fermi, Phys. Rev. 81, 683 (1951) 
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also expect the same difference in the nucleon angular 
distributions between single and double pion events. 

It is interesting to note that, although the data are 
few, the results obtained in the cloud chamber experi 
ment for p-p interactions at 2.75 Bev® are in every detail 
consistent with this picture. In this experiment energy 
and angular distributions of particles from single and 
double pion events are obtained separately. It is found 
that the spectrum of positive pions from single pion 
events has a maximum roughly in the vicinity of 200 
Mev and is more anisotropic than the spectrum of 
positive pions from double pion events which has a 
maximum around 100 Mev. Likewise, protons from 
single pion events occur at higher energies and have a 
more anisotropic distribution than protons from double 
pion events. 

Because of the qualitative nature of this interpreta 
tion, attempts to account for further details of the 
particle spectra observed in these events are not war- 
ranted. The purpose of the foregoing has been to suggest 
that the statistical model, appropriately modified to 
include the conservation of angular momentum as well 
as other effects such as final-state particle interactions, 
may be a more promising approach to a theory pre- 
dicting the observed pion and nucleon spectra than that 
offered by the isobar model if one retains the assump 
tion, basic to the model, that the isobars exist suff 
ciently long to separate and decay as free particles. 


V. SUMMARY AND CONCLUSIONS 


A study of the charged pion spectrum produced by 
2.2-Bev protons on beryllium has been made. If one 
assumes a simple proton-nucleon interaction in the 
target, this spectrum is found to have a maximum 
around 100 Mev and to be roughly isotropic in this 
energy range and markedly anisotropic around 300 Mev 
over a 30° to 90° angular range in the ¢.m. system of 
the two interacting nucleons. A review of the experi 
mental evidence available indicates that the 
with of similar 


results 
obtained here are consistent those 
experiments in the Bev range of incident nucleon en- 
ergies. It also appears from a number of experiments 
that the inelastically scattered nucleons in these events 
emerge with angular distributions whose anisotropy in 
creases with incident nucleon energy. 

Examination of recent calculations of pion energy 
distributions predicted theoretically by the isobar 
model in these events shows that assumptions concern 
ing the angular distributions of the emerging particles, 
which are necessary to obtain agreement with the ex- 
perimental pion energy distributions, are quite incon- 
sistent with the observed particle angular distributions 
and the energy dependence of these distributions. ‘This 
suggests the conclusion that the assumption, basic to 
the isobar model, that the isobars, formed at the time 
of the interaction, exist sufficiently long to separate 
and decay as free particles may not be warranted. 
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Klementary qualitative considerations suggest that 
some model which takes into account the conservation 
of angular momentum may be capable of accounting for 
both pion and nucleon angular distributions and the 
energy dependence of these distributions if it is as- 
sumed that 


(1) the pions are emitted during the interaction time 
while the radiating system has no linear motion in the 
¢.m, system of the interac ting nuc leons ; 

(2) the more isotropically distributed lower energy 
pions are associated with the lower total angular mo 
mentum states of the system and the higher multi 
plicities of pion production and, conversely, the more 


VOLUME 


PRESTON, 


108, 


AND STREET 

anisotropically distributed higher energy pions are 
associated with the higher total angular momentum 
states and the lower pion multiplicities. 
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Capture of » Mesons by Protons 


KeRson HUANG AND C. N. YANG, /nstitute for Advanced Study, Princeton, New Jersey 


AND 


r. D. Lee, Columbia University, New York, New York 
(Received August 9, 1957) 


By use of a two-component theory of the neutrino the capture process and the radiative capture process 


of aw by a proton is analyzed in some detail 


ITH the establishment! of the nonconservation of 
parity, many experiments have been done and 
will be done which will greatly increase our knowledge 
concerning the nature of the coupling in # decay, in 
m decay, and in w decay. The purpose of the present 
note is to point out that it may be possible to do the 


same with the phenomenon of w capture: 


uotponty (1) 


One notices, first of all, that the two main questions 


Concerning yp capture are 


(a) whether the w capture process is given by (1), 


or by 


uw +p-nt+?i, (1’) 


or by a combination of (1) and (1’); 

(b) what is the coupling that is responsible for yz 
capture 

To make the analysis definite we shall assume that 
the neutrino is described by a two-component theory 


with zero mass.2" Furthermore, we assume first that 


'Wu, Ambler, Hayward, Hoppes, and Hudson, Phys. Rev. 
105, 1413 (1957); Garwin et al., Phys. Rev. 105, 1415 (1957); 
J. 1. Friedman and V. L. Telegdi, Phys 105, 1681 (1957) 
For other work on nenconservation of parity, see, e.g., Proceedings 
of the Seventh Annual Rochester Conference on High-Energy 
Physics (Interscience Publishers, Inc., New York, 1957 

21. D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1957) 
adopt here the convention of that paper: that by 
the state for which the angular momentum is parallel to the 


Rev 


We 


vy iS meant 


momentum 
' A. Salam, Nuovo cimento §, 299 
Phys..3, 127 (1957 


1957); L. Landau, Nuclear 


process (1) prevails and write the interaction Hamil- 
tonian as 


(2) 


H=> Cilv,'OwW,) (W'Ow,), 


where 7 runs over S, V, 7, P, and 
corresponding 44 matrices.‘ 

We list the following results for the capture of w~ in 
hydrogen. 


1, and O; are the 


1. The rate for process (1) in hydrogen 1S 


(1/7) cap = p&/ (277°), (3) 
where 
CUgtCy |\?+3/C ° (4) 


atCy 


p. is the momentum of the neutrino, and a is the Bohr 
radius of the w~ mesonic atom. 
2. In process (1) with a completely polarized yw~, the 


angular distribution of the neutron is of the form® 


1+-a cos6,, 
where 
A, Z (Oy,Pn), 


representing the angle between the spin direction of 
uw, and the momentum of the neutron. The asymmetry 
parameter a is 
ak CsgtC, 2 CatCy (6) 

* The O, are defined explicitly in Eq. (11) of reference 2 

’ The angular distribution of the neutron [Eq. (5) ] has also 
been independently considered by W. Panofsky (private com 
munication). 
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3. The transition probability tra! for the radiative 
capture process of w~ in hydrogen, 


uo t+pont+rv+y, (7) 
is 
Trad =([e’n/(Oré) IT cap - (8) 
where 
n=|Cgl2+ [Cy |2+3/Ca|2+3|Cr]?. (9) 
4. In process (7) the y ray is circularly polarized.® 
A polarization parameter 8 may be defined: 


(Ve—N1)/(Nr+N1)=B, (10) 
where 
Bn= |Cg\2—|Cy|?—3|Ca|2+3|/Cr (11) 

In Eq. (10), Ve and \V;_ are, respectively, the number 
of right-handed y rays and left-handed y_ rays.’ 
Equation (11) is independent of either the state of 
polarization of the captured yu 
the y ray. 

5. For the radiative capture of a 100% polarized 
uw, the angular distribution of y ray is of the form 


meson or the energy of 


1+ cose, (12) 


where @ is given by Eq. (11) and 


02= Z (Guy), (13) 
with p, the momentum of the y ray. 

6. In the radiative capture process (7), the angular 
distribution of the y ray with respect to the momentum 
of the neutrino p, is of the form 


1+ cOs4,, (14) 


where 


yn ‘s vii= jC T |. (15) 


® The radiative capture process of « mesons and the polariza 
tion of 7 rays have also been independently considered by R 
Cutkosky (private communication) and R. Glauber (private 
communication). 

7A right-handed (or left-handed) y ray is defined to be a 
photon with its spin J,= +1 (or —1) along its momentum 
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In all the above expressions, we have neglected 
(v/c) terms for the nucleon wave function. We replace 
the wave function of the w~ meson everywhere by its 
value at the origin. 
7. If the law of conservation of leptons is valid, 
a neutrino must be emitted 


8,9 


then in the capture of u 
Otherwise, instead of Eqs. (1) and (7), we may have 
uo+p-on-t 3, (1’) 
and 

uot+pontity. 7’) 
In the (r-") end, 91, 42, 
and 63 for reactions (1) and (7’), the corresponding 
parameters a, 8, y, & 7 are replaced by a’, §’, y’, &, 

n’. These new parameters are 


measurements of (77 ')eap, 


Thus a complete measurement of these five parameters 
may also give a check on the validity of the law of 
conservation of leptons 


All the above formulas are calculated for uw capture 


in hydrogen. For mw capture in heavier nuclei, the 


parameter 6 and f’ are unchanged, provided Ze?/hce< 1 


All other parameters depend sensitively on the nuclear 
matrix elements which can be calculated by assuming 
a certain definite nuclear model 

One of us (K. Huang) would like to thank Dr 
Robert Oppenheimer for the hospitality extended him 
during his stay at The Institute for Advanced Study 


*T. D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1957) 
See T. D. Lee, Proceedings of the Seventh Annual Rochester Con 
ference on High-Energy Physics (Interscience Publishers, Inc., New 
York, 1957) 

* The concept of a possible law of conservation of leptons has 

1 many authors in the past. See, eg., E 


been discussed by 
Konopinski and H M. Mahmoud, Phys. Rev. 92, 1045 (1953 





PHYSICAL REVIEW 


Letters to the Editor 








P' BLICATION of brief reports of important discoveries in 

physics may be secured by addressing them to this department. 
The closing date for this department is five weeks prior to the date of 
issue. No proof will be sent to the authors. The Board of Editors does 
not hold itself responsible for the opinions expressed by the corre 
spondents. Communications should not exceed 600 words in length 
and should be submitted in duplicate 


Electron Emission from Avalanche 
Breakdown in Silicon 
a A. Br RTON 


Bell Telephone Laboratories, Murray Hill, Neu 
(Received October 15, 1957) 


Jersey 


NEW kind of electron emission has been observed 
which arises from the energetic electrons pro- 
duced in avalanche breakdown! in a silicon p-n junction 
at room temperature, when the silicon work function 
is lowered by adsorbed cesium. The emission of ener- 
getic electrons from semiconductors at room tempera- 
ture has also been searched for by MacNair,? who used 
Si junctions without a low work function surface treat- 
ment, by Allen and Chynoweth*® who evaporated BaO 
on diffused Si junctions having low breakdown voltages, 
and by Garretat who applied high current pulses 
to n-type Ge without a low work function surface 
treatment. 
The procedure used in the present experiments 
based on the following postulates : 


/as 


(1) That an adsorbed monolayer of Cs on Si will 
reduce the electron affinity below the pair production 
threshold energy (2.0-2.5 ev for Si),! which electrons 
can acquire in a high field, as, for example, in avalanche 
breakdown. 

(2) That some fraction of the adsorbed Cs is ionized 
and thereby provides a sufficient. concentration of 
surface donors to give an n-type surface. 

(3) Under these surface conditions and with a pt-n 
junction having a high body breakdown voltage, ava- 
lanche breakdown should occur at the surface,’ so that 
the energetic electrons produced there will be emitted 
into vacuum, 


To test this, a single-crystal silicon grown junction 
rod (2 ohm cm n-type, 0.6 ohm cm p-type) was mounted 
in a continuously pumped vacuum tube. The tube had 
a sidearm with a glass capsule of Cs, a W filament for 
monitoring Cs pressure using Cs ion evaporation from 
the W,* and an evaporated Pt anode with guard rings 
to prevent surface leakage currents. The junction was 
cut to give two n-type regions (1.5X3 mm separated 
by 0.6 mm) for “channel” measurements,’ and a p-type 
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TaBLe I. Summary of results. 


Channel 
conduct 
ance 
(mho/ 
square) 


Junction 
reverse 
current 
at 20 v 
(amperes) 


Junction 
breakdown 
voltage 
(volts) 


Time after 
admitting 
cesium 
(hours) 


Electron 
emission 
(amperes) 


Cesium 
pressure 
(mm 


<1071 


<10°% 
1077 


<2 1071 
<2 1071 
<2 107 
<3 X10°" 
as in Fig. 1 
as in Fig. 1 


4x10 
41077 
4x10 


7 >200 

‘ 
3x10 

’ 

’ 


> 200 
> 300 
> 300 
as in Fig 
as in Fig 


(Before baking) 
(After baking <10°4 

10 2x10°% 
22 2x10-" 
otf) 107% 
300 10°77 


4x10 
4x10 


region (20X1.5X3 mm) with probes for resistivity 
measurements. The tube was outgassed by baking 
intermittently for 8 days at 215°C with a vacuum of 
10° mm. The Cs pellet was then broken and Cs slowly 
diffused into the tube at room temperature. A large 
change in the junction reverse current occurred as 
shown in Table I. The two junctions behaved similarly, 

Some evidence for an n-type channel was obtained, 
but the junctions soon became so poor that reliable 
channel measurements were no longer possible. The 
p-type resistivity remained unchanged at 0.6+0.05 
ohm cm. The Si became photosensitive to room light. 
After exposure to Cs at 2X10~ mm pressure for 22 
hours no emission of electrons was detected, but after 
14 more hours at a Cs pressure of 10~° mm electron 
emission was observed as shown in Fig. 1. Both this 
emission and the junction characteristic shown in Fig, 2 
reached a steady state which remained qualitatively 
the same during further exposure to Cs at pressures up 
to 10-7 mm. Surface leakage resistance between elec- 
trodes on the Pyrex tube remained > 10'* ohms, 

Figure 1 shows the electron current emitted from the 
Si to the Pt anode. Similar electron emission is observed 
with a reverse bias applied to either junction, but no 
emission >10~!? ampere results from comparable bias 
voltages applied in the forward direction or to other 
combinations of leads on the silicon rod. These and 
subsequent experiments are believed to show that the 
emitted electrons do not result from either thermionic 
emission or ordinary field emission. Both the electron 
emission and the junction reverse current decrease with 
time when a large voltage pulse is applied to the junc- 
tion, as shown in Figs. 1 and 2. The emission and junc- 
tion currents were measured at the end of a constant 
voltage pulse having a duration shown in the figures. 
A de electrometer amplifier was used for the 15-second 
pulse measurements and a dc oscilloscope for the shorter 
pulses. The observed time changes may be due to sur- 
face rearrangements of the adsorbed Cs caused by the 
high field at the junction. Both the emission and the 
junction currents recover to their original values 
within a few minutes. 

For small emission currents of about 10~* ampere, 
the anode current saturates at a low voltage and an 
appreciable fraction of the current is collected at anode 
potentials intermediate between those of the n- and 
p-type regions. For larger emission currents, several 
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4 5x«107 
QO 5x 10% 
0.5 


O45. 
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Fic. 1. Electron emission from the Si junction with adsorbed Cs 
as a function of junction reverse current. 


hundred volts is required to saturate the anode current, 
and only a few percent is collected at an anode potential 
more negative than that of the n-type region. These 
effects seem to indicate a shift in the site of origin of 
the electrons and perhaps the influence of external 
space charge. Detectable emission currents are observed 
with as little as 5 volts and 1 milliampere applied to 
the junction. This emission may arise from electrons 
accelerated to the n-type surface layer at fields below 
breakdown. A marked increase in emission current and 
a sharp change in slope of the junction characteristic 
occurs at 40 volts and 10 milliamperes, which may be 
the onset of avalanche breakdown. 

For junction reverse currents greater than 15 milli- 
amperes, the emission of white light typical of surface 
avalanche breakdown’ was observed with a microscope 
in a dark room. The light intensity is far less than 
would be required to account for the electron emission 
photoelectrically. This light is emitted in a line where 
the junction intercepts the surface. It fades and re- 
covers like the emission and junction currents. The 
width of this line of light was too narrow to measure 
accurately, but it is estimated that the total area of 
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Awe Wwe 
Fic. 2. Reverse current-voltage characteristic for the Si 
junction with adsorbed Cs 


4 


light emission is less than 10°* cm*. If the electron 


emission comes from a similar line, the emission current 
density is greater than 0.05 ampere/cm’. 

The assistance of A. R. Storm in carrying out this 
work is gratefully acknowledged. 
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Focusing of Thermal Waves in 
Superfluid Helium* 


J. FAJAN 


Stevens Institute of Technology, Hoboken, New Jersey 


(Received October 16, 1957 


is possible to achieve image formation with thermal 


I 
waves in superfluid helium by means of an ordinary 


spherical mirror. Small carbon elements serving as 
thermal source and receiver were placed at conjugate 
points with respect to a spherical fused quartz surface 
(50-mm radius). Longitudinal traverse by the source and 
receiver showed up a sharp focusing of 6-ke thermal 
waves in a helium bath at 1.8°K. 

The phase sensitivity of the signal at the receiver 
vitiates any role that might be accorded electromagnetic 
radiation. 
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hic, 1. Diagram of apparatus. 


Image formation with thermal waves is no surprise, 
but its value as an experimental technique should be 
noted ; e.g., Mercereau and Pellam,' investigating ther 
mal wave diffraction, ascribe their choice of investiga 
tive technique to a lack of Dewar space. “Optical” 
systems open new avenues for this study 

The importance of thermal wave mirrors for work 
at lowest temperatures is apparent 
tion would minimize the energy input to the helium 
bath, permitting second sound velocity measurements 
with continuous wave excitation. With mean free paths 


energy concentra 


of sufficient length one might “focus” phonons. 


* Work supported by the Research Corporation 
1J. E. Mercereau and J. R. Pellam, Phys. Rev 
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Determination of the Activation Energy of 
Vacancy Migration in Copper by 
Ultrasonic Methods* 


AnprEW Granato,t Akira Hikataf, AND Kurt Licke§$ 


Metals Research Laboratory, Division of Applied Mathematics and 
Department of Physics, Brown University, 
Providence, Rhode Island 
(Received October 16, 1957) 


HE activation energy for the migration of a 
vacancy in copper has been estimated theo 
retically by Huntington! to be about 0.9 ev. Because 
the errors arising from approximations are large, this 
value serves only as a guide and attempts to find more 
accurate determinations have been along experimental! 
lines. However, different experiments and assumptions 
have not led to an unambiguous result, and estimates 
have ranged between 0.7 and 1.2 ev.2 This note is to 
report the results of a determination of the activa 
tion energy by use of a new independent method 
which is based on an analysis of ultrasonic velocity 
measurements. 

The value of the measured elastic modulus is reduced 
for slightly deformed specimens, since the dislocations 


which are introduced relieve some of the applied stress 


THE EDITOR 

by their displacement. The subsequent recovery of the 
modulus has been interpreted by the writers’ on the 
basis of their dislocation theory of internal friction‘ as 
a pinning of dislocations by deformation-induced point 
defects which are able to migrate to the dislocations. 
They derive 


(1) 


AL/E 1/(1+,1!)2, 


where AF is the difference between the measured 
modulus and the true elastic modulus /, and ¢ is the 
recovery time. The parameter f is given by 


C,4asAD\! 
po), 

Cpa \RT 
where C, is the vacancy concentration in the lattice, 
(, is the impurity concentration along the dislocation, 
a is the lattice spacing, @ is a constant with value of 
about 3, and A is the Cottrell® interaction parameter 
for the interaction between dislocations and the de- 
formation-induced point defects. D is the diffusion con- 
stant of the migrating defect, and kT has its usual 
meaning. The constant # therefore depends exponen- 
tially upon the temperature through the diffusion 
constant D, and the apparent activation energy of 6 
should be % of the migration activation energy of the 


(2) 


pinning defect. 




















3.0 
vt 


Fic. 1. Parameter 8 plotted as a function of 1/7, for 
two specimens of different purities. 
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On this basis, the writers have analyzed the results 
of Smith,® who measured the modulus of copper after 
a deformation of 1% as a function of time and annealing 
temperature. The resulting values of 8 are shown in 
Fig. 1 for two specimens of different purities. From this 
one can derive that the defect producing the dislocation 
pinning has a migration activation energy of 1.0 ev, and 
it is reasonable to assume that the defects are the 
deformation-induced vacancies, since the activation 
energy is the right order of magnitude. 

Although this value does not agree exactly with any 
of the other experimental determinations, it does not 
seem unreasonable in the light of the recent measure- 
ments of Bauerle and Koehler for quenched-in va- 
cancies.’ For gold, they find 0.98 ev for the activation 
energy of formation (Uy) and 0.82 ev for that of migra- 
tion (Uy) of vacancies. The sum of 1.80 ev agrees 
rather well with the measured self-diffusion constant of 
1.81 ev.* The ratio of the migration to the self-diffusion 
activation energy is then UL y/(Up+U y) =0A6. If this 
ratio is assumed to hold also for copper, which has an 
activation energy for self-diffusion of 2.05 ev,’ one 
obtains a rather good agreement with the value for the 
activation energy for the migration of vacancies in 
copper reported in this note. 


* This work has been supported by the U.S. Air Force through 
the Air Force Office of Scientific Research, and by the Office of 
Ordnance Research, U. S. Army 

t Now at University of Illinois, Urbana, Illinois 

¢t Now at the Government Mechanical Laboratory, Suginami 
Ru, Tokyo, Japan. 

§ Now at the Institute fur Metallkunde und Metallphysik 
Aachen, West Germany. 
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Superexchange in Ammonium 
Chloroiridate 


Grirritus, J. Owen, J. G. Park, AND M. F 
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(Received September 23, 1957) 
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resonance methods have been 
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used to investigate exchange interactions in 
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hic. 1 


nearest-neighbor 


Section of (NH,)eIr,PtCle in (1,0,0) plane showing 
pair of Ir ions, @e=Ir, Cl, a The a 
axis is perpendicular to the plane of the paper 
O9A 


rhe Ir-Ir separa 
tion 
(NH,)olrCly. This is a salt with face-centered cubic 
crystal structure which shows antiferromagnetic be 
havior in the liquid helium temperature range. The 
magnetic carriers are the Ir ions, each of which has one 
unpaired electron with spin s=4, and it seems likely 
that the only 
between nearest neighbor Ir ions. The mechanism of 


important exchange interactions are 
the interaction appears to be superexchange! via inter 
vening Cl ions; see Fig. 1 

Measurements have been made on a series of crystals 
of different magnetic dilutions in which diamagnetic 
platinum ions are substituted for Ir ions. The results 
are as follows: 

(i) In dilute crystals, Ir: Pt <1:100, each Ir is well 
separated from other Ir’s, and there are no exchange 
interactions. Electron spin resonance measurements 
show that the unpaired spin is about 70°, in 5 d orbits 
on the central Ir ion, and about 30% in p, orbits on the 
surrounding octahedron of six Cl ions belonging to the 
(IrCl,)? 

(ii) In semidilute crystals, Ir: Pt 1 


complex , 

10, there is an 
appre iable chance of two (IrCl,)? complexes occupy 
ing nearest-neighbor positions in the lattice (Fig. 1) 
There is then overlap of the two unpaired electrons 
via their transfer onto the intervening Cl ions, and an 
exchange-coupled pair of Ir ions results. The interaction 


can be formally written (see, for example, Baker and 


Bleaney*) 


I et+J,4 i et 


‘ } are the spins of the 


where 
two unpaired electrons, and S is the total spin of the 
system which can take values 1 or 0. J is the isotropic 
exchange parameter which splits the levels into a 
triplet S=1 at J/4, and a singlet S=0 at 3S /4 
(Fig. 2). Jz, Jy, and J, are anisotropic exchange pa 
rameters which cause a small splitting between the 


4) 
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Fic, 2. Energy levels of 
Ir-Ir pair 


S=0 


levels of the triplet. Measurement of electron spin 
resonance transitions between the Zeeman components 
of the triplet at 20°K and using 1.25 and 3.3 cm wave- 
lengths give J,= #0.84, J,=+-0.64, J,=+0.20 cm", 
and also show the axes of the interaction to be as 
indicated in Fig. 1. Because of the presence of the 
singlet (S=0) the signal intensity R shows a tempera- 
ture dependence which is approximately of the form 
(see Bleaney and Bowers®) 


1 1 
Ro ( ) (2) 
T\3+e7/*1 


Measurements of this intensity down to 2°K yield 
I /k=4+75+1.0°K. The positive sign indicates anti- 


ferromagnetic exchange. 

(iii) In concentrated crystals each Ir ion has*twelve 
nearest neighbor Ir ions in the face-centered cubic 
lattice. At high temperatures (J/kT<1) the inter- 


action (1) then leads to a Curie-Weiss susceptibility 
law x=C/(7+-6) with Weiss constant (see, for example, 
Anderson') 

3d /k (3) 


’ 


0=2Js(s+1)/3k 
where z=12 is the nearest-neighbor number. The 
parameters J,,J,,J, do not enter this 
Measure 


anisotropic 
expression because the g value is isotropic. 
ment of this susceptibility up to 300°K by F. R. McKim 
shows 0= 24°K, giving J/k 
ment with the resonance results on semidilute crystals 
where the Ir-Ir separation is practically the same. The 
low-temperature susceptibility measured by A. H. 
Cooke, fF. R. McKim, and W. P. Wolf gives evidence 
for an antiferromagnetic transition at 2.1°K. The 
specific heat measured by P. L. Smith and C, A. Bailey 
shows a A-type anomaly with its peak at 2.15°K. 

The results show that paramagnetic resonance tech- 
niques provide a powerful method for investigating 
exchange interactions in antiferromagnetics if mixed 
crystals can be grown. A full account of these experi- 
ments on ammonium chloroiridate and on some other 
salts of iridium will be published in due course together 
with a theoretical analysis of the exchange mechanism 
which has been made by B. R. Judd. Preliminary 
measurements of one of these salts, sodium chloro- 
iridate, have been reported previously by Griffiths and 
Partridge (quoted by Baker and Bleaney*). 

We would like to thank Dr. A. H. Cooke, Dr. F. R. 
McKim, Dr. B. R. Judd, Dr. P. L. Smith, and Mr. 
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C. A. Bailey of the Clarendon Laboratory for their 
cooperation and for permission to quote their results. 
We are indebted to the Research Laboratories of 
Johnson, Matthey, and Company, Ltd., for supplying 
the salts used in these experiments. One of us (J.O.) 
would like to thank the General Electric Research 
Laboratory, Schenectady, for support during part of 
this work. 
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Excitation of Rotons in Helium II 
by Cold Neutrons 


H. Parevsky,* K. Ornes, K. E. Larsson, 
R. PAutit, AND R. STEDMAN 
Aktiebolaget Atomenergi, Stockholm, Sweden 
(Received October 14, 1957) 


HE theories of helium IL developed by Landau! 

and Feynman? conclude that in helium below the 

A point there exist relatively simple periodic motions 
of the fluid, vtz., phonons and rotons, having mean free 
paths long compared to their wavelengths. Although in 
the past few years neutron experiments have clearly 
demonstrated the existence of phonons in solids, neutron 
experiments to data* have failed to demonstrate any 
marked difference in helium measurements below and 
above the \ point. Earlier this year Cohen and Feyn- 
man‘ pointed out that on the basis of the Landau- 
Feynman theories, there should be a measurable differ- 
ence in the energy distribution of scattered neutrons 
from Hel as compared to He II. This letter is to 
report the preliminary results of such a measurement. 
A neutron beam from the Stockholm Reactor’ was 
filtered through 8 in. of polycrystalline Be, resulting in 
a neutron spectrum characterized by a sharp rise in 
intensity at 3.96 A, and varying approximately as 1/A° 
for wavelengths greater than 3.96 A (see Fig. 1). With 
this incident spectrum, the energy spectrum of the 
neutrons scattered at 90° from the incoming direction, 
by a 10-cm sample of liquid helium, at 7=1.2 and 
4.2°K, was measured, The energy was inferred from the 
measured time-of-flight of the neutrons using the Stock- 
holm slow chopper and associated electronic equipment.°® 
Figure { shows the incident spectrum as measured 
by elastically scattering the incoming beam through 90° 
by means of a thin vanadium sample. (The scattering 
amplitude of vanadium is nearly totally incoherent.) 
The ordinate in the figure represents the counting rate 
in a 30-usec time interval at the time indicated on the 
abscissa. The sharp rise in intensity at 3.96 A is the 
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Bragg “cutoff” in Be. The position of the cutoff corre- 
sponds to twice the separation of the most widely 
spaced planes in the crystal [ (01-0) in Be]. For wave- 
lengths longer than the Bragg cutoff, coherent elastic 
scattering can take place only in the forward direction, 
and therefore Be becomes transparent for neutrons of 
longer wavelengths. The background counting rate on 
the same scale as Fig. 1 is approximately 500 counts. 
Figure 2 shows the results with liquid helium acting 
as the scatterer. The dashed line gives the position of 
the Be cutoff given in Fig. 1. The light solid line repre- 
sents the measured spectrum with helium at 1.4°K. 
At this temperature about 93% of the helium is in the 
superfluid state. The scattered spectrum exhibits the 
same shape as the incoming spectrum; however; the 
position of the cutoff is displaced some 305 sec towards 
greater time-of-flight (lower energy). The sharp rise of 
the cutoff together with the displacement in energy 
represents the excitation of a single roton in helium, of 
momentum K =2.14+0.07 A“! (K=27/X) and energy 
E=10.7+0.5°K. From an analysis of the limiting 


| 
| 
| 


woken 
5000 


bs 


Fic, 1, The incident neutron spectrum as determined by scat 
tering from vanadium. The ordinate gives the number of counts 
accumulated in a 30-usec interval (channel) at the time indicated 
on the abscissa. The neutron wavelength is directly proportional 
to time-of-flight, and 2990 usec represent 3.96 A 


resolution of the apparatus it is possible to estimate 
that the lower limit for the mean free path of a 2.14 A“! 
roton at 7=1.4°K is >2XK10°* cm. This figure should 
be compared to an upper limit of <2.5X10~® cm as 
calculated from the Landau-Khalatnikov theory.’ The 
heavy solid line shows the spectrum of scattered neu- 
trons for the liquid at 4.2°K at which temperature the 
concentration of superfluid is zero. The spectrum loses 
the sharp cutoff completely, indicating that there are 
many-collision processes present. Qualitatively the 
spectrum has the shape one would expect from a normal 
fluid. 


It is possible by the filter technique to trace out the 
dispersion curve in the region of the roton excitations, 
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either by using filters with different Bragg cutoffs or 
by changing the angle between the incident and scat 

tered neutrons. By using a BeO filter, a point on the 
dispersion curve at K = 1.80+-0.06 has been determined 
to have an energy of 10.0+0.7°K. Measurements are 
now under way to trace out the region between A = 1.80 
and 2.14 A~! by changing the angular settings,’and from 
these measurements an effective mass for the roton ex 

citations will be determined. A complete description 
of the experimental details will be published in a 
separate paper. 


Fic. 2. The ordinate and abscissa same as Fig. 1, The light 
solid line represents the scattered neutrons from He at 1.4°K; 
the heavy solid line from He at 4.2°K. The dashed line gives the 
position of the Be cutoff as shown in Fig. 1 
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the filter. One of us (H.P.) is indebted to Dr. M 
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one of us (H.P.) is indebted to Dr. S. Eklund and the 
Swedish Atomic Energy Company for his very enjoy 
able stay in Sweden 


* Guest scientist on leave from Brookhaven National Labora 
tory, Upton, New York 

1. Landau, J. Phys. (U.S.S.R.) 5, 71 (1941); 11, 91 (1947) 

2R. P. Feynman, Phys. Rev. 91, 1291, 1301 (1953); 94, 262 
(1954). 

37). G. Henshaw and D. G. Hurst, Phys. Rev. 91, 1922 (1953); 
P. Egelstaff and H. London, Jener Report No. 7, Proceedings of 
Kjeller Conference on Heavy Water Reactors, 1953 (Joint Establish 
ment for Nuclear Energy Research, Kjetler, 1953 
Dash, and Goldstein, Phys. Rev. 97, 855 (1955) 

4M. Cohen and R. P. Feynman, Phys. Rev. 107, 13 (1957) 

5S. Eklund, J. Nuclear Energy 1, 93 (1954) 

* Larsson, Stedman, and Palevsky, J. Nuclear Energy 
published) 

7L. Landau and J. Khalatnikov, J 
(U.S.S.R.) 19, 637, 709 (1949) 


; Sommers, 


(to be 


Exptl Theoret. Phys 





LETTERS TO 


Spectrum of Turbulent Mixing 


RK. BoLsiano, Je 


Cornell University, Ithaca, New York 
(Received August 29, 1957) 


[‘ Sec. IL of his recent paper’ Wheelon concludes 
that the spectrum of mean square fluctuations pro- 
duced by turbulent mixing of an established gradient 
is proportional, in the inertial subrange, to k~*. There 
is a sizable body of radio data*~* which, on the basis of 
scatter propagation theory, has been interpreted® as 
being in agreement with such a law; and Wheelon’s 
analysis, together with the similar result previously 
published by Villars and Weisskopf,’ has been taken by 
many investigators as theoretical confirmation of the 
experimental findings, thus tending to close the book 
on this aspect of the subject. This is most unfortunate 
since Wheelon’s work contains a contradiction which, 
when fully appreciated, places the whole of the k-* 
theory in grave doubt. Moreover, experimental studies 
of the spectrum of refractive index fluctuations support 
a k-* law.® 

As for the inconsistency in Wheelon’s development, 
in considering the inertial subrange he has, by definition 
thereof, assumed that molecular effects are of negligible 
importance, Le., that the spectrum of mean square 
fluctuations, S(k), is independent of the viscosity v 
and the molecular diffusivity D up to and through 
this range. Proceeding by purely dimensional reason 
ing, he then arrives at the result 


S(k)ak, 


However, this “dissipation” of fluctuations by molecu 
lar diffusion, since it is proportional to the square of 
the local gradient of the quantity being mixed, is at each 
value of k given by 2Dk*S(k). Employing Wheelon’s 
k * form for S(k), this spectral distribution of molecular 
effects is thus proportional to k~'. Hence, for a wave 
number &, well within the inertial subrange one finds 
the dissipation occurring at that, and smaller values of 
k, viz., 


‘ 


2» f k’S(k)dko logk, +const, 


is a significant fraction of the (finite) total dissipation. 
rhis in turn implies that, throughout at least a large 
part of the range for which Wheelon has derived his 
k * law, molecular diffusion plays a role of some promi 
nence, in disagreement with his @ priori assumption. 
Note, moreover, that this contradiction is in no way 
dependent upon his method of analysis. It springs 
directly from the concept of “‘inertial subrange,”’ 
within which interval, and at smaller wave numbers, a 
negligible fraction of the total dissipation is presumed to 


occur. It is readily apparent from this definition that 


THE EDITOR 

the maximum of the dissipation spectrum, 2Dk?S(k), 

must fall at a value of k which is beyond the upper end 

of the inertial subrange. Consequently, within this 

range one is led to the condition 
S(k)<k**, 6>0. 

Wheelon claims for his treatment that it accounts 
for the fluctuation contribution to each wave number 
interval resulting from the mixing of the mean gradient 
by all size eddies simultaneously, whereas he implies 
that both Silverman’s* and Batchelor’s'® analyses are 
less satisfactory in this respect in that they employ a 
k-independent external source of turbulent input. How- 
ever, Bolgiano' has shown, by extending Batchelor’s 
work to include the effect of the presence of an estab- 
lished gradient, that, even when in-mixing by a whole 
hierarchy of eddies is considered, one is still led to the 
k~*/® Jaw in the inertial subrange. Hence, contrary to 
Wheelon, so-called “‘mixing-in-gradient” is not at vari- 
ance with Batchelor’s result ; and the radio data cannot be 
explained on the grounds of turbulent mixing of mean 
gradients as Villars and Weisskopf and Wheelon have 
proposed. 
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Polarization of »* Mesons from the 
Decay of K* Mesons* 


Cork, WitttAM GALBRAITH,t 
AND WitutAmM A. WENzEI 


Cuartes A. Coompes, Bruct 
GLEN R. LAMBERTSON, 


Radiation Laboratory, University of California, Berkeley, California 


(Received October 14, 1957) 


HE dilemma posed by the apparently irreconcil- 

able + and @ decay modes of the K meson led Lee 
and Yang to re-examine the principle of conservation 
of parity in decay processes.' They concluded that 
parity might not be conserved in weak interactions and 
suggested some experimental tests of their predictions. 
The first of these concerned the angular distribution of 
electrons in the 8 decay of oriented nuclei, and the 
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Fic. 1. Side elevation of detector system. A through H and 1 
through 6 are plastic scintillation counters. W is a water Cerenkov 
detector. S is the K* stopper, a 3-in. cube of polystyrene. A Ky’ 
meson stopping in S and its decay w stopping in the precessor 
are indicated by the counter response ~W+A+B+C+D+E 

-~F+G+H+14+24+3-—4. Decay positrons are indicated by 
+3+2+(1)—4—G or +44+5+(6)—3—G. G acts as a guard 
counter against possible background of scattered m* 
entering the counter system 1, 2 6 


mesons 


on the decay of Co® nuclei revealed an 
in the electron distribution.?, Experiments 


experiment 
asymmetry 
on the m+—>yt— et decay chain also showed an 
asymmetry in the angular distribution of the posi 
trons,*~* in agreement with the two-component theory 
of the neutrino. The angular distribution of the posi 
trons is of the form 


V(@)dQ= N(w/2) (1+ 4 cos) dQ, (1) 


where @ is the angle between the original direction of 
motion of the uw meson and the direction of the emitted 
positron. The value of a is negative, indicating that the 
positron is emitted preferentially in the backward 
direction relative to the incoming uw meson. 

We have measured the angular distribution of posi- 
trons arising in the decay chain K,2.t > yt — et. This 
mode of decay is similar to that of the meson in that 
a single neutrino (or antineutrino) is emitted with the 
uw meson. The AK mesons were produced by bombard 
ing a tantalum target with 6.2-Bev protons in the 
Bevatron. Those emitted within a small solid angle at 
88° to the incident proton beam were focused by means 
of magnetic quadrupole lenses, and momentum-analyzed 
by a 30° deflection in a magnetic field. The central 
momentum, as indicated by range measurements, was 
480 Mev/c, and the momentum bandwidth, +3%. 
The detector system, the concrete 
shielding around the Bevatron, consisted of plastic 


located outside 
scintillation counters, a water Cerenkov detector, and 
absorbers in the arrangement of Fig. 1. This system was 
shielded magnetically from the stray field of the 
Bevatron. It was also enclosed in a radiation shield of 
lead (4 in.) and boron-loaded paraffin wax (12 in.), 
which reduced the background, due mainly to low 
energy neutrons and ¥ rays. 

K* mesons came to rest in a block of polystyrene, 5, 
and the w mesons emitted downwards from those de- 


caying via the K,2 mode entered a stack of scintillation 
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DECAY TIME OF {1° MESON 


Detection rate of decay positrons as a function of time 
Magnetic field of 25 gauss in precessor 

counters 1, 2, ---6, Protons in the incoming particle 

beam were stopped in the Cerenkov counter, W; m 

mesons were rejected in our coincidence circuits be 


cause first, they produced a pulse in the Cerenkov 


counter and, second, they passed through S into the 
anticoincidence counter /’, Another coincidence circuit 
selected those 4 mesons which stopped in a 1.5-in. 
block of block 


wound with aluminum wire so that a uniform hori 


aluminum (‘precessor’’). This was 
zontal magnetic field could be applied to it. A master 
coincidence indicating a stopped wt meson was used to 
trigger an oscilloscope trace, and the direction of 
emission of the positron in the subsequent decay of the 
uw was indicated by the responses of the scintillators in 
the stack 


pairs to reduce the general background of pulses on the 


These signals were mixed in coincidence 


oscillose ope trace, 
In carrying out the experiment to determine a in 
Eq. (1), 


and later 50 gauss, to the precessor 


we applied a magnetic field, first of 25 gauss 
This field causes 
the spin direction of the » meson to precess with a fre 
1.35% 10'B sec', where B 


a result, a 


frequency given by w/2n 
is the magnetic flux density in gauss. As 
sinusoidal modulation is superimposed upon the normal 
exponential detection rate of de ay positrons, 1..e., the 
counting rate for positrons observed at an angle 6 
measured with respect to the initial direction of the 
muons is a function of time having the form 


Nibae “7 1+-dy cos(O+w) | (2) 


The amplitude of the modulation then gives do, the 
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Fic, 3. Detection rate of decay positrons as a function of time 
Magnetic field of 50 gauss in precessor 


observed asymmetry. This method has an important 
advantage over that based on measuring the ratio of 
the backward and forward decay rates with no mag- 
field in that the value of ado obtained is inde- 
pendent of many instrumental asymmetries. Further- 
more, differences between the backward and forward 
decay rates can be used to determine any remaining 


neti 


instrumental asymmetries. 
The results of the experiment are contained in Figs. 2 


and 3. The values of ao deduced from these results are 
given in Table I. In order to compare the results with 


Tasie T. Asymmetry of K-y-e decay 
N(0)dQ= N (9/2) (14-4 cosd)dQ 


Precessor 
field 
(gauss) 


25 Backward 

25 Forward 

50 ~=Backward 

50 Forward 

0 Backward/forward 


Direction of emission 


of positrons ao ao(corr.) 


0.344-0.07 
0.264-0.07 
0.384-0.12 
0.43 40.13 
0.28-+-0.06 


0.314-0.04 


0.27 +.0.05 
0.214-0.05 
0.314-0.09 
0.354+-0.10 
0.204+-0.03 


Average dy, 


the predictions of the Lee-Yang theory, we have to 
revise the observed values of ao upwards for the follow- 
ing effects. (a) There is a geometrical correction of 
about 6% which included an edge effect and an ap- 
parent depolarization due to the finite angle subtended 
by the precessor at the position where the A mesons 
stop and decay. (b) The range curve of the 4 meson 
indicates that about 10% of the u mesons do not stop 
in the uniform-field region, and these contribute a 
background which dilutes the true asymmetry. (c) 
Averaging the data for calculation purposes into the 
finite time intervals of Figs. 2 and 3 has the effect of 
reducing the asymmetry by about 5%. When these 
corrections are made, we obtain the values of ao(corr.) 
given in Table I. 
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As an additional check on our observed effects, we 
measured the backward and forward rates of the posi- 
trons with no magnetic field on the precessor (see Fig. 
4). Here, in addition to making a geometrical correc- 
tion, we must increase the observed backward/forward 
ratio by about 12% to allow for an instrumental asym- 
metry that favored forward decays over backward. The 
magnitude of this correction was estimated from the 
data of Figs. 2 and 3. 

The weighted mean value from all the data, treating 
each result as independent, is 

Om = —0.31+0.04. (3) 


To be detected, the positron from a « meson decaying 
at the center of the precessor must have a minimum 
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4. Detection rate of decay positrons as a function of time 
No magnetic field in precessor. 


range of 9 g/cm® of aluminum, corresponding to a 
minimum average positron energy of about 25 Mev. 
This is almost the same energy discrimination as that 
in the Columbia group’s experiment on the > 4 — e 
decay chain.® They found a= —0.305+0.033 for posi- 
trons of range > 9.3 g/cm? carbon. 

The theoretical value of a may be found by integrat- 
ing the electron spectrum given by Lee and Yang 
above the minimum energy, and is @ theor™ —0.43€P. 
Here £ is the coupling-mixture parameter of Lee and 
Yang, and P is the fractional polarization of the yt 
meson in Ky» decay. If we assume that the « meson is 
completely polarized, the asymmetry a,, corresponds to 
a value of £0.72. In arriving at this result, we have 
not made any corrections to our observed data for the 
effects of radiation by, and Coulomb scattering of, the 
positrons. Consequently, our value is a lower limit. It 
is in reasonable agreement with the value of £ estimated 
for « mesons from m-meson decay.’:* 

We conclude that the «4 mesons from K,2-meson 
decay are highly, if not completely, polarized, and the 
direction of polarization is the same as that occurring 
in > y— e decay. This result strongly suggests that 
the spin of the K meson, like that of the x, is zero. With 
this conclusion we note that the observed direction of 
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m polarization is opposite to that predicted by the 
“attribute” scheme for the fundamental particles.’ 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission 
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Radiation Damping in General Relativity 


Peter HAVAS 


Department of Physics, Lehigh University, Bethlehem, Pennsylvania 
(Received September 23, 1957) 


HE question of the physical reality of gravita- 

tional radiation has recently been the subject of 
some controversy.! The discussion has mainly been 
centered around the “new approximation method”’ of 
Einstein, Infeld, and Hoffmann? for obtaining the equa- 
tions of motion in the general theory of relativity. This 
method is based on the assumption that the time deriva- 
tive of any field quantity is much smaller than the 
spatial derivatives. However, an approximation pro- 
cedure in which time and space coordinates are on the 
same footing is more in the spirit of the theory of rela- 
tivity and is better suited for the study of the motion 
of bodies of high relative velocity and of possible radia- 
tion damping effects. 

It is possible to obtain Lorentz-invariant equations 
of motion to any desired degree of accuracy by a con- 
sistent development of Einstein’s original linear ap- 
proximation method.’ In the field equations of general 
relativity, 


Ryv—4}g4R= —8xGT,,, (1) 
the metric tensor g,, is expanded in a power series in 
some parameter A, with the Minkowski metric n,, (with 
signature —2) as the zero-order approximation : 


Suv=Nuot LA” nur. (2) 
1 


n 


We shall be interested in the motion of singularities. 
In the simplest case of N simple poles of the gravita- 
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tional field (with coordinates z,'), no other fields being 
considered, we take the energy-momentum tensor as 


=I 
N . 
rf tt b(xo— 20'(7*) )b(41— 21'(7)) 
imld 


a'(r'))dr', (3) 


‘(r') d(x, 


«5(a ) 
with 


where the r' are arbitrary parameters; in the following 
we shall choose them to be the proper times of the 
partic les (in the sense of the spec ial theory of rela 
tivity). The representation of singular quantities by 
integrals of the type (3) is well known from special 
relativity. We shall make no assumptions about the 
form of /',,; this form and the equations of motion are 
determined as integrability conditions of Eqs. (5) and 
(7) below. 
We introduce the quantity® 


Yur Nuk a 


Bur 
and Impose the coordinate condition 


oy" Ox’ =), (5) 
Substituting the series (2) and (3) into (1) and equating 
the coefficients of each power of to zero, we obtain 
in the lowest order Einstein’s equation® 


Co} Vey l6rG ,T,,. (6) 


The subsequent equations are all of the form 


[ (7) 


LI on Yu 


169G al pot aU us- 


Here the ,y,, are defined by relations analogous to (4), 
and ,l/,, is a known function of the g,, of orders n—1 
or lower. Thus our problem reduces to finding the 
integrability conditions for a series of inhomogeneous 
wave equations, subject to the condition (5) 

In the approximation (6) this problem has been 
solved by Lubanski.® He showed that jf',, 


must neces- 


sarily be of the form 


mvt (8 


il yp ud» 


are the rest masses and the v',=dz',/dr' 
in this order they are 


Here the m' 
are the velocities of the particles; 
all constant. 

If a retarded Green’s function is used, a solution of 
Eq. (6) is given by 


N m'v',v', 


where x’=(z,’—x,)v’*. Similar solutions can be 
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tained with the help of an advanced or a half-retarded, 
half-advanced Green’s function.’ 

Lubanski’s method can be generalized and applied 
to all Eqs. (7). If a retarded Green’s function is used, 
this leads in the second order to equations of motion 
which include radiation damping. The equation for the 
ith particle is 


d 
m [(1 
dr' 


1a yy? 
m' 
2 


11 d’y* 
G(m')? 
d(r')? 


(10) 


Here y;y'’’ is the retarded solution (9), with the ith 
term in 
r,=2',. If a time-symmetric Green’s function is used, 


” a 


the summation omitted, and evaluated at 


the equation for the ith particle obtained is of the 
form (10) without the damping terms, and the y’s are 
the half-retarded, half-advanced solutions of (6); an 
application of the Wheeler-Feynman method* will 
again lead to Eq. (10) with retarded interactions and 
including radiation damping 

Equations (10) are Lorentz-invariant and reduce to 
the Newtonian equations in the nonrelativistic limit, 
if radiation damping is neglected. For a body moving 
around a fixed mass, the advance of the perihelion ob 
tained is 7/G of the correct value, if radiation effects 
are not considered.’ Quite generally these effects are 
much too small to be observable. For a system of par 
ticles they are much smaller than appears at first glance 
from Eqs. (10) because of partial cancellation due to 
the fact that 
tional dipole moment of the system about the center-of 


in the nonrelativistic limit the gravita 


mass vanishes.'” 

This feature is not revealed by a fixed-mass approxi 
mation to the solution of Eq. (10). It similarly remains 
hidden if one replaces the consideration of a system of 
interacting particles by that of a particle moving in a 
“background field.” Our method can be applied with 
minor modifications to the problem of the derivation 
of the equations of motion of such a “test particle” 
beyond the customary approximation.'' The method 
can also be generalized to include higher poles and 
nongravitational fields in the energy-momentum tensor. 
Che details of all these calculations will be published 
elsewhere. We only note one significant result: if the 
gravitational and nongravitational interactions are of 
the same order of magnitude, we obtain, e.g., for par 
ticles carrying electric charges e', on the right hand side 
of Eq. (10) the additional expression 


d*v 
oF +4 (e9) 


d(r')? 
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where ,/” is the retarded electromagnetic field due to 
all particles except the ith one. Therefore the gravita- 
tional and the electromagnetic radiation damping terms 
are of the same form, and thus it appears that gravita- 
tional radiation effects have as much reality as electro- 
magnetic ones. 


1 J. N. Goldberg, Phys. Rev. 99, 1873 (1955); A. E. Scheidegger, 
Phys. Rev. 99, 1883 (1955), and references given in these papers 

2 Kinstein, Infeld, and Hoffmann, Ann. Math, 39, 66 (1938). 
For further references see, e.g., L. Infeld, Acta Phys. Polon. 13, 
187 (1954). 

* A. Einstein, Berlin Ber. 688 (1916). 

‘P. A. M. Dirac, Proc. Roy. Soc. (London) A167, 148 (1938). 

®In the formulas of this paper raising and lowering of indices 
is understood to be by means of the Minkowski metric tensor nyy 
The usual summation convention holds for Greek indices, but not 
for the superscripts i labeling the singularities 

* J. Lubanski, Acta Phys. Polon. 6, 356 (1937). 

7 We do not consider any solutions of the homogeneous equa 
tions belonging to Eqs. (6) or (7) which are independent of the 
motion of the singularities. 

* |. A. Wheeler and R. P. Feynman, Revs. Modern Phys. 17, 
157 (1945); 21, 425 (1949); P. Havas, Phys. Rev. 74, 456 (1948) 

* In this limit Eq. (10) reduces to one of the equations considered 
by F. J. Belinfante, Phys. Rev. 89, 914 (1953), who also obtained 
the same advance of the perihelion. 

' This is the main reason why a nonrelativistic approximation 
method leads to damping terms in a much higher order than the 
present calculation (see J. N. Goldberg, reference 1). The reason 
why no damping has been obtained in relativistic approximation 
methods suggested by other authors [ F. J. Belinfante, reference 9; 
B. Bertotti, Nuovo cimento 4, 898 (1956); J. N. Goldberg, Bull. 
Am. Phys. Soc. Ser. IT, 2, 239 (1957) ] to obtain Lorentz-invariant 
equations of motion will be discussed in a forthcoming detailed 
account of our method 

1M. Mathison, Z. Physik 67, 270 (1931); Acta Phys. Polon. 6, 
163 (1937); L. Infeld and A. Schild, Revs. Modern Phys. 21, 408 
(1949) 
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ECENTLY the forward scattering dispersion rela- 

tions have been used to analyze the scattering of 
negative pions on protons.' The result was a very poor 
fit below resonance with {?=0.08; or a moderately poor 
fit above resonance with f?=0.04. However /?=0.04 
is not consistent with the forward scattering of positive 
pions. It was inferred that the dispersion relations were 
violated ; or if f?=0.04 was accepted, that charge inde- 
pendence was violated. Subsequent investigations have 
shown that the effects of electromagnetic or strange 
particle interactions? would the results 
appreciably. 

We have recalculated the integrals! S— over total 
cross sections that appear in the dispersion relation. 
The result has proven to be very sensitive to the chosen 
energy dependence of the total cross section. This is 
due to the strong dependence of the integral on the 
derivative of the cross section with respect to energy. 


not alter 
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Fic. 1. Total cross section for negative pions. The experimental 
results are given together with the probable errors. Curve A is 
similar to that of reference 3. Curve B is more consistent with 
the dispersion relations 


In Fig. 1 are presented two curves of the cross sec- 
tion versus energy which correspond adequately to the 
data. Curve A is similar to the curve used by Anderson, 
Davidon, and Kruse.’ Curve B begins to rise more 
rapidly near 100 Mev, which may be attributed to the 
influence of some of the p waves. It should be noted 
that the difference between curves A and B is permitted 
chiefly by the data near 100 Mev, which has a large 
experimental error. Curve B also has a somewhat 
larger maximum than Curve A. The important effect 
is the substantially greater slope of B over A in the 
region near 150 Mev, where the previous analysis had 
achieved a very poor fit. A similar variation is possible 
in the curve of the positive-pion total cross section, but 
the dispersion relation for forward scattering of nega- 
tive pions is not sensitive to this. For higher energies 
than 350 Mev we use the values indicated by reference 1 

In Fig. 2 the forward scattering resulting from Curve 
A is plotted for f?=0.04 and f?=0.08. The result is 
similar to that of reference 1. We have added the ex 
perimental value of the forward scattering at 307 Mev, 
which is now available.‘ 

In Fig. 3 the forward scattering resulting from Curve 
B is plotted for (?=0.07 and /?=0,08. Both of these 








Fic. 2. The forward scattering amplitude for negative pions 
The theoretical curves are calculated from Curve A of Fig. 1 
ven in reference 1, except that 


only the 


The experimental values are as gi 
for 307 Mev.‘ In the latter 
included. 


Case statistical error is 
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Fic, 3. The forward scattering amplitude for negative pions. 
rhe theoretical curves are calculated from Curve B of Fig. 1 
The experimental values are the same as in Fig, 2 
values of /? are consistent with the positive pion scatter 
ing and with photoproduction.® For both values the fit 
is much better than obtained in reference 1, For /? 

0.07, only the 170-Mev forward scattering amplitude 
is in serious disagreement. The result could be further 
improved by minor modifications in the total cross 
section curve employed. 

We conclude that Curve B, or some similar curve 
through the total cross-section data, does not signifi 
cantly contradict the dispersion relations or charge 
independence. It should be possible to distinguish ex- 
perimentally between Curves A and B by re-examining 
the 100-Mev region. 


* Supported in part by the joint program of the Office of Naval 
Research and the U.S. Atomic Energy Commission 

t Now with the Department of Mathematics, 
Montreal, Quebec, Canada 
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* Agodi, Cini, and Vitale, Phys 107, 630 (1957). See this 
reference for a review and further references 

’ Anderson, Davidon, and Kruse, Phys. Rev. 100, 339 (1955) 

'S. M. Korenchenko and V. G. Zinov (private communication) 
Stoppini, Tau, and Bernardini, Proceedings of 
Symposium on Iligh- Energy Accelerators and Pion 
1956 (European Organization of Nuclear Re 
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’ ad . 
A? is well known, the question of parity conservation 


in particle decays was raised_first_by the proper 
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TaBLe I. Exposure particulars 


Incident 
» bean 
kin Mag 
energ field 
Mev (kgauess 


Exposing 
group 


Analyzing 


Chamber size and filling group 


910 
950 
1100 
1200 
1400 


12 in, diam 8 in., CaHs ‘ °.U.-BNL Bologna 
12 in. diam 6 in., He ‘ *..U.-BNL C.U.-BNL 
12% 5S in., CaHy Michigan Michigan 
12 in. diam X8& in., CyHy C.U.-BNL Pisa 


12 in. diam ¥& in., CaHs C.U.-BNL C.U.-BNL 


ties of 27 and 3m K* decay. Actual proof of noncon- 
servation of parity was then obtained for nuclear 
>p and p—>e decay,’ following the 
suggestions of Lee and Yang‘ to study these processes. 


B-decay,' and x 


The main feature of the experimental discoveries were 
very quickly interpreted in terms of theories in which 
the nonconservation of parity can be regarded as an 
intrinsic property of the neutrino.‘ It is therefore highly 
useful to study the question of nonconservation of 
parity in processes not involving neutrinos. We report 
here a clear-cut answer for the case of A° decay into 
pion and proton. 

Following the suggestions of Lee ef al.,5 we have 
studied the correlation between production and decay 
angles in the two processes : 


r+ pIoN+0, Map +p; (1) 


tC tp 2 +R, 2 ay rn. (2) 
‘The first step in the reaction serves to prepare a state 
of hyperons, in general polarized. The polarization axis 
is the normal to the production plane, py in.X py. The 
magnitude of the polarization, P, is a function of the 
production angle, w. ?= P(w) is at present not known ex- 
perimentally, P= +1 represents complete polarization. 

If parity is not conserved in the subsequent hyperon 
decay, this will in general result in an anisotropy in the 
distribution in the decay angle 4 of the pion relative to 
the polarization axis, in the hyperon center-of-mass 
system. The form of the distribution is [1+ P(w)a cos6 ], 
where a(|a@| <1) is the anisotropy coefficient for com- 
pletely polarized hyperons. Demonstration of a non- 


vanishing @ is proof of parity nonconservation in the 


decay. 


Panie I], Tabulation of results on anisotropy in the angle 
between decay pion and production plane normal for process 


1) (A 


Kin 
energy No. of 
Mev 


events Up/down Pa 


+-0.66+0.23 
+-0.4540.23 
+-0.58+0.27 

0.08 +0.26 
+0.364-0.22 


+-0.40+0.11 


910 

950 

1100 

1200 : 
1300 63 


lotals 263 


38.5/16.5 
35/22 
28/14 
21/25 
35.5/27.5 
158/105 
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TABLE III. Tabulation of results on anisotropy in the angle 
between decay pion and production plane normal for process 
(2) (37) 


Kin 
energy 
Mev 


No. of 
events Up/down Zi cos; Pa 

0.214-0.35 

+0.104+0.26 

0.19+0.31 

—0.09+0.22 


0.07 4.0.14 


950 
1100 
1200 
1300 


Totals 


11/15 
25/19 
16/16 
30/33 


82/83 


We have studied processes (1) and (2) in bubble 
chambers exposed to high-energy pions at the Brook- 
haven National Laboratory Cosmotron. Particulars of 
the exposures are given in Table I. 

The production events have been carefully measured 
and analyzed, especially in the propane exposures, to 
exclude carbon events and events in which the A° is 
the product of a primary 2°. The combined sample for 
reaction (1) should contain no more than 8% contami- 
nation of carbon events, and no more than 5% > 
events. The sample for reaction (2) is less than 3% 
contaminated. 

Results on the anisotropy are summarized in Tables 
II and III, and the @ distributions for the combined 
energies are shown in Figs. 1 and 2. The anisotropy 
coefficients Pa are calculated from the individually 
observed angles: 
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Fic. 1. Distribution in cos#@ for process (1). The shaded area 
represents events for production angles in the center-of-mass 
range 30°-150°. 
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~ 
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Fic. 2. Distribu- 
tion in cosé for proc- 
ess (2). 


NUMBER OF EVENTS 
3 





, Xa 3\3 
Pa=- = cosé ;+ ( ) 2 
N i=! N 


P is the polarization averaged over the production 
angles. Pa positive means m’s emitted preferentially in 
the direction py in, X py. 

The results show a very large, statistically well 
established anisotropy for the A°, clearly demonstrating 
parity violation in the decay. For the entire sample 

’a= +0.40+0.11. For the =~ decay no statistically 
significant anisotropy is observed. The conclusions are 
strengthened by the very similar results obtained by 
Crawford et al.6 At a kinetic energy of 0.99 Bev, this 
group obtains? Pa=0.51+0.15 for A° decay, and also 
no measurable anisotropy for 2~ decay. 

To estimate the anisotropy coefficient, a, itself, we 
have combined all results available in the lower energy 
interval, where the results of Table II indicate a larger 
polarization. With our results at 910, 950, and 1100 
Mev, with those of Berkeley at 990 Mev,® and with the 
result Pa=0.465+0.34 of Adair and Leipuner at 950 
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Mev,® one obtains Pa=0.52+0.10. To find a@ it is 
necessary to know P. This is not possible at present ; 
however, it is possible to fix an upper limit for | P| from 
the observed angular distributions.’ In this energy 
region‘only S and P waves can contribute appreciably 
to the angular distribution. The cross section then has 
the form | a+b cosw|?+ |c|*sin’wand P= (29* o) Imact*. 
If we then use the fact that the same group of data 
gives a backward to forward asymmetry for the pro 
duction of A°’s in process (1) of 2.9+-0.4, we obtain an 
| P| <0.78+0.03. This results in 
> ().67+0.13. 


upper limit for | P| : 
a lower bound on |a|: \a| 


* Results presented at the Venice Conference on Elementary 
Particles, September 22-28, 1957 (unpublished 

t This research is supported by the U.S. Atomic Energy Com 
mission and the Office of Naval Research 
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™We have taken the liberty to treat these results somewhat 
differently than the authors have, and obtain a somewhat altered 
result. The A® data consist of 76 clear events (double decays) 
which give (3/N)Z cos#;= 0.367 +0.20. In addition, there are 277 
single A® events of which, according to the authors, about 15% 
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anisotropy, the up-down asymmetry of 0.57 (only the sign of 6 
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bined result is Pa=+0.5140.15. The result the 
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